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In this paper we will give the statistical characteristics and general principles of an optimal structure of the

Internet, which is a scale-free network. Since the purpose of the Internet is to allow fast and easy communication,

the average path length is used to measure the performance of the network, and the number of edges of the network

is used as a metric of its cost. Based on this, the goal of this Internet optimization problem is to obtain the highest

performance with the lowest cost. A multi goal optimization problem is proposed to model this problem. By using two

empirical formulas of 〈k〉 and 〈l〉, we are able to find the statistical characteristics of the optimal structure. There is a

critical power law exponent αc for the Internet with power law degree distribution, at which the Internet can obtain a

relatively good performance with a low cost. We find that this αc is approximately 2.1.
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1. Introduction

Almost all the information we need can be found

through the Internet. The Internet has become very

important in modern society. Therefore, the struc-

ture of the Internet should be well studied. However,

although human-built, the Internet is not fully under-

stood by human beings. Among the many reasons

for this are that the Internet is large and complex,

and was not designed or constructed by a single per-

son or organization. Also, it constantly evolves and

develops, and changes have been introduced by dif-

ferent groups of people from different places. As a

result, many researchers have been studying the In-

ternet from a macrostructure perspective and using

statistical approaches.

It has been discovered that the Internet has three

characteristics, namely scale-free, small world and

high clustering. A scale-free network is a network of

which the degree distribution follows the power law.

This means that P (k) ∝ k−α. Here P (k) denotes the

probability distribution function of the degrees of the

nodes, with k being the degree of nodes; and α is the

power law exponent, usually varying between 2 and

3. The small world characteristic means that, despite

the large size of the network, there is a relatively short

path between every two nodes. The path length l is

defined as the number of edges along the shortest path

connecting the two nodes. The average path length

〈l〉 is the mean of all l. ‘Small world’ is defined as

〈l〉 ∝ ln(N), the average path length 〈l〉 increases in

proportion to the logarithm of the size of the network

N . A high clustering network tends to form charmed

circles. This feature can be quantified by the cluster-

ing coefficient Ci. All these characteristics contribute

to the properties of the Internet.[1−3]

Over time, the properties of the Internet have

changed. For instance, the value in 2004 is differ-

ent from that in 1999.[4−6] With the development of

the Internet, the size of the network continues to rise,

but the characteristics of the power law degree distri-

bution are kept constant although the exponent will

change, which is shown in Table 1. Here, the routers

and domains are considered to be the same. Because

we studied the Internet from a physical perspective,

the ‘Internet’ used in this study is an abstract network,

and the different nodes on the Internet are considered

to be the same, no matter whether they are large or
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small.

We have been studying the trend of the change in

the Internet, and the principle of its evolution. In this

paper, we show an optimal structure of the Internet,

which we believe characterizes the future Internet. We

found that an Internet with this structure can achieve

not bad performance with a relatively small cost.

2. The principle of Internet evo-

lution

In this section, we present the relationship be-

tween the performance and the topology of the In-

ternet, and explain the general principles behind the

evolution of the Internet.

The objective of the Internet is to allow fast and

easy communication. So one of the general principles

behind its design is that any one node of the Internet

can reach another one as fast as possible. Formally,

the average path length 〈l〉 needs to be as small as

possible. However, we also notice that a small 〈l〉 al-

ways means a large number of edges. The average

path length of a completely connected network is 1,

which means any node can reach any other node with

only one hop. However, the cost of such a network is

very high because every two nodes must be connected

by an edge, and having too many edges in a network

is expensive. It is always desirable to obtain the best

performance while the cost is kept low. This conflict

between performance and cost remains to be settled.

Let 〈k〉 represent the cost, because 〈k〉 shows the av-

erage number of edges of a node. Similarly, since a

short average path length is the goal of the design of

the Internet, we use 〈l〉 to represent the performance.

