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Interference phase of mass neutrino in CM space-time∗
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In the gravitational field of central mass with electric and magnetic charges and magnetic moment (CM space-

time), this paper calculates the interference phase of mass neutrino along geodesic in the radial direction, and discusses

the contribution of the electric and magnetic charges and magnetic moment of the central mass to the phase.
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1. Introduction

With the highly confident atmospheric neutrino
experiment of Super-Kamiokande to assure the neu-
trino mass,[1] the mass neutrino oscillation has been
probed with intense theoretical and experimental
vigour, especially its characteristics in curved space-
time. Taking the gravitational background into ac-
count, we will extend the physics related to the neu-
trino oscillation in Minkowski space-time with Lorentz
invariant to Riemannian space-time with general co-
ordinate transformation. Since the neutrino is mas-
sive, Ahuwalia and Burgard claimed that they had
discovered the interference phase of mass neutrino in-
duced by gravitational field and found that the new
effect may have profound consequences for type-II su-
pernova evolution.[2] A number of authors paid much
attention to calculating this interference phase of mass
neutrino in different gravitational fields and used var-
ious treatments, including plane wave approximation,
wave packet treatment and standard treatment.[3−5]

In 1996, Fornengo and his co-workers studied the in-
terference phase of relativistic neutrinos in the case
of radial and non-radial propagation, using plane
wave analysis, in Schwarzschild space-time.[4] In 2001,
Zhang and Beesham used a unified description of the
phases for both high energy particle and low energy
particle to calculate the gravitationally induced inter-
ference phase of mass neutrino.[6]

In 1931, Dirac predicted the existence of magnetic
monopoles. According to the RC model,[7] the mag-

netic charges absorbed by neutron star will catalyse
the disintegration of proton, so it is recognized that
the neutron star might have a large number of mag-
netic charges, moreover, it is well known that neu-
tron star has sufficient magnetic moment (p ∼ 1030

(Gauss unit)),[8,9] so it is significant to study the char-
acteristics of gravitational field of central mass with
electric and magnetic charges and magnetic moment,
which is CM space-time. In this paper, we will dis-
cuss the interference phase of the mass neutrino along
the geodesic in CM space-time. We neglect the spin-
dependent terms for the present, and for the reason
of simplicity, we confine the treatment of interference
phase to the case of radial propagation of the neutrino.

The outline of this paper is as follows. In Section
2, we obtain the general expression of the interfer-
ence phase of mass neutrino when it propagates along
geodesic in CM space-time. In Section 3, we discuss
the phase in special case of radial direction and com-
pare it with that in the Schwarzschild field. Further-
more, conclusion of this paper is given in the last sec-
tion. We set G = c = ~ = 1 throughout this paper.

2. Geodesic phase of mass neu-

trino in CM space-time

At first, in the curved space-time, the neutrino
phase factor can be written in a covariant form[10]

Φ =
∫

mds =
∫

Pνdxν =
∫

gµνPµdxν , (1)
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where m is the mass of neutrino, Pν is the canonical
momentum conjugate to coordinates xν , and gµν and
ds are the space-time tensor and line element respec-
tively, Φ is called covariant phase. Now we use this
covariant phase to deal with the phase of mass neu-

trino along the geodesic in CM space-time, in which
the line element can be written as[8]

ds2 = g00dt2 + g11dr2 + g22dθ2 + g33dϕ2, (2)

where

g00 = 1− 2M

r
+

e2 + q2

r2
+

a2p2 cos2 θ

r4
, g11 = −

{
1− 2M

r
+

e2 + q2

r2
− a2p2

2r4
(2 cos2 θ − 1)

}−1

,

g22 = −r2

(
1− a2p2 cos2 θ

2r4

)
, g33 = −r2

(
1− a2p2 cos2 θ

2r4

)
sin2 θ, (3)

in Eq.(3) M is the gravitational mass of the star, e

and q are electric and magnetic charge respectively, p

is the magnetic moment of star.
We only consider the phase of the mass neutrino

in CM space-time by means of the geodesic equation
of the particle:

d2xλ

ds2
+ Γλ

µν

dxµ

ds

dxν

ds
= 0, (4)

Γλ
µν =

1
2
gλτ (gµτ,ν + gτν,µ − gνµ,τ ), (5)

along the radial direction, dθ = dϕ = 0. The nontriv-
ial timelike equation is

d2t

ds2
+ 2Γ 0

01

dt

ds

dr

ds
= 0, (6)

Γ 0
01 =

1
2
g00 dg00

dr
. (7)

Substituting Eq.(7) into Eq.(6), we obtain

d
ds

(
g00

dt

ds

)
= 0. (8)

Equation (8) gives

g00
dt

ds
= const or E = P0 = mg00

dt

ds
= const. (9)

Equation (9) represents that the covariant energy is
the constant of motion along the geodesic, by which
the calculation of the phase is proceeded. It is stressed
that the covariant energy P0 (not P 0) is the constant
of motion, and the value of this constant E is the
asymptotic energy of the neutrino at r = ∞.[11]

The mass shell condition can be written in CM
space-time, which is not independent and can be de-
ducted from the geodesic equations:

gµν
dxµ

ds

dxν

ds
= 1, (10)

substituting Eq.(9) into Eq.(10) with
dϕ

ds
= 0 and

dθ

ds
= 0, which means the radial motion, we obtain

ds

dr
=

[
−g00g11/

(
P 2

0

m2
− g00

)]1/2

= [−g00g11/(k + 1− g00)]
1/2

, (11)

where k =
(

P0

m

)2

− 1, then

Φ(geod) =
∫

m
ds

dr
dr = m

∫ 1 +
4a2p2 cos2 θ − a2p2

2r4 − 4Mr3 + 2(e2 + q2)r2 − a2p2(2 cos2 θ − 1)
k − (e2r2 + q2r2 − 2Mr3 + a2p2 cos2 θ)/r4

dr, (12)



No. 4 Interference phase of mass neutrino in CM space–time 1709

where the integral is performed from r0 to r. This is
the exact phase of mass neutrino when the neutrino
propagates along geodesic in CM space-time. For sim-
plicity and convenience to see its physical meaning, we
confine our treatment to the case of θ = 0.

