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This paper considers the effect of the anisotropic surface tension on the morphological stability of the planar

interface during directional solidification.

When the expression exhibiting the four-fold symmetry is included, the

modified absolute stability criterion is obtained by employing the multi-variable expansion method. The linear stability

analysis reveals that for the given temperature gradient, as the anisotropic surface tension parameter increases, the

stability zone tends to decrease.
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1. Introduction

Directional solidification techniques have been
widely applied in manufacturing high-quality sin-
The small-
scale details of the solidification for the undercooled

gle crystals and other metal materials.

melt, including the anisotropic surface energy and
anisotropic interface kinetics, can significantly affect
the morphology of solid-liquid interface and the mi-
crostructure of the final materials. The examination of
kinetic effects made by Wilcox!! revealed that crystals
growing in a faceted manner is favoured by anisotropic
growth kinetics. Coriell and Sekerkal?! considered the
anisotropic departure from local equilibrium at the
solid-liquid interface and modified the theory of the
morphological stability of a planar interface. Their re-
sults showed that anisotropic interface kinetics leads
to the additional effect that sinusoidal perturbations
are translated parallel to the unperturbed interface as
they change in amplitude. The peaks of such sinu-
soidal perturbations grow at an angle to the normal

of the unperturbed interface. Young et all®l made
the long-wave instability analysis of a planar interface
and showed that the anisotropic surface energy causes
the cells to grow at an angle to the normal of the
planar front. This transition to a cellular morphol-
ogy is shown to be a subcritical instability. Vigder-
gauz and Givoli¥ developed a perturbation solution
technique that is valid for cubic crystals with weak
anisotropy. Their numerical results confirmed that
a GaAs boule grows as a function of the anisotropy
Satoa and Uwahaal® studied the effect
of anisotropy in step kinetics on the wandering in-

parameter.

stability of an isolated step and found that near the
threshold of the instability, the anisotropy effect be-
comes strong while that of the step stiffness becomes
weak. Golovin and Davisl® carried out the morpho-
logical stability analysis of rapid solidification in a hy-
percooled melt and revealed that due to anisotropy the
threshold of morphological instability depends on the
direction of the crystal growth and generates travel-
ling waves propagating on the solidification front in a
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preferred direction determined by the anisotropy co-
efficients. Coriell and McFadden!” analysed the ef-
fect of anisotropic interface kinetics on the onset of
instability during growth from a supersaturated so-
lution. The kinetic anisotropy arises from a model
of step motion in which the morphological instabil-
ity corresponds to step bunching. Kinetic anisotropy
causes travelling waves along the crystal-solution in-
terface and an enhancement of morphological stabil-
ity. By including the effects of surface energy with cu-
bic anisotropy on nanoscale pattern formation during
the electropolishing of aluminium, Guo and Johnson!®!
found that increasing the surface energy can extend
the stability range of hexagons. Norris and Davis et
al!®1% investigated the directional solidification of a
dilute binary alloy having a large anisotropy of surface
energy, (i.e., orientations with negative surface stiff-
ness), the linear stability analysis revealed that the
planar state is thermodynamically prohibited, lead-
ing to a family of faceted interface profiles, confirms
a small optimal wavelength and an associated facet-
velocity law. Lii et all'" made a numerical simulation
for 4H-SiC MESFET anisotropy and showed obvious
effects of the anisotropy for 4H-SiC, and pointed out
that the anisotropy for 4H-SiC should be involved in
the device design to acquire better performances. Yan
et al'? found in the analysis of the magnetization
curves for GdsFei7; and GdsFeij7yHs that if the Gd-
Fe exchange interaction has been taken as isotropic,
the fitted values of magneto-crystalline anisotropy of
the Fe sublattices would become unreasonably differ-
ent from those of the corresponding Y or Lu com-
pounds, and the large difference is caused by the ne-
glect of the anisotropy of the Gd-Fe exchange inter-
action. Analytically, after the systematical analysis,
Xul'314] concluded that the any perturbed states in
the directional solidification from the pure melt are
either purely growing or purely decaying and have a
unique neutrally stable state.

During directional solidification the surface en-
ergy is actually anisotropic. There exist boundary
layers in the vicinity of the interface in solidification,
which separate the whole physical region into several
sub-regions that may differ by several orders of magni-
tude in scales. By using the multi-variable expansion
method that is developed by Xu,'320 we study the
effect of the anisotropic surface energy on the mor-
phological stability of the planar front in directional

solidification.

