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By simulating the electron paramagnetic resonance (EPR) and optical spectra on the basis of the 120×120 complete

energy matrix, this paper determines the local lattice structure parameters R1 and R2 for MCl:V2+ (M=Na, K, Rb)

systems at 77K, 195 K and RT (room temperature 295K or 302 K), respectively. The theoretical results indicate that

there exists a compressed distortion in MCl:V2+ systems. Meanwhile, it finds that the structure parameters R1, R2 and

|∆R| (= R1 − R2) increase with the rising temperature. Subsequently, from the analysis it concludes that the relation

of EPR parameter D vs. ∆R is approximately linear. Finally, the effects of orbital reduction factor k on the g factors

for the three systems have been discussed.
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1. Introduction

With the rapid development of experiment tech-

niques, impurity ions in host crystals have been a sub-

ject of widespread interest in recent years, as doped

crystals can display new properties which are absent

in pure crystals.[1−4] In order to understand the influ-

ence of impurity ion on the host crystal, it is neces-

sary to investigate the local lattice structure around

the impurity ion. As we know, the electron param-

agnetic resonance (EPR) spectrum is very sensitive

to the immediate environment of an impurity ion in

crystals, and the EPR parameters (D, g‖, g⊥) may

reflect unambiguously the local distortion structure of

the impurity ion centres. Therefore, EPR method has

been widely used to obtain valuable information about

the structure of the doped crystal.[5−9]

In recent decades, much attention has been paid

to the investigations of transition-metal V2+ ions

doped into cubic type MCl (M denotes an alkali metal)

single crystals with respect to their electronic prop-

erties and suitability as laser material for vibronic-

laser operation.[10−17] The EPR and optical spectra

of V2+ ions in the cubic crystals MCl (M=K, Na, Rb)

have been experimentally observed at different tem-

peratures by Vanhaelst et al.[14] These experimental

results give important information about the ground

state of transition metal V2+ ion and form a useful

starting point for understanding the interrelationships

between electronic and molecular structure of V2+ ion

in the (VCl6)
4− coordination complex. However, so

far, there has been no satisfactory and quantitative

unified explanation for the EPR and optical spectra,

and the local structure of V2+ ions in MCl (M=K,

Na, Rb) crystals. For instance, Du[10] has carried out

a theoretical calculation of the g factor in MCl:V2+

systems based on the cluster approximation. Accord-

ing to the two spin-orbit coupling parameter model

and high-order perturbation formulas. Wu et al
[12]

have discussed the zero-field splitting (ZFS) and gy-

romagnetic factors for the tetragonal V2+ ions in MCl
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(M=K, Na, Rb) crystals. Wu et al
[13] have estimated

the local structure of MCl:V2+ systems on the basis of

the high-order perturbation formulas and the empiri-

cal formula R ≈ R0 + (ri − rh)/2. Unfortunately, the

empirical formula is not suitable for all doped systems

according to previous researches.[18,19] Therefore, the

results are uncertain and it is necessary to confirm the

local structure using other dependable methods.

In this paper, we perform a systematical inves-

tigation of the EPR and optical spectra for V2+ ion

doped into MCl (M=K, Na, Rb) crystals by diago-

nalizing the 120×120 complete energy matrix. The

goal of the present study is twofold: to elucidate a

microscopic origin of various ligand field parameters

which are usually used empirically for the interpre-

tation of EPR and optical absorption experiments;

to provide powerful guidelines for future experimental

studies aimed at pinpointing how actually V2+ enters

the simple MCl (M=K, Na, Rb) ionic crystals.

The paper is organized as follows. In Section 2,

the spin Hamiltonian and 120×120 complete energy

matrix for a 3d3 configuration ion in tetragonal lig-

and field are described and the microscopic formulas

of EPR parameters for the ground state are given.

In Section 3, the local structure of (VCl6)
4− coordi-

nation complex in MCl:V2+ (M=Na, K, Rb) systems

have been determined. Furthermore, the interrelation-

ships between zero-field splitting parameter D and lo-

cal structure parameters of tetragonal V2+ centres in

(VCl6)
4− coordination complex are discussed and the

dependence of anisotropic g factors on orbital reduc-

tion factor k are presented. Conclusions are summa-

rized in the final section.

