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In this paper by virtue of the technique of integration within an ordered product (IWOP) of operators and the

intermediate coordinate-momentum representation in quantum optics, we derive the normal ordering and antinormal

ordering products of the operator (fQ + gP )n when n is an arbitrary integer. These products are very useful in

calculating their matrix elements and expectation values and obtaining some useful mathematical formulae. Finally,

the applications of some new identities are given.
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1. Introduction

As is well known, normal ordering products of the

operators are very useful in calculating their expecta-

tion values, which are helpful to theoretical predic-

tion of many properties of atoms and molecules such

as oscillator strength and radiation life-times. It is

the main reason that the matrix elements of the nor-

mally ordered operator function : f
(

a†, a
)

: in coher-

ent states |α〉 yields[1,2]

〈α′| : f
(

a†, a
)

: |α′′〉 = f (α′∗, α′′) , (1)

where the symbol : : denotes normal ordering, and a†,

a are the bosonic creation and annihilation operators

satisfying the commutative relation
[

a, a†
]

= 1. In

Refs.[3, 4] using the IWOP technique, Fan et al have

derived the normal ordering forms of some operators.

For example, using the completeness relations of the

eigenvectors |q〉 of the coordinate operator Q[5,6]

∫ ∞

−∞

dq |q〉 〈q| = π−1/2

∫ ∞

−∞

dq : exp
[

− (q − Q)2
]

:

= 1, (2)

and the following integral formula

∫ ∞

−∞

dx√
π

e−(x−y)2Hn(x) = (2y)
n

, (3)

where Hn(x) is the single-variable Hermite polynomi-

als defined as

Hn(x) =

[n/2]
∑

k=0

(−)
k n!

k! (n − 2k)!
(2x)

n−2k
, (4)

the normal ordering form of the coordinate operator

function Hn(Q) is immediately obtained,

Hn(Q) =

∫ ∞

−∞

dqHn(q) |q〉 〈q|

= π−1/2

∫ ∞

−∞

dqHn(q) : exp
[

− (q − Q)
2
]

:

= 2n : Qn : . (5)

In addition, for the antinormal ordering forms of the

operators, we usually use them to derive some useful

mathematical formulae and the Weyl ordering prod-

ucts of the operators.[7,8] Therefore, it is an important

topic to obtain the normal and antinormal products

of the operators in quantum optics theory.

In this paper, we use the intermediate coordinate-

momentum representation and the IWOP technique to

derive the normal and antinormal ordering expansions

of the operator (fQ + gP )
n
, with n being an arbitrary

integer. Motivations to pay attention to the work lie in

the following two facts: 1) the combinational operator

(fQ + gP )
n

is complex, its normal and antinormal or-

dering products are more ecumenical and not reported
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in literature before because one cannot find the appro-

priate representations. 2) The normal and antinormal

ordering forms have some applications, for instance,

obtaining the matrix elements of (fQ + gP )n, Qn and

Pn in the coherent states and Fock states.

This paper is organized as follows. In Section 2 we

first obtain the normal ordering of (fQ + gP )
n

when

n is a positive integer via the intermediate coordinate-

momentum representation, then using the formula in

Ref.[8] we derive its antinormal form. In Section 3 we

gain the normal ordering product of
1

(fQ + gP )
by

means of the same method employed in Section 2 and

check the validity of it. In Section 4 we prove a new

identity of (fQ + gP )
n

and further obtain the normal

ordering and antinormal ordering of (fQ + gP )
−n

. In

Section 5 the applications of some new identities are

briefly discussed.