2. Formation of the system

Consider the directional solidification of an un-
dercooled alloy melt, as shown in Fig.1. A liquid-solid
interface is moving upward with a pulling velocity V'
in the reference in which the solid phase is at rest. It
is assumed that the concentration at the far field is
Co. At the edge of the liquid phase zone, § = L1,

TL == TH.
At the edge of the solid phase zone, §j = — Lo,

TL = Tc.
The distance between the edges of two zones is set to
be L, L = L1+ L. The temperatures in the liquid and
solid phases are denoted by T}, and T, respectively.
The concentrations in the liquid and solid phases are
denoted by C;, and Cg, respectively. Thus it holds
Te < Ts < Tp, < Ty. The liquid-solid interface is
expressed as § = h(Z,f). The anisotropic surface en-
ergy is described by the four-fold symmetric function
v(0) = v0(1 + aq cos40), where 7y is the dimensional
isotropy which gives the average magnitude of v(9), 0
is the angle between the surface normal and the y axis
and ay is the anisotropy parameter. We also assume
that the densities pr and pg in the liquid and solid
phases are equal and the specific heats in the liquid

phase and solid phase are equal, and the buoyancy
effects are neglected.

liquid phase

interface
y N N\ N
N N~ o :B’

solid phase _
§==ln g

Fig.1. A sketch of two-dimensional directional solidifica-
tion system.

The solidification system is governed by the tem-
perature and concentration equations, subject to the
boundary conditions: the thermodynamic equilibrium
and Gibbs—Thomson conditions, the energy conserva-
tion condition, and far field conditions. We choose the
velocity of the interface V' as the scale for the veloc-
ity, the solute diffusion length {p ({p = kp/V) as the
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length scale, where kp is the thermal diffusivity in the
liquid phase, £ p/V? as the time scale, and AH/(c,pr)
as the temperature scale, where AH is the latent heat
per unit volume of the solid phase and ¢, the spe-
cific heat. We introduce the following dimensionless

quantities:
Ty — Ty Ts — Ty
Ty = e Ty = M
" AH/(cppr) AH/(cppr)
Cr Cs
L Coo ) S Coo ; ( )

where T} is the equilibrium temperature at the flat
interface. In the moving frame (z,y, z) with its = axis
attached to the mean planar location of the interface
that moves toward the y direction, the dimensionless
spatial and time coordinates are denoted by
z y-—Vt Vit
(xvyvt): (57 ‘D 75)7

the curved interface in the moving frame is expressed

(2)

as y = h(x,t). Thus the solidification system is de-
scribed by the following equations and boundary con-
ditions with the two-dimensional form:

N
ot dy

= VT (h(z,t) <y < o0), (3)
ra (T Ts
T\ ot oy

= VTs (—o0 <y < h(z,t)),
(4)

0C, _0Cu _ o

S (h(z,t) <y <o), (3)
where A\ = kp/kr, ar = Kkr/Ks, ks is the thermal
diffusivity in the solid phase. In the present paper,
the concentration in the solid phase is treated to be
constant.

The interface conditions: at the interface y =

h(z,t),

Ty, =1Ts, (6)

h/xx
TS =2I (1 — 15(14 COS49) W
14+ hy

—_elp—— Tt
(1+h2)1 /72

- McCly, (7)

1+ hy 0 0 A B
g (5~ (- 1) 0.

1 —|— h,t o 8OL aCL
(1—k)OL(1+h%)1/2 =he g = oy 9)

where k = kg /kr, kr and kg are the thermal con-
duction coefficients in the liquid and the solid phases,
respectively. I' = (./lp, L. = YocpprTa/ (AH)2
is the capillary length, S = AH/(cpprTm), M =
V/(1Tar), 1 is the interfacial kinetic coefficient, Mo =
—mCop
A (cppr)
diagram.

, m is the slope of the liquidus in the phase

The far field condition: as y — 400,

T, - Ty, Cp—1, (10)
where - -
To — T
T — T —Tu_
AH/(CPPL)

And the initial condition at the time ¢ = 0. Note that
the initial condition is not necessary for the stability
analysis.