As 〈k〉 increases, the total number of edges will grow

accordingly. In addition, with more edges, fewer hops

will be needed for any two nodes to communicate, and

therefore 〈l〉 will decrease. To achieve both the econ-

omy and performance goals of the Internet, there is a

balance point, at which both 〈k〉 and 〈l〉 have satis-

factory values. The search for this balance point can

be modelled as a multi goal optimization as follows:

min(〈k〉) = min

(

kmax
∑

k=1

P (k) · k

)

,

min(〈l〉) = min

(

lmax
∑

l=1

P (l) · l

)

. (1)

Here 〈k〉 is the average degree, kmax is the maximum

degree (which is less than the size of network N), and

P (k) is the probability distribution function of the de-

grees of nodes; 〈l〉 is the average path length, lmax is

the maximum path length (which is also less than N),

and P (l) is the probability distribution function of the

path length. Because kmax and lmax are both less than

N , the above problem can be rewritten approximately

as

min(〈k〉) = min

(

N
∑

k=1

P (k) · k

)

,

min(〈l〉) = min

(

N
∑

l=1

P (l) · l

)

. (2)

The Internet is a scale-free network, that is, the

probability distribution function of the degrees satis-

fies P (k) ∝ k−α, and the exponent α is usually in the

range of 2∼3. Here P (k) is a monotonically decreas-

ing function, which means that a small k has a greater

probability than a large k does. This property implies

that the total number of edges can converge to a finite

value when the size of the network increases to a large

number. We give the mean degree empirical formula

〈k〉 =
N
∑

k=1

P (k) · k = 0.5 ·
N
∑

k=1

k−α+1 +
α

2
, which is

effective for the Internet, as shown in Table 1. This

formula is a monotonically decreasing function of α,

as shown in Fig.1. To minimize 〈k〉, the exponent α

must be maximized.

For minimizing the average path length 〈l〉, more

factors should be considered. For instance, the size

of the network, i.e. the number of edges in the net-

work, and the linking methods between all the nodes

all contribute to the average path length. Among

these, the linking method can have a great impact.

For example, the ring network and the star network

with the same numbers of nodes and edges have differ-

ent average path lengths. The probability distribution

function of the node degrees P (k) can take account of

the linking property of the network. In addition, be-

cause the node degrees follow the power law, that is

P (k) ∝ k−α, the exponent α can also represent the

linking property of the network. Considering that the

network size N is also an important factor in deter-

mining the average path length, we give the average

path length an empirical formula as follows:[7−9]

〈l〉 =

(

1 −
1

α

)1.7

·
N
∑

l=1

l−
0.6·ln(5.55−α)

ln α . (3)

In Refs.[7–9], we analysed in detail the average

path length of the Internet whose degree distribution
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Fig.1. The variation of 〈k〉 & 〈l〉 with α. (a) The size of the Internet N is 104. (b) The size of the Internet N is 105. As α

increases, 〈k〉 decreases but 〈l〉 increasess, i.e. 〈k〉 is a decreasing function of α, and 〈l〉 is an increasing function of α. The

〈k〉 curve intersects the 〈l〉 curve at one point. But at different sizes of N , the point of intersection of 〈k〉 and 〈l〉 is different.

follows the power law. One conclusion was that the

path length distribution function P (l) must be a de-

creasing function of l, and also a function of α. In

Refs.[7–9], we also gave the formula as above, which

is applicable to the Internet. The formula indicates

the ‘small world’ characteristic, which says that the

proportion of short paths is large and that of long

paths is small. It has been tested to be valid for the

Internet, as shown in Table 1. Figure 1 shows the re-

lation between α and 〈l〉. From Fig.1 we can see that

α increases as 〈l〉 increases. Therefore, to minimize

〈l〉, the exponent α must also be minimized.

Table 1. Statistics for a number of published networks. For each network we have indicated the number

of nodes N , degree exponent α, the average degree 〈k〉, and the average path length 〈l〉. For comparison

we have also included predictions of the average degree kpower and average path length lpower, kpower =

0.5·
N
P

k=1
k−α+1+

α

2
, lpower =

„

1 −
1

α

«1.7

·
N

X

k=1

l−
0.6·ln(5.55−α)

ln α . The two predictions are valid for the Internet.

network size N α 〈k〉 〈l〉 kpower lpower Ref. Nr.