2. Normal ordering and antinor-

mal ordering of (fQ + gP )n

As described in Ref.[9], there exists the interme-

diate coordinate-momentum representation |q〉f,g, de-

fined as

|q〉f,g =
1

[π (f2 + g2)]
1
4

exp

[

− q2

2 (f2 + g2)

+
√

2a† q

f − ig
− f + ig

2 (f − ig)
a†2

]

|0〉 , (6)

where f and g are two real parameters and the state

|q〉f,g becomes the coordinate (or momentum) eigen-

state for f = 1 and g = 0 (or f = 0 and g = 1), for this

reason we assign the state |q〉f,g this name. Noting

Q =
1√
2

(

a + a†
)

,

P =
1√
2i

(

a − a†
)

,

[Q, P ] = i~, (7)

we see that the state |q〉f,g is the eigenvector of the op-

erator (fQ + gP ) corresponding to the eigenvalue q,

i.e., (fQ + gP ) |q〉f,g = q |q〉f,g. The set of the states

|q〉f,g makes up a complete quantum mechanical rep-

resentation, since using the IWOP technique we can

prove

∫ ∞

−∞

dq |q〉f,g f,g 〈q| =
1

[π (f2 + g2)]
1
2

∫ ∞

−∞

dq : exp

{

−1

(f2 + g2)
[q − (fQ + gP )]

2

}

: = 1. (8)

For Eq.(8) by using the following integral formula[6]

∫ ∞

−∞

dx√
π

xle−σ(x−y)2 =
1√
σl+1

[l/2]
∑

k=0

l!

22kk! (l − 2k)!

(

σ
1
2 y
)l−2k

, (Reσ > 0) , (9)

we obtain

(fQ + gP )
n

=

∫ ∞

−∞

dq (fQ + gP )
n |q〉f,gf,g 〈q|

=
1

[π (f2 + g2)]
1
2

∫ ∞

−∞

dqqn : exp

{

−1

f2 + g2
[q − (fQ + gP )]

2

}

:

=
(

f2 + g2
)n/2

[n/2]
∑

k=0

n!

22kk! (n − 2k)!
:

[
√

1

f2 + g2
(fQ + gP )

]n−2k

:, (10)

which is the normal ordering form of (fQ + gP )
n

when n is a positive integer. Further, using Eq.(4) we can

rewrite Eq.(10) as

(fQ + gP )n =

(

−i

√

f2 + g2

4

)n

: Hn

[

i

√

1

f2 + g2
(fQ + gP )

]

: . (11)
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If letting µ =
f − ig√

2
, ν =

f + ig√
2

, we can identify Eq.(11) as

(

µa + νa†
)n

=

(

−i

√

µν

2

)n

: Hn

(

i

√

µ

2ν
a + i

√

ν

2µ
a†

)

:, (12)

which is the normal ordering of a new operator
(

µa + νa†
)n

.

In order to obtain the antinormal ordering of the operator (fQ + gP )n, we recall the following formula for

converting an operator A into its antinormal ordering form[6]

A =

∫

d2α

π
〈−α|A |α〉

... exp
(

|α|2 + α∗a − αa† + a†a
) ..., α = α1 + iα2, (13)

where the symbol
...

... denotes the antinormal ordering. Inserting Eq.(12) into Eq.(13) and carrying out the

integration via the IWOP technique, we have

(fQ + gP )
n

=
(

µa + νa†
)n

=

(

−i

√

µν

2

)n ∫
d2α

π
〈−α| : Hn

(

i

√

µ

2ν
a + i

√

ν

2µ
a†

)

: |α〉 ×
... exp

(

|α|2 + α∗a − αa† + a†a
) ...

=

(

−i

√

µν

2

)n
∂n

∂tn

∫

d2α

π

... exp

{

i

(

√

2µ

ν
α −

√

2ν

µ
α∗

)

t − t2 − |α|2 + α∗a − αa† + a†a

}

|t=0

...

=

(

−i

√

µν

2

)n
∂n

∂tn
... exp

{

t2 + it

(

a

√

2µ

ν
+ a†

√

2ν

µ

)}

|t=0

...

=

(
√

µν

2

)n ... Hn

(
√

µ

2ν
a +

√

ν

2µ
a†

)

..., (14)

which is the antinormal ordering form of (fQ + gP )
n
. Where we have used the generating function of Hn

[10]

Hn(x) =
∂n

∂tn
e2xt−t2 |t=0 (15)

and the integral formula[6]

∫

d2z

π
exp

(

ζ |z|2 + ξz + ηz∗ + fz2 + gz∗2
)

=
1

√

ζ2 − 4fg
exp

[−ζξη + ξ2g + η2f

ζ2 − 4fg

]

(16)

with Re(ζ + f + g) < 0, Re

(

ζ2 − 4fg

ζ + f + g

)

< 0.