3. Linear stability analysis

The basic state solution with the planar inter-

0
face is obtained by setting — = 0 and — = 0 from
ot ox
Eqgs.(3)—(10):

Trs (y) = Ay 4+ Age ™Y, (11)
Tsp (y) = As1 + Agoe™, (12)
1—-k
CLB (y) =1 + % eiy, (13)
where
M,
Th + %e_)‘L1 - (TH + TC>
Aj=— k- Y/
1—e A1 7 1—e a1
M,
Te + %e*AL2 - <TC + TC)
As1 = — k Agyg = ———+—=.
1—e A2 7 1 — e ALz

It is easy to determine the location of the interface.
For any given L, L = Ly + Lo, we can find L; and Ls:

L 1
Ll:ﬁ, LQZ (1—E> L, and

Ty —Tc

R= .
M, B
- +S7t M

Ty +

To carry out the morphological stability analysis,
we express the temperature and concentration fields
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and the interface as the superimposition of the basic  and as y — —oo,
state and the correction terms
. Ts — 0. (26)
Tr(x,y,t) = Tre(x,y,t) + To(z,y,t), (14)
Ts(z,y.1) = Tsp(a,y,t) + Ts(w,y,1),  (15) For the typical metals, the surface energy param-
Cr(z,y,t) = CLB(y)JrCN’L(x,y,t), (16)  eter I' is in the range of I' ~ 1072 ~ 1075, As
h(z,t) = hp +ﬁ(gg7t), (17) shown by Xu,[13’14] the parameter I' is treated as
the interfacial stability parameter, that is I' = &2,
where hp(z,t) = 0 is the mean planar location of o Ty, parameter £ plays a dominant role in

the interface, and TL,Ts,CL,iL are small perturba-
tions around the steady state. With Eqs.(14)—(17),
the linearized equations and boundary conditions are

transformed into:

02Ty,

When the kinetic un-
dercooling is small, it is assumed that M = eM and
M = O(1).
transport processes mainly occur near the liquid-solid

the linear stability analysis.
It is well known that the macroscopic

interface where the temperature and concentration are
dramatically changed. The argument gives us a hint
that there is a boundary layer near the liquid-solid in-

terface. Since a small parameter € appears in front of
8h
—— in Eq.(22), balancing the
922 q.(22) g
magnitude at the two sides leads to the structure of

the second derivative

multiple length scales, then we introduce a set of fast

variables
o(e) k()
t,. = t, T4y = z,
* € * €
_9() : . .
y+ = —=y (for temperature in the liquid phase);
€
€
Yy = gs—”y (for temperature in the liquid phase);
€
_ ) o .
yr="_Y (for concentration in the liquid phase),

(27)

where o(¢g), k(e), g(e), gs(e) and ¢(¢) are to be de-
termined. It is further assumed that they have the
following asymptotic expansions,

ole) =00 +eor+---, k(e)=ko+eki+---,
gle) =ko+eg1+ -,

qle) =ko+eq + -,

gs(e) = ko +egs1+---,

(28)
in which g, o1, ko, k1, 91, gs1 and ¢, ...are con-
stants to be determined. The fast variables z, yy,
t4+ and the slow variables z, y, ¢ are formally treated
as the independent variables. With the new variables,
equations (18)—(24) are transformed into

oT, 9Ty, .
A ——-——| =VT, 18
oTs 9Ts o
A — — — | = VT, 19
aT < 8t 8y ) v S ( )
oC,  9CL o~
Il N vETS, 20
8t 8y v L ( )
which are subjected to the interface conditions:
Ty, =Ts — AG1h, (21)
Ts = I'(1—15 )8% Gs1h — McC
s = )55 S1 cCr
1-k - oh
——Mch—S"'"M— 22
+ L C S ata ( )
oh O = o ~
A—=——(TL — kTs) — AG2h 23
Fr 8y( L s) 2h, (23)
aCr,  1—koh -
3—y + 5 o +(1—-k)(CL+h)=0, (24)
where
AG; = Gr1 — G,
(92TLB(0) A 82TSB (O)
AGy = —k
2 8y2 8y2 )
oTrg(0 0Tsp(0
a,, = s o 9Tss(0)
dy dy
GCl = aCZB(O)u
Y
and the far field conditions: as y — +oo,
T, — 0, Cp—0, (25)
|
27 27 7 7
i2? j;L 29 TQL = e (ol T gy
8$+ 8 T 8t+ 8y+