2. Theoretical method

2.1.Complete energy matrix for 3d3

configuration ions

In order to construct the complete matrix, the

|J, MJ〉 basic functions need to be expanded into the

form of the |L, S, ML, MS〉i basic functions. This

expansion may be realized in terms of the Clebsch–

Gordon coefficients which are associated with the cou-

pling of two angular moments. In general, the expan-

sion can be written as[20]

|J, MJ〉 =
∑

i

Ci |L, S, ML, MS〉i

=
∑

i

∑

j

CiCjΦj , (1)

where Ci and Cj are the Clebsch–Gordon coefficients,

Φj is one of the 120 basic Slater determinants. Ac-

cording to the |L, S, ML, MS〉i functions of the 3d3

configuration ion in a tetragonal ligand field, we

have constructed the complete energy matrix of the

Hamiltonian[21]

Ĥ = Ĥee + ĤLF + ĤSO + ĤZeeman

=
∑

i<j

e2

ri,j
+

∑

i

Vi + ζ
∑

i

li · si

+
∑

i

µB(kli + gesi) · H , (2)

where Ĥee, ĤLF, ĤSO and ĤZeeman are the electron-

electron repulsion interaction, the ligand field interac-

tion, the spin-orbit coupling interaction and the Zee-

man interaction, respectively. ζ is the spin-orbit cou-

pling coefficient and k is the orbital reduction factor.

Vi is the ligand field potential. The matrix elements

are functions of the Racah parameters B and C, the

spin-orbit coupling coefficient ζ, and the ligand field

parameters B20, B40, Bc
44, Bs

44 which can be derived

in terms of the point-dipole model as[22]

B20 =
1

2

∑

τ

G2(τ)(3 cos2 θτ − 1)

(

1 +
3µ

eRτ

)

,

B40 =
1

8

∑

τ

G4(τ)(35 cos4 θτ − 30 cos2 θτ + 3)

×
(

1 +
5µ

eRτ

)

,

Bc
44 =

√
70

16

∑

τ

G4(τ) sin4 θτ cos 4φτ

(

1 +
5µ

eRτ

)

,

Bs
44 = i

√
70

16

∑

τ

G4(τ) sin4 θτ cos 4φτ

(

1 +
5µ

eRτ

)

,

(3)

where µ is the electric dipole moment of a ligand ion.

For the parameter µ in (VCl6)
4− coordination com-

plex, we take the typical value 0.82eRτ approved by

Li et al.[23] For MCl: V2+ (M=K, Na, Rb) systems, we

choose the Z-axis along the C4 axis. Then, the ligand

field parameter Bs
44 will vanish and the parameters

G2(τ) and G4(τ) can be derived as

G2(τ) = − eqτG2(τ),

G4(τ) = − eqτG4(τ),

Gk(τ) =

∫ Rτ

0

R2
3d(r)r2 rk

Rk+1
τ

dr

+

∫ ∞

Rτ

R2
3d(r)r

2 Rk
τ

rk+1
dr, (4)

where qτ represents the effective charge of the τ -th lig-

and. According to the Van Vleck approximation for
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Gk(τ) integral[24]

G2(τ) =
A2

R3
τ

, G4(τ) =
A4

R5
τ

, (5)

where

A4 = −eqτ 〈r4〉
(

1 +
5µ

eRτ

)

,

A2 = −eqτ 〈r2〉
(

1 +
3µ

eRτ

)

,

A2/A4 = 〈r2〉
(

1 +
3µ

eRτ

)

/〈r4〉
(

1 +
5µ

eRτ

)

,

(6)

B20, B40, Bc
44 can be expressed as

B20 = A2

(

1

R3
1

− 1

R3
2

)

,

B40 = A4

(

1

R5
1

− 1

2R5
2

)

,

Bc
44 =

(

35

8

)1/2
A4

R5
2

. (7)

where R1 and R2 are the V–Cl bond length in

MCl:V2+ systems, as plotted in Fig.1.