3. Normally ordered expansion of
1

(fQ + gP )

From Eqs.(8) and (9), we have the following integral

1

(fQ + gP )
=

∫ ∞

−∞

dq
1

q
|q〉f,gf,g 〈q|

=
1

[π (f2 + g2)]
1
2

∫ ∞

−∞

dq
1

q
: exp

{ −1

(f2 + g2)
[q − (fQ + gP )]

2

}

: . (17)

Since the integral in Eq.(17) has a singular point at q = 0 on the contour, according to the basic mathematical

theory we obtain the Cauchy principal value integral as follows:

1

(fQ + gP )
=

1

[π (f2 + g2)]
1
2

: lim
ε→∞,ǫ→0+















∫ −ǫ

−ε

dq

exp

{ −1

(f2 + g2)
[q − (fQ + gP )]2

}

q
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+

∫ ε

ǫ

dq

exp

{ −1

(f2 + g2)
[q − (fQ + gP )]2

}

q
:















. (18)

If setting q = −q in the first term, then equation (18) becomes

1

(fQ + gP )
=

1

[π (f2 + g2)]
1
2

lim
ε→∞,ǫ→0+















:

∫ ǫ

ε

dq

exp

{ −1

(f2 + g2)
[q + (fQ + gP )]

2

}

q

+

∫ ε

ǫ

dq

exp

{ −1

(f2 + g2)
[q − (fQ + gP )]

2

}

q
:















=
1

[π (f2 + g2)]
1
2

lim
ε→∞,ǫ→0+

∫ ε

ǫ

dq

:

− exp

{ −1

(f2 + g2)
[q + (fQ + gP )]

2

}

+ exp

{ −1

(f2 + g2)
[q − (fQ + gP )]

2

}

q
:

=
1

[π (f2 + g2)]
1
2

∫ +∞

0

dq exp

[ −1

(f2 + g2)
q2

]

:

exp

[

2q (fQ + gP )

(f2 + g2)

]

− exp

[−q (fQ + gP )

(f2 + g2)

]

q
exp

[ −1

(f2 + g2)
(fQ + gP )2

]

: . (19)

By using the following integral formula[10]

∫ +∞

0

dxe−xxt−1 = Γ (t) , Re (t) > 0, (20)

we can calculate the integral (19) which converges at values between q = 0 and q → ∞ as follows:

1

(fQ + gP )
= :

1

[π (f2 + g2)]
1
2

∞
∑

k=0

22k+2

(2k + 1)!

(

1

f2 + g2

)2k+1 (∫ +∞

0

dqe
− 1

f2+g2 q2

q2k

)

× (fQ + gP )
2k+1

exp

[ −1

(f2 + g2)
(fQ + gP )

2

]

:

= :
1

[π (f2 + g2)]
1
2

∞
∑

k=0

22k+2

(2k + 1)!

(

1

f2 + g2

)2k+1

Γ

(

k +
1

2

)

× (fQ + gP )
2k+1

exp

[ −1

(f2 + g2)
(fQ + gP )

2

]

: . (21)

Then using the following well-known combinatorial formula[11]

n
∑

k=0

(−)
k x

k + x





n

k



 =
1





n + x

n





(22)

and the rearranging double summation

∞
∑

k=0

∞
∑

n=0

AkBn =

∞
∑

m=0

m
∑

n=0

Am−nBn, (23)
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we are further able to simplify Eq.(21) as

1

(fQ + gP )
= :

∞
∑

k=0

∞
∑

m=0

(−)
m 2

(2k + 1) k!m!

(

1

f2 + g2

)k+m+1/2

(fQ + gP )
2k+2m+1

:

= : 2
∞
∑

n=0

n
∑

k=0

(−)
n−k

(2k + 1) k! (n − k)!