dxdr, gay8y+

9*Ty, o [ oT, | 9Ty,
)—E <VTL+)\8—y_)\W ,(29)
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12 PTs 5 0°Ts " dTs o oTs . 0°Ts ) 9?Ts
Z -5 Z5 _ o2t _
022 I 9y2 Tt ISy, T N owaz, I oyoy,
~ oT. oT.
_ g2 27 s s
€ <V s+ Aar Y Ao —— It (30)
9*Cr, 9*Cy, oC,  9Cy 9*Cr, 9%Cr, aC,  aCy
k2 2 = — — 2k — —e2 | viC _—— 31
) o2 \%or, Yoy,  owory, oyoy. ) " ° Lty (31)
The interface conditions are
Ty =Ts — AG1h, (32)
T /86% + 2k ——— o%h + &2 0% (1—1504) — Gg1h— S™'M oh +€6h
= —_ 0‘_ _
o o2 dx0zy | 02 4 st ot. ot
N 1—k -
—McCr + TMC}L, (33)
o, . 0Ty 0 oh oh ~
_— — —(Ty, — kT, A EA— AGsh =0 34
955, 955, +58(L [s) + Tor, TG TEAG: ; (34)
oC,  9Cy, 1—k( 0h  0h .
— 1-k)(C h)=0. 35
05t G <6t++sat>+e< )(Cu+h) (35)
We further seek the following asymptotic expansion of correction terms in Eqs.(14)—(17):
TL ~ € b+ (TLO(:I: Y, ‘T+7y+) + ETLl(x Y, Ty, y+) +- ) ) (36)
TS ~ et+ (TSO(xvyu Ty, y+) + ETSl(xu y,x+,y+) + - ) ) (37)
C~'L ~ et+ (OO(xvya IJrver) + 501(17, yvarver) + - ) ) (38)
h ~ et+ (ﬁo(:v, Y, ys) 4 ehi(z,y, 20, yp) + - ) . (39)

Substituting Eqgs.(36)—(39) into (29)—(35) with (25)

and (26

), one can successively derive each order of ap-

proximation. The leading order equations and bound-

ary conditions are as follows:

92T
k2 +
0 < 3173_

oyt

The interface conditions are

Tro = Tso — AG1 ho,

a?Tm) o

(40)

(41)

20%ho
TSO = (1 - 150[4)]{30 a

1— k ~
~McCy + TMcho,

ko—=——

ko

oY+

9Cy 1—-k -
8++Tdoh0—0.

and the far field conditions are

and

as

yy — +00, Tro — 0,

as yy — +o00, Tso — 0.

0
(Tro — kTso) + Aogho = 0,

C’o—’O,

GSlhO — S_lMUOEO

(44)

(47)

(48)



1696 Chen Ming-Wen et al

Vol. 18

The equations (40)—(42) with the vanishing con-
ditions (47) and (48) allow the following normal mode
solutions:

Tro = Apo(z,y)el™ ¥+,

CN(O = BO (Ia y)eiz+7y+a

Tso = Ago(z,y)e' "+ T+,

ho = Do(z)e'®+. (49)
Then the interface conditions (43)—(46) become
AL()(,T, O) - ASQ(,T, O) + AGlDQ(JJ) =0, (50)

Aso(x,0) + McBo + 11 Do(z) = 0, (51)

—koALo(,T, O) — koiﬂASQ(l‘, 0)
+)\0'0D0({E) = O, (52)

-k

—koBo(z,0) + L ooDo(z) =0, (53)

where
2 R
I = kg (1—15&4)+G51 + 00S M—TMc.

For the homogeneous equations with constant co-
efficients, the amplitude functions Arg, Ago, Bo, Do
hold for the arbitrary real number z, thus they must
be constants. For the nontrivial solution, we obtain
the dispersion relation

o —ko(1 + k)
O Nt ko(1+ B)SUN + (1+ k) =EM
y ((1 150k + G — 1;—’%\40)  (50)
where

k
G- Gr1+ GS1.

= 55
1+ k (55)
Specially, if k7, and kg are equal, or k= 1, then
G G 1—-k
1L‘;‘ CIN - M. (56)

This is the well-known constitutional undercooling
criterion.[13:14,21]

Given an eigenvalue oy, the wave numbers kg in
Eq.(54) are determined, and k¢ must be positive real
numbers. Or else, if the wave number kg has an imagi-
nary part, the perturbation will tend to infinity either
as r4 — +o00, or as x4 — —oo. And if the wave
number ko is a negative number, the O(1) order per-
turbation for the temperature field, TLO, C'O will tend
to infinity as y4 — 4o00. Therefore, the eigenvalue og
must be real.

It can be seen from Eq.(54) that the anisotropy of
the surface tension is always a destabilizing agent, ki-
netic parameter M makes the denominator decrease,
then it is always a stable factor.

