Vol 18 No 4, April 2009
1674-1056/2009/18(04)/1534-08

Chinese Physics B

© 2009 Chin. Phys. Soc.
and IOP Publishing Ltd

Normal ordering and antinormal ordering of the
operator (fQ + gP)" and some of their applications*

Meng Xiang-Guo(FFEE)T, Wang Ji-Suo(FE4k#), and Liang Bao-Long((ZE )

Department of Physics, Liaocheng University, Liaocheng 252059, China

(Received 24 September 2008; revised manuscript received 13 October 2008)

In this paper by virtue of the technique of integration within an ordered product (IWOP) of operators and the

intermediate coordinate-momentum representation in quantum optics, we derive the normal ordering and antinormal

ordering products of the operator (fQ + gP)"™ when n is an arbitrary integer.

These products are very useful in

calculating their matrix elements and expectation values and obtaining some useful mathematical formulae. Finally,

the applications of some new identities are given.
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1. Introduction

As is well known, normal ordering products of the
operators are very useful in calculating their expecta-
tion values, which are helpful to theoretical predic-
tion of many properties of atoms and molecules such
It is
the main reason that the matrix elements of the nor-

as oscillator strength and radiation life-times.

mally ordered operator function : f (aT, a) : in coher-

ent states |a) yields!!?!

(]:f (a¥,a) 1) = f (™, a"), (1)

where the symbol : : denotes normal ordering, and af,
a are the bosonic creation and annihilation operators
satisfying the commutative relation [a, aw =1. In
Refs.[3, 4] using the IWOP technique, Fan et al have
derived the normal ordering forms of some operators.
For example, using the completeness relations of the

eigenvectors |¢) of the coordinate operator Q[5’6]

/OO dqlg) (q| = W’”Q/OO dq:eXp{—(q—Q)ﬂ :

— 00 — 00

=1, (2)

and the following integral formula

> d_ace—(ﬂc—y)2 ) = n
/ = H,(2) = (2)", (3)

where H,, () is the single-variable Hermite polynomi-
als defined as

[n/2]
n! n—2k
H,(z) = (2 4
@ =3 O gy @@
the normal ordering form of the coordinate operator
function H,,(Q) is immediately obtained,

H,(Q) = / h dgH,(q) |q) (4|

— 00

=72 [ gt @) e [~ (0 - Q)

oo

=2": Q”7 . (5)

In addition, for the antinormal ordering forms of the
operators, we usually use them to derive some useful
mathematical formulae and the Weyl ordering prod-

ucts of the operators.[7’8]

Therefore, it is an important
topic to obtain the normal and antinormal products
of the operators in quantum optics theory.

In this paper, we use the intermediate coordinate-
momentum representation and the IWOP technique to
derive the normal and antinormal ordering expansions
of the operator (fQ + gP)", with n being an arbitrary
integer. Motivations to pay attention to the work lie in
the following two facts: 1) the combinational operator
(fQ + gP)" is complex, its normal and antinormal or-

dering products are more ecumenical and not reported
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in literature before because one cannot find the appro-
priate representations. 2) The normal and antinormal
ordering forms have some applications, for instance,
obtaining the matrix elements of (fQ + ¢gP)", Q™ and
P™ in the coherent states and Fock states.

This paper is organized as follows. In Section 2 we
first obtain the normal ordering of (fQ + gP)" when
n is a positive integer via the intermediate coordinate-
momentum representation, then using the formula in
Ref.[8] we derive its antinormal form. In Section 3 we

gain the normal ordering product of by

1
(JQ+gP)
means of the same method employed in Section 2 and
check the validity of it. In Section 4 we prove a new
identity of (fQ + gP)" and further obtain the normal
ordering and antinormal ordering of (fQ + gP)™ " . In
Section 5 the applications of some new identities are
briefly discussed.

2. Normal ordering and antinor-
mal ordering of (fQ + gP)"

As described in Ref.[9], there exists the interme-

diate coordinate-momentum representation |g) .0 de

oo

/

For Eq.(8) by using the following integral formulal®

1

" dala)yy ol = ——
[ b 5o 7 (72 + 7))

o0

oo [1/2]
d_xxlefd(zfy)z 1

dq :

fined as
gy = ————r e -5k
YT w20
i a  fHig of
R it Ty 2} 0}, (6)

where f and g are two real parameters and the state
lg) ; , becomes the coordinate (or momentum) eigen-
state for f =1and g =0 (or f = 0 and g = 1), for this
reason we assign the state |g) , . this name. Noting

