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Control of stochastic resonance in bistable systems

by using periodic signals∗
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According to the characteristic structure of double wells in bistable systems, this paper analyses stochastic fluctu-

ations in the single potential well and probability transitions between the two potential wells and proposes a method of

controlling stochastic resonance by using a periodic signal. Results of theoretical analysis and numerical simulation show

that the phenomenon of stochastic resonance happens when the time scales of the periodic signal and the noise-induced

probability transitions between the two potential wells achieve stochastic synchronization. By adding a bistable system

with a controllable periodic signal, fluctuations in the single potential well can be effectively controlled, thus affecting

the probability transitions between the two potential wells. In this way, an effective control can be achieved which

allows one to either enhance or realize stochastic resonance.
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1. Introduction

Since the concept of stochastic resonance (SR)

was originally put forward by Benzi et al
[1] in 1981,

the law of SR and its performance in the vari-

ous fields of natural science have been extensively

and profoundly understood by people, and SR is

now considered as a technology of application to be

researched.[2−7] However, these studies on SR are

done more from the perspective of observations rather

than of the impacts. To increase the output power

of a bistable system at the input signal frequency,

Gammaitoni et al
[8] first proposed the method of

controlling SR, and then Löcher et al
[9] and other

groups[10−13] proposed a variety of SR control meth-

ods in different systems. Controlling SR has provided

technical methods for the application of SR, and fur-

ther promoted the in-depth study of SR theory.

SR is a nonlinear phenomenon caused by the in-

teractions between weak periodic signals and bistable

systems with the medium of noise. Specifically, for a

certain noise, a nonlinear bistable system has a strong

output response to the weak periodic signal and there

exists a transfer mechanism of the noise energy to sig-

nal energy. The bistable system, a typical model of

SR, is an important milestone in the history of SR, the

in-depth research of which has undoubtedly greatly

promoted the development of SR theory. Under the

actions of signal and noise, the behaviours of two po-

tential wells in a bistable system are no longer inde-

pendent. The system within one potential well will

drop into another with different probabilities in dif-

ferent times. There are two time scales, one deter-

mined by the periodic signal and another induced by

noise, existing in the bistable system. When the two

time scales achieve a random sync, SR happens. For

an input periodic signal with a given frequency, the

time scale of the evolution of system can be changed

by regulating the noise intensity or the parameters of

the bistable system to realize SR. However, in prac-

tical problems, the noise intensity is not arbitrarily

controllable, and the system parameters are often ob-

jectively given and can not be altered or require a huge

price to be changed.

In this paper, stochastic fluctuations in the sin-

gle potential well and probability transitions between

the two potential wells were analysed based on the

double-well structure of the bistable system and the

conditions for sync. By adding the bistable system

with a controllable periodic signal, fluctuations in the

single potential well can be effectively controlled, thus

affecting the probability transitions between the two
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potential wells. In this way, an effective control can be

achieved which allows us to either enhance or realize

the SR.

2. Controlling SR with a periodic

signal

2.1.Movements intrawell and between

wells of a bistable system

As the classical model of SR, we considered the

following one-dimensional dynamic system:

dx

dt
= −V ′(x) + A cos(ω0t) + N(t), (1)

where V (x) = −1

2
ax2+

x4

4
is the double-well function,

N(t) denotes a zero-mean, Gaussian white noise with

autocorrelation function 〈N(t)N(0)〉 = 2Dδ(t) and in-

tensity D. Equation (1) describes the overdamped

motion of a particle in a bistable potential in the pres-

ence of noise and periodic force. When A = D = 0,

the system has two stable states at xm = ±√
a.

In the absence of periodic force (A = 0) and in the

presence of noise (D 6= 0) with small enough intensity

D, the dynamic equation Eq.(1) can be simplified as

the following forms of the one order system:[14]

ẋ = −2a(x − xm) + N(t). (2)

Then TI = 1/2a, which has the time dimension, is

the characteristic time scale of the stochastic fluctua-

tions in the single potential well in a bistable system.