Fig.1. Local structure of (VCl6)4− coordination complex

for MCl:V2+ (M=Na, K, Rb) systems. R0 is original oc-

tahedral cubic (MCl6)4− structure parameter. ∆R1 and

∆R2 denote, respectively, the shift of Cl−1 and Cl−
i

(i=2,

3, 4, 5, 6) along the crystallographic axes to V2+ when

V2+ replaces the M+. R1 is V2+−Cl−1 distance and R2

is V2+−Cl−
i

distance (i=2, 3, 4, 5, 6).

The ratio 〈r2〉/〈r4〉 = 0.1956 for V2+ ion can be

obtained from the radial wave function.[23] The value

of A4 can be determined from optical spectrum[25] and

the V–Cl bond length of VCl2.
[26] In this way, we de-

rive A4 = 64.31 a.u. for the octahedral (VCl6)
4− co-

ordination complex. The value of A4 will be employed

in the following calculation.

2.2. EPR parameters for 3d3 configura-

tion ions

EPR spectrum of V2+ ion in a tetragonal ligand

field can be described by the spin Hamiltonian[27]

ĤS = µBg‖HzSz + µBg⊥(HxSx + HySy)

+ D

[

S2
z − 1

3
S(S + 1)

]

, (8)

where D is ZFS parameter, g‖ and g⊥ are anisotropic g

factors. In the absence of the external magnetic field,

the corresponding ground-state zero field splitting ∆E

can be expressed as a function of the parameter D,

∆E = E

(

± 3

2

)

− E

(

± 1

2

)

= 2D. (9)

The ZFS energy ∆E can be obtained by diagonalizing

the complete energy matrix corresponding to Hamil-

tonian Eq.(2) without the Zeeman term. Considering

the external magnetic field, the Kramer’s degeneracy

of the ground state 4A2 will be completely removed.

For H‖ 6= 0, H⊥ = 0 (H‖ = HZ), the splitting energy

levels of the ground state can be expressed as

E1 = D +
3

2
g‖µBHz,

E2 = −D +
1

2
g‖µBHz,

E3 = −D − 1

2
g‖µBHz,

E4 = D − 3

2
g‖µBHz. (10)

For H⊥ 6= 0, H‖ = 0 (H⊥ = Hx = Hy), the splitting

energy levels of the ground state can be expressed as:

E1 = −1

2
g⊥µBHx +

√

g2
⊥µ2

BH2
x + D2 + Dg⊥µBHx,

E2 = −1

2
g⊥µBHx −

√

g2
⊥µ2

BH2
x + D2 + Dg⊥µBHx,

E3 =
1

2
g⊥µBHx +

√

g2
⊥µ2

BH2
x + D2 − Dg⊥µBHx,

E4 =
1

2
g⊥µBHx −

√

g2
⊥µ2

BH2
x + D2 − Dg⊥µBHx.

(11)

As for the case of H‖ = Hz , by diagonalizing the

complete energy matrix corresponding to Hamiltonian

Eq.(2) including the Zeeman term, we may obtain
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the four ground-state splitting energy levels. Subse-

quently, taking the calculated splitting energy levels

into Eq.(10), we may deduce the value of g‖. Sim-

ilarly, we may evaluate the g⊥ by diagonalizing the

complete energy matrix for H⊥ = Hx with the aid of

Eq.(11).