Proceeding to O(e) order approximation, one de-

rives that
9*Tr1 0T .
k2 + = qgpe' "t Y+, 57
0?Ts1 9T .
k2 + = boelT+ Y+, 58
92C,  8%Cy .
k2 + —5 | = et 7Y+, 59
where
A
apg = I()A() + 2]€0Q,
dy
0Aso(x,
by = IsoAso(r,y) — 2k0y7
Y
0By(x,
co = IcoBo + 2/60#,
in which,

I() = /\0'0 + )\ko + 2]€0]€1 — 2k0917
Iso = Aarog — Aarko + 2kok1 — 2kogsi,
ICO =09+ ko + 2k0k1 - 2k0q1.

The interface conditions are

Tr1 = Ts1 — AG1hy, (60)

- 5 0%y -
TSl — (1 — 150[4)]{508—2 + MCCl
T

Pho  (1—k .
= 2(1 — 150&4)]€0k1w + (TMC - G15> hO

—S_lMU()ﬁl —S_lMalﬁo, (61)

T -, 0Ts:
— kk

’ Y+ ’ Y+

8T50 » 8TL0 8h0

_k _ o 20
950 By oy Tt

k + )\UoiLl

9 - _ ~
—a_y(TLO —Tso) — AGzho, (62)

aC, 1—k 0Oh

—t 4 = s
By Tk o,
aCy  aC,
dy+ Oy
1-k
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The far field conditions are

Ag (ac, 0) + Mo By (ac, 0)

as Yy — 400, TLl — 0, él — 0, (64) HiDi(w) = I:Do, (69)
and .
~ —koALl(,T,O) — kokAsq(x,O)
as Y4 — -f—()O7 TSl — 0. (65) +)\0.0D1 (I) — IBD07 (70)
To avoid the secular terms in solving Eqs.(57)—
(59), we set ag = 0, bg = 0, ¢o = 0, and without losing 1—k
generality, A7 ,(y) = Ay(y) = Bj(y) = 0, then ~koBi(,0) + ooDi(@) = I1Do, (71)
where
A oo 1 g0
—k==(14+4— —k==(14— -
nmmEy ( + ko)’ nRE g ( + ko)’ I = —2koky(1 — 1504) — S~ Mo
A A oo 1—k
=g —2(1 —2(1-ar)2. 66 ~“Mc-G
gs1 = g1 2( +ar) 2( aT)kO (66) +——Mc — G,
Thus we can seek the normal mode solution for I3 = —Xo1 — AGs + 951 (% — AGl)
Eqs.(57)—(59) with the vanishing conditions (64) and 1+k \Fo
(65): +kgy (/\% + lAfAGl) + (14 cg) NSk,
0
Tin=A Ly)elTH YR Te = A Ly)elT Y 1-ko 1-k 1—-k)?o
Z ri(z y) Ts 51(flf Y) Li=a— k_O_ - 01—( . ) k_o_(l_k)'
CLl = Bl (LL', y)e“”_y*, hl = D1 ($)€1w+. (67) 0 0
The interface conditions (60)—(63) become Without losing generality, k; is taken as zero. For the
nontrivial solution from Eqs.(68)—(71), the solvability
Ari(x,0) = Ag1(2,0) — AG1D1(z), (68)  condition is
|
1 gs1 (00 ) > ( o0 | 7 )
o1 = - . - x ¢« —AGy + ~| — —AG1 | + kg1 | A— + EAG
N Nt k(L k) SN+ (1+ k) B M { 14k \ko DA™ '
. 1—k - 1—k 1—k)?
+(A+k)ky (| ——M.—Gs1 | + Mc(14+F) (@1 90 _ | ) % —(1-=k)| . (72)
k k ko kE ko
|
Consequently, we obtain the modified Mullins—Sekerka
dispersion relation:21] 0.02
0
/
o & 0og+eo. (73) 002
2 c e . . S —0.04
If 0 ~ 09 + %01 > 0, the solidification system is un- t
stable. If o ~ o¢ + €201 < 0, the solidification system ﬁ’ —0.06
is stable. The neutral stability curve is obtained for o —0.08
—0.10
o ~og+eo ~0. (74) —0.12
0 0.1 0.2 0.3 0.4 0.5 0.6
Figure 2 shows the dispersion relation (73) for ko

As the
undercooling parameter increases, the range of mor-

different values of undercooling parameter.

phological stability of the interface is decreased, and
the critical wave number tends to increase. It is seen
from Eq.(73) that the anisotropic surface energy is

Fig.2. The dispersion relation (73) for different values of
undercooling parameter G171 = Gg1 = 0.900, 0.984, 1.050,
where ay 0.0021, A = 0.001, M¢ 0.125, S
0.35, M = 0.175, e = 0.12, G2 =0, k = 1.40,k =
0.103.
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always a destabilizing agent and the kinetic coefficient
is always a stable factor. Figure 3 shows the disper-
sion relation (73) for different values of the anisotropic
surface energy parameter. As the anisotropic surface
energy parameter increases the critical wave number
tends to increase.