(

1

f2 + g2

)n+1/2

(fQ + gP )2n+1 :

= : 2

∞
∑

n=0





n
∑

k=0

(−)
k 1/2

k + 1/2





n

k









(−)
n

n!

(

1

f2 + g2

)n+1/2

(fQ + gP )
2n+1

:

= : 2

∞
∑

n=0

1




n + 1/2

n





(−)
n

n!

(

1

f2 + g2

)n+1/2

(fQ + gP )2n+1 :

= :
√

π

∞
∑

n=0

(

1

f2 + g2

)n+1/2
(−)n

Γ

(

n +
3

2

) (fQ + gP )
2n+1

: , (24)

where we have employed Γ

(

k +
1

2

)

=
√

π2−k (2k − 1)!!. In particular, in Eq.(24) for f = 1

and g = 0, we obtain the normal ordering of the

inverse of the coordinate operator

1

Q
= :

√
π

∞
∑

n=0

(−)
n

Γ

(

n +
3

2

)Q2n+1: . (25)

Similarly, for f = 0 and g = 1, we have

1

P
= :

√
π

∞
∑

n=0

(−)n

Γ

(

n +
3

2

)P 2n+1: . (26)

Equations (25) and (26) are consistent with the results

obtained in Ref.[11]. Based on Eqs.(25) and (26) we

can judge that the result in Eq.(24) is more valid and

common, namely the normally ordered expansions of

the operators
1

Q
and

1

P
are only the particular illus-

trations of Eq.(24).

4. Normal ordering and antinor-

mal ordering of (fQ + gP )−n

In order to obtain the normal ordering expan-

sion of the operator (fQ + gP )
−n

, first let us prove

that there exists a new identity of (fQ + gP )
n
.

Using the completeness relations of eigenvectors

|q〉f,g, we have the normal form of the operator

Hn

[√

1

f2 + g2
(fQ + gP )

]

, i.e.,

Hn

[
√

1

f2 + g2
(fQ + gP )

]

=

∫ ∞

−∞

dqHn

(
√

1

f2 + g2
q

)

|q〉f,gf,g 〈q|

=
1

[π (f2 + g2)]
1
2

∫ ∞

−∞

dqHn

(
√

1

f2 + g2
q

)

: exp

{ −1

(f2 + g2)
[q − (fQ + gP )]

2

}

:

=

(

4

f2 + g2

)n/2

: (fQ + gP )
n

: . (27)

Using Eq.(27) and the recurrence relation of Hermite polynomial Hn(x)[10]

H′
n(x) = 2nHn−1(x), (28)

we find that there is a differential relation of the operator (fQ + gP )
n

d

d (fQ + gP )
: (fQ + gP )

n
: =

(

4

f2 + g2

)−n/2
d

d (fQ + gP )
Hn

[
√

1

f2 + g2
(fQ + gP )

]
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= n

(

4

f2 + g2

)
1−n

2

Hn−1

[
√

1

f2 + g2
(fQ + gP )

]

= n : (fQ + gP )
n−1

: , (29)

so there exists the following new identity within the normal ordering

d

d (fQ + gP )
: (fQ + gP )n : = :

d

d (fQ + gP )
(fQ + gP )n : . (30)

From Eqs.(24) and (30) we obtain the normal ordering of (fQ + gP )
−n

(fQ + gP )
−n

=
(−)

n−1

(n − 1)!

(

d

d (fQ + gP )

)n−1
1

(fQ + gP )

=
1

(n − 1)!
:
√

π

∞
∑

k=0

(

1

f2 + g2

)k+1/2
(−)

k+n−1

Γ

(

k +
3

2

) ×
(

d

d (fQ + gP )

)n−1

(fQ + gP )
2k+1

:

=
√

π

∞
∑

k=[n−1

2 ]

(

1

f2 + g2

)k+1/2
(−)

k+n−1

Γ

(

k +
3

2

)





2k + 1

n − 1



 : (fQ + gP )
2k−n+2

:

=
√

π

∞
∑

k=[n−1

2 ]

(

1

f2 + g2

)k−1/2
(−)

k+n

Γ

(

k +
1

2

)





2k − 1

n − 1



 : (fQ + gP )2k−n : . (31)

In particular, if in Eq.(31) setting f = 1 and g = 0 (or f = 0 and g = 1), we are also able to obtain the normal

product of the operator Q−n (or P−n). They are just the conclusions given in Ref.[11].