3. Calculation and analysis

3.1.Calculation of local structure for

tetragonal V2+ centres in (VCl6)
4−

coordination complex

In MCl (M=K, Na, Rb) crystals, M+ ions are

surrounded by six chlorine ions, respectively, the local

symmetry belongs to the space group Oh. When the

transition-metal V2+ ions are doped into KCl, NaCl

and RbCl crystals, the V2+ ions will substitute for

Na+, K+ and Rb+ ions respectively. As we know,

the transition-metal ion V2+ has an obviously smaller

ionic radius (ri=0.93 Å, 1 Å=0.1 nm) and more effec-

tive charge than that of M+ ions (rh=1.16 Å, 1.52 Å

and 1.66 Å, corresponding to Na+, K+ and Rb+,

respectively),[28] so it is reasonable to predict that the

V2+ ion will pull the six chlorine ions to move toward

the V2+ centre along crystallographic axes. In addi-

tion, the next nearest cation site around V2+ ion along

〈001〉 direction will be occupied by a vacancy VM due

to the local charge compensation.[14−16] Considering

the vacancy, which has a negative effective charge, we

find that it dominantly affects the Cl− ion interven-

ing the V2+ and VM. So we may consider that the

shift of the intervening Cl− ion towards the central

ion is obviously larger than that of the other five Cl−

(similar to Cr3+-VM centre in MgO:Cr3+ system.[29])

Therefore, in our study, we have approximately re-

garded the shift of the lower five Cl−i (i=2, 3, 4, 5, 6)

to be equivalent (see Fig.1). According to above anal-

ysis, the local structure parameters R1 and R2 can be

expressed as

R1 = R0 + ∆R1, R2 = R0 + ∆R2, (12)

where R0 is the M–Cl bond length of host cubic crys-

tals and the values are R0 = 2.81 Å, 3.14 Å and 3.27 Å

for NaCl, KCl and RbCl, respectively.[30] In order to

decrease the number of adjustable parameters and re-

flect the effect of covalency, we take an average cova-

lency factor N and use the following relation:[31]

B = N4B0, C = N4C0, ζ = J2ζ0. (13)

The values of the free-ion parameters for V2+ ion have

been reported as[32]

B0 = 766 cm−1, C0 = 2855 cm−1, ζ0 = 167 cm−1.

(14)

The N = 0.923 can be obtained by fitting optical spec-

trum of NaCl:V2+ system. Up to now, the optical

spectra of V2+ ions doped in KCl and RbCl have not

been reported. However, because the MCl:V2+ sys-

tems have the similar configuration and the same type

of ligand, we can take the average covalency factor

of NaCl:V2+ system into the calculation of MCl:V2+

systems. The slightly adjusted value from the formula

k ≈ N2 can also be evaluated in order to obtain the

precise calculations of g factors (g‖, g⊥).

By employing the above parameters, the EPR and

optical spectra of NaCl:V2+ system as functions of R1

and R2 can be calculated by diagonalizing the com-

plete energy matrix for 3d3 configuration V2+ ion in

a tetragonal ligand field, and the results are listed

in Tables 1 and 2. As for KCl:V2+ and RbCl:V2+

systems, we can determine the local structure pa-

rameters R1 and R2 by simulating cubic crystal field

parameter Dq and the EPR parameters simultane-

ously. The theoretical results Dq = 660.3 cm−1 and

Dq = 621.2 cm−1 are consistent with the experimen-

tal findings Dq = 660 cm−1 and Dq = 622 cm−1[14]

which are corresponding to KCl:V2+ and RbCl:V2+

systems, respectively. The EPR parameters (D, g‖,

g⊥) and local structure parameters are listed in Table

1.

From Tables 1 and 2, we can clearly see that the

optical spectra and EPR parameters (D, g‖, g⊥) can

be satisfactorily simulated by the structure parame-

ters R1 and R2. We note that R1 < R2 < R0 for

the three systems at different temperatures, which

indicates that the local lattice structure around the

V2+-VM centres in MCl:V2+ (M=Na, K, Rb) systems

has a compression distortion from the cubic configu-

ration. It may mainly arise from the more effective

charge and smaller ionic radius of V2+ (0.93 Å) in

comparison with those of host ions Na+ (1.16 Å), K+

(1.52 Å) and Rb+ (1.66 Å). The relation R1 < R2 im-

plies that the compression distortion magnitude along

〈001〉 axis is larger than that of along other axes and

this may be attributed to that the influence of the va-

cancy VM on Cl−1 ion intervening in the V2+ and VM

is much larger than that of other five Cl−i (i=2, 3, 4,

5, 6) ions. Comparison of our results with Wu’s[13]

is shown in Table 3, we find that the local structure
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parameters R1 and R2 estimated by them are larger

than ours. This difference may be ascribed to that

the compression distortion induced by the different

effective charge between V2+ ion and host M+ ions

cannot be considered in the impurity-ligand distance

formula R ≈ R0 + (ri − rh)/2 in Wu’s calculations.