According to the Kramers escape theory, the es-

cape rate of a particle between the two potential wells

is

rk =
a√
2π

exp

(

− a2

4D

)

, (3)

and the characteristic time scale of probability transi-

tions between the two potential wells is

TK = 2/rk =
2
√

2πexp(a2/4D)

a
. (4)

Therefore, there are two different forms of move-

ments in the bistable system with the action of noise,

fluctuations within the well and the transitions be-

tween the two wells, and they have different time

scales. The traditional theory of SR only considers

transitions between the two potential wells, and uses

stochastic synchronization between TK and 2π/ω0 as

the matching condition for SR, neglecting the influ-

ence of stochastic fluctuations in the single potential

well, where TK is a random variable. When a control

signal was introduced into the bistable system with

the bistable potential function and the fixed inten-

sity of noise, it can effectively lead the intrawell ran-

dom fluctuations and thus effectively control the time

scale of the transitions between two potential wells to

achieve the synchronization between TK and 2π/ω0

artificially. In this way, an effective control can be

achieved which allows us to either enhance or realize

the SR.

2.2.Controlling SR with a periodic sig-

nal

The movement of a bistable system consists of

the intrawell random fluctuations and the transition

between the two potential wells. The intrawell fluctu-

ations occupy a longer time and have associations with

the characteristic time scale TI. In fact, the bistable

system can be divided into macro level and micro level

according to levels involved in the movements of the

system. The probability transition between the two

potential wells is the movement at macro level, and

the random fluctuation within a single potential well

is relatively the micro-movement. These two levels not

only have different time scales and unique rules, but

also have close relations with each other. So adding

the system with a control periodic signal to lead the

intrawell random fluctuations will surely have an in-

fluence on the transitions between the two potential

wells. If the stochastic synchronization between the

periodic signal and the transitions between the two

potential wells was achieved artificially, SR can be re-

alized.

As shown in Fig.1, a bistable system with the con-

trol signal was constructed. The corresponding dy-

namic equation is

dx

dt
= ax − x3 + A cos(ω0t) + B cos(Ω t) + N(t), (5)

where A cos(ω0t) is the input periodic signal. When

B = 0, Eq.(5) is the extensively studied equation of

typical SR. In this paper, the periodic signal B cos(Ωt)

was added on the right side of Eq.(5). The amplitude

B and frequency Ω are controllable variables, and the

amplitude of the power spectrum at frequency ω0 of

the bistable system output x(t) can be also considered

as a variable.
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Fig.1. Controlling SR with a periodic signal.

The control periodic signal is directly added to

the equation as a driving force. Its macro function

is to control the power spectrum value of the system

output x(t) at frequency ω0, and the mechanism of

micro function is leading the intrawell random fluc-

tuations. Because the time-scale of the macro-level

is greater than the time-scale of the micro-level, that

is, TK > TI, the frequency of the control signal must

satisfy ω0 < Ω < 2π/TI to make the periodic control

signal able to lead the micro-movement.

3. Numerical simulation results

and analysis

Figure 1 shows the SR of a bistable system with

a controllable periodic signal, which is determined by

the corresponding dynamic equation Eq.(5). The out-

put response x(t) of the bistable system has relation-

ships with parameter a of the bistable system, param-

eters A and ω0 of the input signal A cos(ω0t), param-

eters B and Ω of control signal B cos(Ωt), and inten-

sity D of the noise N(t). With the parameter a = 0.9

fixed for the bistable system, the roles of the control

signal for SR were analysed with different amplitudes

of input signal and intensities of noise.

3.1. Small amplitude of input signal and

intensity of the noise

The function x(t) can only fluctuate in the single

potential well with a small amplitude of the input sig-

nal and intensity of noise. As shown in Fig.2, when the

amplitude and frequency of the input periodic signal

are A = 0.2 and ω0 = 0.01π, intensity D = 0.3, output

response x(t) of the bistable system cannot cross the

barrier into another well, and thus the phenomenon

of SR will not happen, and the corresponding output

power spectrum is very small.

Fig.2. Output response x(t) with A = 0.2 and D = 0.3. (a) Waveforms, (b) power spectrum.