Similarly, from Eqs.(13) and (31) using the following mathematical formula[6]

∫

d2z

π
znz∗m exp

(

|z|2 + ξz + ηz∗
)

= exp (−ξη/ζ)

min(m,n)
∑

l=0

m!n!ξm−lηn−l

l! (m − l)! (n − l)! (−ζ)m+n−l+1
, Reζ < 0, (32)

we also have the antinormal ordering of (fQ + gP )
−n

(fQ + gP )
−n

=
√

π

∞
∑

k=[n−1

2 ]

(

1

f2 + g2

)k−1/2
(−)

k+n

Γ

(

k +
1

2

)





2k − 1

n − 1





×
∫

d2α

π
〈−α| : (fQ + gP )2k−n : |α〉

... exp
(

|α|2 + α∗a − αa† + a†a
) ...

=

∞
∑

k=[ n−1

2 ]

2k−n
∑

i=0

√
π

(

1

f2 + g2

)k−1/2
(−)k−i (2k − 1)! (2k − n)!

Γ

(

k +
1

2

)

(n − 1)!i!

µiν2k−n−i

×
∫

d2α

π

... αiα∗2k−n−i exp
(

− |α|2 + α∗a − αa† + a†a
) ...

=
∞
∑

k=[ n−1

2 ]

2k−n
∑

i=0

min(i,2k−n−i)
∑

l=0

√
π

(

1

f2 + g2

)k−1/2
(−)

k+n+l
µiν2k−n−i

Γ

(

k +
1

2

)

!

× (2k − 1)!

(n − 1)!l! (2k − n − i − l)! (i − l)!

... ai−la†2k−n−i−l exp
(

a†a
) .... (33)

In particular, when n = 1, we have

1

(fQ + gP )
=

√

π (f2 + g2)

Γ

(

1

2

)

!

∞
∑

n=0

...

(

a†a
)n

n!

.... (34)
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5. Applications of Eqs.(10) and

(31)

In this section we want to discuss some applica-

tions of the above new identities. Recently, for a har-

monic oscillator some general calculation formulae[12]

or general recurrence relations[13,14] among the matrix

elements of some operators such as coordinate opera-

tor, momentum operator and radial operator, etc. are

widely discussed. However, in these papers they al-

ways use some special functions to obtain some very

lengthy and complicated formulae among the matrix

elements, and it is very much difficult to understand

the whole process of calculation. Here we can see that

it is easy to use the new identity (10) to obtain the

matrix elements of the coordinate operator and mo-

mentum operator in coherent states and Fock states.

According to Eq.(10) we can immediately obtain the

matrix elements of (fQ + gP )
n

in coherent states

〈β| (fQ + gP )
n |α〉

=
√

(2µν)n
[n/2]
∑

k=0

n!

22kk! (n − 2k)!

[
√

1

2µν
(µα + νβ∗)

]n−2k

× exp

[

−1

2

(

|α|2 + |β|2
)

+ αβ∗

]

. (35)

By recasting the overcomplete relation of coherent state |α〉[1] into Eq.(35), we have the operator (fQ + gP )
n

matrix elements of Fock states for harmonic oscillator

〈m′| (fQ + gP )
n |n′〉 =

∫

d2αd2β

π2
〈m′ |β〉 〈β| (fQ + gP )

n |α〉 〈α| n′〉

=
1√

m′!n′!

[n/2]
∑

k=0

n−2k
∑

i=0

n!