Internet, domain 3,015-4,389 2.1-2.2 3.42-3.76 4 3.7550 3.6496 [4] 1

Internet, router 3888 2.48 2.57 12.15 2.5675 12.2838 [1] 2

Internet, domain 3530 2.16 3.65 3.77 3.6537 3.6883 [4] 3

Internet, domain 11174 2.1 4.18 3.62 4.3737 3.2763 [5] 4

Internet, domain 11461 2.1 5.71 3.56 4.3787 3.2846 [5] 5

3. The optimal structure of the

Internet

From Fig.1 we can see that with increasing α, 〈k〉

decreases and 〈l〉 increases. Therefore, to make both

goals optimized, a tradeoff between 〈k〉 and 〈l〉 must

be made.

A balance point can be found in Fig.1. From this

figure, both 〈k〉 and 〈l〉 are monotonic functions, and

we choose the single intersection point to be the bal-

ance point. Away from this point, when α is greater

than this point, 〈l〉 will increase, which means that

the performance of the Internet will decrease; on the

other hand, when α is less than this point, 〈k〉 will in-

crease, which means that the cost of the Internet will

increase. Only at this intersection point is a trade-

off made and a satisfactory value for both 〈k〉 and 〈l〉

found. We call this point the critical α, denoted by

αc.

Figure 1 also shows that different N ’s have dif-

ferent αc. This implies that optimal structures for

networks of different sizes are different. To calculate

the optimal αc for networks of different sizes, the op-

timization problem is rewritten as

min(〈k〉)

= min

(

0.5 ·

N
∑

k=1

k−α+1 +
α

2

)

, (4)
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min(〈l〉)

= min

(

(

1 −
1

α

)1.7

·

N
∑

k=1

l−
0.6·ln(5.55−α)

ln α

)

. (5)

Figure 2 illustrates the relationship between αc

and N . From this figure, we see that αc decreases as

the size of the network N increases, and the range of

its values is between 2.1 and 2.3. With N increasing

to a large number, for example approximately 1010, αc

approaches 2.1.

Fig.2. Variation of αc with N ; αc is a monotonically de-

creasing function of N . This means that a large network

will have a smaller αc. When the size of the Internet N

reaches 104, αc approximately equals 2.14.

The structure of the Internet is optimal when the

α value of the network is αc. With N increasing to

1010, αc approaches 2.1. That is to say, when the size

of the Internet increases to approximately 1010, if the

probability distribution function of the node degrees

of the Internet satisfies P (k) ∝ k−2.1, the Internet will

show good performance with a low cost. If the power

law exponent α was approximately 2.1, the whole In-

ternet would reach an optimal state, and the Inter-

net could achieve good performance with a reasonable

cost. This is the desirable result of self-organization

optimization. The physical implication of the equal-

ity relation of 〈l〉 and 〈k〉 is an equilibrium state in

which the performance achievable by the network is

proportional to the cost of the network. That is to

say, the average degree of each node equals the aver-

age path length between all pairs of nodes, and thus

the network reaches a balanced state.

4. Conclusion

The Internet has been constantly improved. Al-

though it follows a power law degree distribution, the

power law exponent keeps changing. Some researchers

believe that the Internet has a self-optimizing property

on a microcosmic level. However, we wonder if local

optimization can benefit global performance. This is

what we have studied in this paper. If the number of

edges in the network is used as the metric of the cost of

the network, and the average path length is used as a

measure of the performance of networks, then the sta-

tistical properties of the Internet may show a tradeoff

between the performance and the cost. With increas-

ing size of the Internet, the critical power law expo-

nent αc decreases towards 2.1. With this decreased

α, the average node degree 〈k〉 will increase, and the

average path length 〈l〉 will decrease. This shows that

as the size of the network increases, more edges will

be added to adapt to this enlarged network. But the

added edges do not improve the connectivity of the

network. As the size of the Internet increases, the im-

pact of the local changes on the global network will be

reduced; therefore the change of αc becomes slower. If

the number of nodes of the network is 1010, αc is ap-

proximately 2.1. So we believe that the future Internet

will still have a power law degree distribution and the

power law exponent is about 2.1. With such an expo-

nent, the Internet has an optimal structure which can

obtain the best performance at the lowest cost.
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