For the absolute stability analysis, we use the fol-
lowing notation:

(75)

We choose the capillary length /. to replace {p, we

0.04 can use the dimensionless growth velocity V = &2 =
0.02} L.V/kp and concentration at the far field Coo =
5 0 Mc(1 — k)/k, the dimensionless temperature gradi-
-T— —0.02 ¢ ent is taken as G = VG. Then the dispersion relation
§ —0.04r (73) is written as
I —0.06}
—0.08 ~
c=0(k)=0 01. 76
—0.10} G =a(k)=d0+ea (76)
_o12l s = 0.0021
0 ' 0'.2 ' 014 ' 0j6 ' Oj8 ' 1.0 By setting
ko
Fig.3. The dispersion relation (73) for different values of 5 () —
anisotropic surface energy parameter ay = 0.0021, 0.035, ( ) =0, (77)
0.05, where A = 0.001, Mc = 0.125, S = 0.35, M =
0175, € = 012, Gr1 = Gs1 = 0.984, G2 = 0, k = 1.40, we obtain the critical wave number
k =0.103.
|
B q q 2 P 3 3 q q 2 p 3 b
{4 T s
\/ 2 + 2 + 3 + 2 2 + 3 3a (78)
where
c b2 263 cb d ~ A N
=— - — = — =+ —, a=4Q3Qx(1 —1504)?V?, b= —3(1+k)(1 — 15a4)V
p a 3@27 q 27@3 3@2 + a7 a QIQQ( Of4) ? ( + )( Of4) )
G . A A =(. G G .
e={4Q2Qs [ 2 — G ) 42001 | (1 = 15a)V, d=(1+k) (VI [Cuw - ) - T 400 ),
1% v v
Aar A1+ k)k2\ AGy (1 . Aar A2(14k)k
1, = - - 1+k ——k)Cyx - ,
! ( 2 2 v (1+E) | 5 ) 2
1 - ((A+E)? . A N1+ k)k
Q- . Qu=(+hy (e 2or XUER
A+ (1+k)Cx 2 2 2
From
5(k) =0, (79)
we obtain the absolute stability criterion
. 2 .
2 neo G ~s0 G4
QlQQ (1 — 15(14)ch + ; — U + Qlﬂl (1 - 15(14)ch + ; - COO
~( . G e G f
+ (\/; <COO — 51> — (1 = 1504)Vk? — T + COO> (1+Kk)k.+ I3 =0, (80)
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where
. G dar M) AG
’ % 210+k) 2 )V
—(1+k)kCy

20
16
o unstable zone as = 0.05

>

Stable zone @4 = 0.0

2 6 10 14 18

Fig.4. The range of the modified Mullins—Sekerka abso-
lute stability in the (Cso, V) plain for different values of
the anisotropic surface energy parameter ay: aqg = —0.01,
0.00, 0.01, 0.03, 0.05, where A = 0.001, Mc = 0.125,
S =035 ¢ = 012, Gp1 = Gg1 = 0984, G2 = 0,
G =0.01, k = 1.40, k = 0.103.

4. Conclusions

By using the multi-variable expansion method de-

[13-20] e have made a more careful

veloped by Xu,
analysis for the effect of the anisotropic surface tension
on the directional solidification. When the expression
exhibiting the four-fold symmetry is included, the lin-
ear stability analysis demonstrates an analogous anal-
ysis without the anisotropic surface tension made by
Xu in Refs.[13,14]. For the moderate wave number
ko = O(1), we obtain the uniformly valid asymptotic
solution for the solidification system and the abso-
lute stability criterion is obtained. Our linear sta-
bility analysis reveals that for the given temperature
gradient, as the anisotropic surface tension parameter
increases, the stability zone tends to decrease.

It should be pointed out that for the small wave
number kg > O(1/¢), our resulting asymptotic solu-
tion is not uniformly valid, it is needed to consider the
effect of the anisotropic surface tension on the direc-
tional solidification in the extremely short-wave region
in another paper.
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