Now we introduce the control signal into sys-

tem. When the parameters of the control signal are

B = 0.3 and Ω = 0.06π, x(t) can cross the barrier

and jump between the potential wells. The obvious

phenomenon of SR occurs in the bistable system, and

the output power spectrum at the frequency ω0 is
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Ps(ω0) = 0.7428 ≫ 0.0065, as shown in Fig.3. The

control signal determines the intrawell fluctuation fre-

quency of x(t) and also the transition rate between the

two potential wells, so it has the function of causing

the system which does not meet the conditions of SR

to make it.

Fig.3. SR with parameters B = 0.3 and Ω = 0.06π of control signal. (a) Waveforms, (b) power spectrum.

If the same intensity D = 0.3 of the noise was kept and the amplitude of the input signal was reduced to

A = 0.15, the amplitude B of the control signal must be increased to make the system realize SR. As shown in

Fig.4, the amplitude B = 0.36 was used.

Fig.4. SR with parameters A = 0.15 of input signal and B = 0.36 of control signal. (a) Waveforms, (b) power spectrum.

3.2. Suitable amplitude of input signal and intensity of the noise

With the parameters A = 0.30, ω0 = 0.01π and D = 2.2, the system exhibits the phenomenon of traditional

SR, as shown in Fig.5, and the output power spectrum is Ps(ω0) = 0.6881.

Fig.5. Traditional SR with parameters A = 0.3, D = 2.2. (a) Waveforms, (b) power spectrum.
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When introducing the control signal with the pa-

rameters B = 0.05, Ω = 0.06π into the system, the SR

effect of the bistable system was significantly enhanced

and the output power spectrum at the frequency ω0

was Ps(ω0) = 0.7407 > 0.6881, as shown in Fig.6. It

was the control signal that enhanced the effect of SR.

And the small power of the control periodic signal in-

dicates that the control function was realized within

the potential well through resonance.

Fig.6. SR with parameters B = 0.05, Ω = 0.06π of control signal. (a) Waveforms, (b) power spectrum.

3.3. Large amplitude of input signal and

intensity of the noise

The function x(t) can easily transit between the

potential wells with large amplitude of input signal

and intensity of noise, but the transition rate does

not match the frequency of the input signal and SR

can not be realized. As shown in Fig.7, with the para-

menters A = 0.2, ω0 = 0.01π, D = 3.2, x(t) tran-

sits between the potential wells, and the output power

spectrum is Ps(ω0) = 0.4407.

Fig.7. Output response x(t) with A = 0.2 and D = 0.32. (a) Waveforms, (b) power spectrum.

When introducing a control signal with the pa-

rameters B = 0.1, Ω = 0.04π into the system, the

obvious phenomenon of SR was exhibited and the out-

put power spectrum at the frequency ω0 was Ps(ω0) =

0.5558 > 0.4407, as shown in Fig.8. The simulation

results show that the control signal can effectively lead

the intrawell fluctuations, making the transitions be-

tween two potential wells be more in order and the

energy of output signal be focused at the frequency

ω0.
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Fig.8. SR with parameters B = 0.1, Ω = 0.04π of control signal. (a) Waveforms, (b) power spectrum.

4. Conclusion

Fluctuations in the single potential well and tran-

sitions between the two potential wells exist in the

double-well bistable system. There are many forms of

movements in the bistable system under the actions of

the input signal and noise with different parameters;

stochastic resonance is only one of them.

In this paper, the characteristic structure of a

double well in a bistable system and the synchroniza-

tion conditions for SR were analysed. According to the

time relativity of the intrawell random fluctuations, a

method of controlling SR was proposed. It uses a peri-

odic signal as a control signal to lead the fluctuations

in the single potential well and thus affects the transi-

tions between two potential wells; finally, an effective

control can be achieved which allows us to either en-

hance or realize SR.

As the periodic signal is easy to generate, using

a periodic signal as a control signal is the simplest

and most easily achievable control method. In partic-

ular, the method reveals the relationship between the

movements of the bistable system at two levels, which

deepens the understanding of the micro mechanism of

stochastic resonance.
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[8] Gammaitoni L, Löcher M, Bulsara A R, Hänggi P, Neff J,

Wiesenfeld K, Ditto W L and Inchiosa M E 1999 Phys.

Rev. Lett. 82 4574
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