2kk!i! (n − 2k − i)!
µk+iνn−k−i

×
∫

d2αd2β

π2
exp

[

− |α|2 − |β|2 + αβ∗
]

αiα∗n′

βm′

(β∗)
n−2k−i

, (36)

where we have employed the expansion of the binomial[10]

(α + β)
l
=

∞
∑

k=0





l

k



αkβl−k (37)

and the coherent state representation in single-mode Fock space

〈n |α〉 =
αn

√
n!

exp

(

−|α|2
2

)

. (38)

Further, we introduce the following two mathematical formulae[6]

∫

d2α

π
α∗nαkeλ|α|2+µα = (−)

n+1
λ−(n+1) n!

(n − k)!
µn−k, (Reλ < 0, k ≤ n) (39)

and

∫

d2α

π
α∗nαkeλ|α|2 = δn,k (−)n+1 λ−(n+1)k! ; (40)

hence we can prove

〈m′| (fQ + gP )
n |n′〉 =

[n/2]
∑

k=0

µ
n′+n−m′

2 ν
m′+n−n′

2 n!
√

m′!n′!

2kk!

(

m′ − n′ + n

2
− k

)

!

(

m′ + n′ − n

2
+ k

)

!

(

n′ − m′ + n

2
− k

)

!

, (41)
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which are the matrix elements of the operator (fQ + gP )
n

of Fock states and the power n is an arbitrary

positive integer. Using Eqs.(10) and (41), if letting f = 0, g = 1, i.e., µ = ν =
1√
2
, we immediately obtain the

normal ordering form and matrix elements of the operator Qn for Fock states respectively,

Qn =

[n/2]
∑

k=0

n!

2
n
2
+kk! (n − 2k)!

:
(

a + a†
)n−2k

:, (42)

〈m′|Qn |n′〉 =

[n/2]
∑

k=0

n!
√

m′!n′!

2k+ n
2 k!

(

m′ − n′ + n

2
− k

)

!

(

m′ + n′ − n

2
+ k

)

!

(

n′ − m′ + n

2
− k

)

!

. (43)

In the same way if letting f = 0, g = 1, i.e., µ = −ν =
1√
2i

in Eqs.(10) and (41), we can also deduce the normal

ordering form and matrix elements of the operator Pn for Fock states

Pn =

[n/2]
∑

k=0

i2k−nn!

2
n
2
+kk! (n − 2k)!

:
(

a − a†
)n−2k

: , (44)

〈m′|Pn |n′〉 =

[n/2]
∑

k=0

(−)
n
2

−k

n!
√

m′!n′!

2k+ n
2 k!

(

m′ − n′ + n

2
− k

)

!

(

m′ + n′ − n

2
+ k

)

!

(

n′ − m′ + n

2
− k

)

!

. (45)

From the above discussion we can see that the result

in Eq.(41) is valid and common, and equations (43)

and (45) are only the particular illustrations of the re-

sult in Eq.(41). Moreover, the values of 〈m′|Qn |n′〉
and 〈m′|Pn |n′〉 only have important relations to the

Fock states and the power n of the operator.

As another application we consider a harmonic os-

cillator perturbed by a potential V = λ (fQ + gP )−n ,

where λ is small. Then using Eq.(31) the energy cor-

rection to the unperturbed ground state |0〉 is obtained

〈0|λ (fQ + gP )
−n |0〉

= λ
√

π

(

1

f2 + g2

)(n−1)/2
(−)

3n/2

Γ

(

n + 1

2

) . (46)

In summary, in this paper by virtue of the

IWOP technique and the intermediate coordinate-

momentum representation in quantum optics, we have

obtained the normal ordering and antinormal ordering

products of the operator (fQ + gP )
n

where n is an

arbitrary integer. The paper demonstrates the useful-

ness of the IWOP technique once again. Equations

(12), (14), (31) and (33) are the new fundamental

operator identities in quantum mechanics, which are

very useful results in obtaining their expectation val-

ues and some useful mathematical formulae, as well as

the Weyl ordering forms of the operators. Moreover,

we briefly discussed some applications of Eqs.(10) and

(31) in quantum optics..
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