3. Phase in the case of θ = 0

According to Eq.(12), we calculate the interfer-
ence phase in the radial direction with θ = 0, thus we
have

Φ(geod) = m

∫
1 + 3a2p2/(2r4 − 4Mr3 + 2e2r2 + 2q2r2 − a2p2)

k − (e2r2 + q2r2 − 2Mr3 + a2p2)/r4
dr, (13)

for the reason that it is complicated to calculate the direct integral, we expand the integral factor to the second
order in p, then we obtain

Φ(geod) = m

∫ [(
k +

2M

r
− e2 + q2

r2

)−1/2

+
1
2

(
k +

2M

r
− e2 + q2

r2

)−3/2

a2p2/r4

+
3
4

(
k +

2M

r
− e2 + q2

r2

)−1/2

a2p2/(−2mr3 + e2r2 + q2r2 + r4) + o[p3]

]
dr. (14)

If we let p = 0，the result reduces to

Φ(geod) = m

∫ (
k +

2M

r
− e2 + q2

r2

)−1/2

dr. (15)

This is the exact interference phase of mass neutrino along geodesic in radial propagation in Reissner–Nordström
space-time.[12,13]

We proceed to expand each integral factor to the second order in
√

e2 + q2, thus

Φ(geod) = m

∫ {(
k +

2M

r

)−1/2

+
1
2

(
k +

2M

r

)−3/2

(e2 + q2)/r2 + o
[(

e2 + q2
)3/2

]

+
1
4

[(
k +

2M

r

)−3/2

/r4 +
3
8

(
k +

2M

r

)−5/2 (
e2 + q2

)
/r6 + o

[(
e2 + q2

)3/2
]]

a2p2

+
3
8

(
k +

2M

r

)−1/2

a2p2/
(−2Mr3 + r4

)− 3
16

(
k +

2M

r

)−1/2

r2
(
e2 + q2

)
a2p2/

(−2Mr3 + r4
)2

+

[
3
8

(
k +

2M

r

)−3/2 (
e2 + q2

)
/8r2(−2Mr3 + r4) + o

[(
e2 + q2

)3/2
]]

a2p2

}
dr + o

[
p3

]
. (16)

In the region far from the gravitational source, we can

think
2M

kr
as small quantity, then we can make the

following approximation:
(

1 +
2M

kr

)1/2

= 1 +
M

kr
,

(
1 +

2M

kr

)−1/2

= 1− M

kr
,

(
1 +

2M

kr

)−3/2

= 1− 3
M

kr
,

(
1 +

2M

kr

)−5/2

= 1− 5
M

kr
. (17)

Substituting the above approximate condition into
Eq.(16) and integrating it, we get

Φ(geod)

.=
m√
k

(r − r0)− 2Mm

k3/2
ln

(
r

r0

)

+
e2 + q2

2k3/2
m

(
1
r0
− 1

r

)
−
√

km

24M2

(
1
r0
− 1

r

)
a2p2

+
5k3/2m

8M4

(
1
r0
− 1

r

)
(e2 + q2)a2p2 + o

[
p3

]
, (18)

for electron neutrino, k ∼ 1012 À 1, so equation (18)
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can be written as

Φ(geod)

.=
m2

P0
(r − r0)− 2Mm4

P 3
0

ln
(

r

r0

)

+
e2 + q2

2P 3
0

m4

(
1
r0
− 1

r

)
− P0

24M2

(
1
r0
− 1

r

)
a2p2

+
5P 3

0

8M4m2

(
1
r0
− 1

r

)
(e2 + q2)a2p2 + o

[
p3

]
. (19)

From Eq.(19), we can see that the first two terms
are the interference phase of mass neutrino which is
the same as that in Schwarzschild field,[4] and the
last three terms are the correction that induced by
CM space-time, which represents the contribution of
the electric and magnetic charges and magnetic mo-
ment to the neutrino oscillation phase. In case of
k ∼ 1012 À 1 and r À M as well as the condi-
tions m ∼ 1 eV and the energy P ∼ 1MeV[14,15] for
the electron neutrino, which are really small quanti-
ties, we can see that the phase induced by electric and

magnetic charges and magnetic moment is little when
compared with the first two terms, but as to special
celestial body like neutron star, which has sufficient
magnetic charges and magnetic moment, the correc-
tion may be obvious.

4. Conclusion

On the phase of the mass neutrino in CM space-
time, we exploit the geodesic route and radial direc-
tion to calculate it. We have also calculated the inter-
ference phase of mass neutrino in Reissner–Nordström
space-time. If we let p = 0, e = 0, our result for neu-
trino oscillation relative phase is in agreement with
that in Ref.[6]. We obtain the formula which describes
the contribution of electric charge e, magnetic charge q

and magnetic moment p to neutrino oscillation phase.
Here, we neglect the effect of interaction between spin
(of neutrino) and magnetic field which is created by
central mass.
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