Of course, in order to detailedly clarify the local dis-

tortion of V2+-VM centres in MCl:V2+ systems, more

careful experiments especially ENDOR should be re-

quired.

Table 1. EPR parameters (D, g‖, g⊥) for V2+–VM centres in MCl crystals as a function of the structure

parameters R1 and R2. (∆R = R1 − R2).

compounds T/K R1/Å R2/Å ∆R/Å D/cm−1 g‖ g⊥

RbCl 295 2.6430 2.7713 –0. 1283 –0.08331 1.9536 1.9566

expt. [14] –0.08333 1.9537 1.9579

KCl 295 2.6073 2.7385 –0. 1312 –0.08011 1.9565 1.9593

expt. [14] –0.08013 1.9564 1.9603

NaCl 302 2.5306 2.6445 –0. 1139 –0.05744 1.9628 1.9651

expt. [14] –0.05741 1.9629 1.9660

NaCl 195 2.5173 2.6304 –0.1131 –0.05537 1.9637 1.9660

expt. [14] –0.05536a 1.9638b 1.9668b

NaCl 77 2.5138 2.6243 –0.1105 –0.05337 1.9647 1.9667

expt. [14] –0.05335 1.9647 1.9676

aFor NaCl:V2+ system, the data of ZFS parameter D at T = 195 K are estimated according to the relation given by Vanhaelst:[14]

D = m1T + c1

bEstimated according to the relation between g factors and temperature.

Table 2. Comparison of optical spectra between theoretical and experimental values for V2+–VNa centres

in NaCl crystal at different temperatures, all values in units of cm−1.

T = 302/K T = 195/K T = 77/K

transition 4A2 → Cal. Expt.[14] Cal. Expt.[14] Cal. Expt.[14]

4T2 7547 7547 7752 7752 7843 7843

7968 8182 8269

4T1(F) 12124 12121 12391 12270 12503 12346

12767 13061 13172

4T1(P) 19560 19608 19926 19763 20076 20000

19688 20039 20180

2E 41819 41841 42254 42017 42434 43103

41949 42341 42501

Table 3. Comparing the two results calculated at room temperature by different methods..

compounds NaCl:V2+ KCl:V2+ RbCl:V2+

R1/ Å 2.5306a 2.555b 2.6073a 2.680b 2.6430a 2.742b

R2/ Å 2.6445a 2.695b 2.7385a 2.845b 2.7713a 2.905b

aThe results from our calculations.

bThe results of Wu et al.[13]

From our calculation, we find that the structure

parameters R1, R2 and the absolute values of ∆R(=

R1−R2) for V2+ ion doped in NaCl have different val-

ues at different temperatures, namely, R1 = 2.5138 Å,

R2 = 2.6243 Å, |∆R| = 0.1105 Å at 77K; R1 =

2.5173 Å, R2 = 2.6304 Å, |∆R| = 0.1131 Å at 195K;

R1 = 2.5306 Å, R2 = 2.6445 Å, |∆R| = 0.1139 Å at

302K. We can see that the structure parameters R1,

R2 and the |∆R| increase with the rising temperature.

From the above analysis, we note that the difference
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between R1 and R2 mainly arises from the influence

of the vacancy VM. So we will reach a conclusion that

the effects of the vacancy VM on the tetragonal dis-

tortion are enhanced with rising temperature.

3.2. The influences of the local structure

parameters R1 and R2 on the ZFS

parameter D

The relationships between ZFS parameter D and

∆R(= R1 − R2) for the MCl:V2+ systems at differ-

ent temperatures are plotted in Fig.2. It can be seen

that the relation of ZFS parameter D vs. ∆R is ap-

proximately linear and proportional in the distortion

Fig.2. The dependence of ZFS parameter D on ∆R of

(VCl6)4− coordination complex for MCl:V2+ (M=Na, K,

Rb) systems at different temperatures. B0 = 766 cm−1,

C0 = 2855 cm−1, ζ0 = 167 cm−1, N = 0.923. R2 =

2.6445 Å at T = 302 K, R2 = 2.6304 Å at T = 195 K,

R2 = 2.6243 Å at T = 77K for NaCl, R2 = 2.7385 Å at

T = 295K for KCl, R2 = 2.7713 Å at T = 295 K for RbCl.

region. Meanwhile, all the relative curves pass the

same point (0, 0), because ∆R = 0, i.e. R1 = R2,

is related to the cubic structure whose ZFS param-

eter D equals zero. Furthermore, we note that the

sign of ∆R is same to that of the ZFS parameter D,

namely, when ∆R > 0, then D > 0, conversely, when

∆R < 0, then D < 0. The magnitude of ZFS pa-

rameter |D| will increase with the increase of |∆R|.
From the relative curves in Fig.2, we also find that

the slopes ∂D/∂(∆R) are slight different, which indi-

cates that the change rate of ZFS parameter D varying

with ∆R is different for the different systems.

3.3. The influences of the orbital reduc-

tion factor k on the g factors (g‖, g⊥
and ∆g)

It is well known that the orbital reduction fac-

tor k has an important influence on anisotropic g fac-

tors (g‖, g⊥). In this paper, we calculate the g factors

(g‖, g⊥) by adjusting the orbital reduction factor k

(0.5 < k < 1) and fixing the remaining parameters.

According to the calculated results, we draw the rela-

tive curves of g‖ vs. k, g⊥ vs. k, and ∆g(= g‖−g⊥) vs.

k for MCl:V2+ systems as plotted in Fig.3. We can

see that the relations between g factors (g‖, g⊥ and

∆g) and k are linear for the three systems at different

temperatures. Meanwhile, the values of g factors (g‖,

g⊥ and ∆g) have a slowly falling trend with the in-

crease of orbital reduction factor k. This means that

the delocalization effect which reduces the role of the
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Fig.3. The relationships between g‖, g⊥, ∆g(= g‖ − g⊥) and orbital reduction factor k, respectively.

orbital momentum cannot be neglected for 3d3 con-

figuration ions in tetragonal ligand field. As for the

NaCl:V2+ system at different temperatures, the slopes

∂g‖/∂k, ∂g⊥/∂k and ∂(∆g)/∂k are adjacent, as shown

in Fig.3. This can be attributed to the fact that lo-

cal environment in NaCl:V2+ system has the similar

(VCl6)
4− coordination complex at three different tem-

peratures, which have been determined in our work.

4. Conclusions

From the above studies, we have the following

conclusions.

(i) The local structure parameters R1 = 2.5138−
2.5306 Å, R2 = 2.6243−2.6445Å for NaCl:V2+ system

in the temperature range 77K–302K; R1 = 2.6073 Å,

R2 = 2.7385 Å for KCl:V2+ system at 295K; R1 =

2.6430 Å, R2 = 2.7713 Å for RbCl:V2+ system at

295K are determined, respectively. It is worth noting

that the local structure around the octahedral V2+ ion

centre has a compression tetragonal distortion. More-

over, the theoretical results also show that the empir-

ical formula R ≈ R0 +(ri − rh)/2 is unsuitable for the

MCl:V2+ (M=Na, K, Rb) systems.

(ii) The values of local structure parameters R1,

R2 and the absolute values of ∆R(= R1 − R2) will

increase with the increase of temperature. It is found

that the relation of ZFS parameter D vs. ∆R is ap-

proximately linear and proportional in the distortion

region which is of significance in broadening our un-

derstanding of the physical and chemical properties

and clarifying the detailed relationship between D and

∆R.

(iii) The relations of anisotropic g factors (g‖, g⊥

and ∆g) vs. k are linear, and the values of g‖, g⊥ and

∆g will decrease with the increase of orbital reduction

factor k. This implies that the orbital reduction effect

cannot be ignored in MCl:V2+ systems.
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