1
Q:E(@‘FGT),
1
P:ﬁ(a—cﬁ),
[Q, P] =ih, (7)

we see that the state |q) ,  is the eigenvector of the op-
erator (f@Q + gP) corresponding to the eigenvalue g,
Le, (fQ+9P)|a);, = ala);, The set of the states
) 7.9 makes up a complete quantum mechanical rep-
resentation, since using the IWOP technique we can

prove

(f2+9%)

exp {

lq — (fQ+gP)]2} i=1

1

/

oo VT

I
s ;;) 22k K1 (1 — 2K)!

g2y

1—2k
) , (Reo >0),

(

we obtain
(fQ+gP)" :L dg (fQ+9P)" |a) s 47,4 (dl
_ 1 * n. ey -1 _ 2.
ST /_Oodqq ce p{f2+92 l¢— (fQ+gP)] }
9 9\n/2 /2] n! 1 o2k
= (244 kZ:O B (0 2] {\/JMQQ (fcz+gP>} (10)

which is the normal ordering form of (fQ + gP)" when n is a positive integer. Further, using Eq.(4) we can

rewrite Eq.(10) as

f2+9°
1

(fQ+gP)" = (—i

)n:Hn [i,/ﬁ(f@—i—gP)] ;.

(11)
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V2 V2

(na +va")" = (—i\/%)n :H, (i\/ga—ki\/%(ﬂ) :, (12)

which is the normal ordering of a new operator (,ua + l/aT)n

If letting pu =

, we can identify Eq.(11) a:

In order to obtain the antinormal ordering of the operator (fQ + gP)", we recall the following formula for
converting an operator A into its antinormal ordering form!!

d? . .
A= /_a (—a| Ala) :exp (|o¢|2 +a*a—aa + aTa) Loa=ag +iag, (13)
™

where the symbol : : denotes the antinormal ordering. Inserting Eq.(12) into Eq.(13) and carrying out the
integration via the IWOP technique, we have

d? . .
( ) /_a (—al : H, (i ﬁa—i—i,ll(ﬂ) Dla) x 1 exp (|a|2+a*a—aaT —i—aTa) :
T v 2u
n n d2 . 2
—<—i ﬂ) 8—/—a: exp{ ( Mo 1/—Va>t—t2 la)® + a*a — aal + af }|t0
2 tr us v n
"o 2 30 :
t v I
"y (e )
< 2) : Hn< 2ya—|— 2lua) 5 (14)
)"

which is the antinormal ordering form of (fQ + gP

(fQ+gP)" = (pa+va

Where we have used the generating function of H,, 1%

am 2
Hn(ZC) = %eht t |t:0 (15)
and the integral formulal®!
d?z 2 e 2y 2 1 —C&n+ &g +nPf
/Texp(g|z| +&z4+n" 4+ fz5+ gz )— <2_4fgexp 2 1fg (16)
2
with Re(C + f + ¢) < 0, Re(§+ f‘fg)
1

3. Normally ordered expansion of

(fQ+gP)

From Egs.(8) and (9), we have the following integral

1 o0 1
(fQ+gP) /, 9 ) p

1 o 1 1 N
m/mdq_ eXp{(f2 )[ —(fQ+gP)]} (17)

Since the integral in Eq.(17) has a singular point at ¢ = 0 on the contour, according to the basic mathematical

theory we obtain the Cauchy principal value integral as follows:

) 1 w L o { gz - Q-+ 9P}
_ | )

(fQ+gP) [7T(f2+92)]% 'Eﬂolol-,rén"OJr e q
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) [dqexp{w‘—jgz)[z - (fQ+oP)] |

If setting ¢ = —q in the first term, then equation (18) becomes

1
1 ) ] . ./edqexp{(fg )[q+(fQ+gP)] }
(fQ+ gP) [ (f2 + 92)]% e—oo,e—0+ | o q

N /5 dqexp {m l¢—(fQ+ gP)]Q} |

q

1 €
[ (724 g2 o0

_ -t
)

:—exp{(fg ! )[q+(fQ+gP)] oo

q
1

o [w} o[22
(747 s

By using the following integral formulal*%!
+oo
/ dze "2'"' =T'(t), Re(t) >0,
0
we can calculate the integral (19) which converges at values between ¢ = 0 and ¢ — oo as follows:

2k+1 +o00
22k+2 1 / dqe——fzigz s 2
(2k + 1)1\ f2+ ¢2 0

2 1 1
x (fQ+ gP)™** exp[(f2 )(fQ+gP>}

[ee) 22k+2 1 2k1+1 1
e ) ()
[ (f2+g §k:O 2k+ D!\ f2+yg 2

x (fQ +gP)*" ' exp [ (fQ + gP) }

1 . 1
(FQ+9P)  "[x(s2+g2)

|
M8

el
Il

0

M

-1
(f2+9%)

Then using the following well-known combinatorial formula('!]

and the rearranging double summation

Z Z Aan = Z Z Am—anu

k=0n=0 m=0n=0

- (fQ+ gP)]Q}

o | gz U@ o)

(18)

(22)
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we are further able to simplify Eq.(21) as
o0 o0 k+m-+1/2
1 m 2 1 2k+2m+1
AT oy T - +gP :
(fQ+gP) k:Om:O( ) (2k + 1) k!m! f2—|—92) (f@+9P)
c© n (_)n—k 1 n+1/2 o1
=:2 Py
Y mrimm () Uerer
o n n n+1/2
k_1/2 (-) 1 " 2n+1
=:2 — P :
;_%LZ_O( Ve . \ P+ g2 (JQ+9P)
oo 1 (_)n ( 1 )n+1/2 _—
=2y (fQ+gP)*"*:
! 21 g2
o (nr12) ™ \HY
n
(LT ) 2041
= \/—Z o 3 (fQ+gP) 5 (24)
577 g
2
|
where we have employed T (k + %) _  common, namelly the normally ordered expansions of
th tors — and — ly th ticular illus-
V727 (2k — 1)!!. In particular, in Eq.(24) for f =1 ¢ operators Q and p are only the partictiat tius
and g = 0, we obtain the normal ordering of the  trations of Eq.(24).

inverse of the coordinate operator

% =Ty _r Q.. (25)

3
n=0 " —
(n-i— 2>

Similarly, for f =0 and g = 1, we have

% _. \/;i 7(_)713 prtt;. (26)
n=0T" (TL + 5)

Equations (25) and (26) are consistent with the results
obtained in Ref.[11]. Based on Egs.(25) and (26) we
can judge that the result in Eq.(24) is more valid and

4. Normal ordering and antinor-
mal ordering of (fQ + gP) "

In order to obtain the normal ordering expan-
sion of the operator (fQ + gP)™ ", first let us prove
that there exists a new identity of (fQ + gP)".
Using the completeness relations of eigenvectors
) £.g» We have the normal form of the operator

H, [’ / %4—92 (fQ+ gp)}, ie.,

H, [\/ ﬁ (fQ—i—gP)} /_OO dgH, (\/ %_FQQQ) |Q>f,gf,g (q]

B 1+g?>1% [t (\fgigen) ooy gyl Qo))
4 n/2
= (W) (fQ+gP)":. (27)
Using Eq.(27) and the recurrence relation of Hermite polynomial H,, (z)1!
H) (z) = 2nH,_1(x), (28)

we find that there is a differential relation of the operator (fQ + gP)"

d

TGQ+gp)  HQHIP) = (f2+g2

: )Wd( L __n [ ;(fQJrgP)}

fQ+gP) "LV f2+g?
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() [ v

=n:(fQ+gP)" "1, (29)
so there exists the following new identity within the normal ordering
e (JQ 4 gP) = e (fQ 4 gP)" (30)
d(fQ+gp) 7Y A(fQagp) T

From Eqgs.(24) and (30) we obtain the normal ordering of (fQ + gP) "

-n (_)"*1 d " 1
(fQ+gP) " = (n—1)! <d(fQ+gP)> (fQ+gP)

- ﬁ:ﬁg (ﬁ)kﬂp F(()::gl) x (d(de+ gp)>”_l (FQ + gP)PFH

k+1/2  \k+n-—1 2% + 1
=7 (ﬁ) ()73 +1 :(fQ+gP)2k—n+2:
fo—= 71] <I€+ 5) n —
k71/2 _ k+n 2]{5— 1
. Z < ) P (Q+ PP (31)

1 -1
I'(k+= n

In particular, if in Eq.(31) setting f =1 and ¢ =0 (or f =0 and g = 1), we are also able to obtain the normal
product of the operator Q=™ (or P~™). They are just the conclusions given in Ref.[11].
Similarly, from Eqs.(13) and (31) using the following mathematical formulal®l

min(m,n)

2z . ) N mlnlgm=tyn !
/TZ 2 exp ([af” + 62 402 = exp (~€n/0) ; 1 (m — ) (n— 1)) (—¢)™ "+

Re¢ <0, (32)

we also have the antinormal ordering of (fQ + gP) ™"

k—1/2 k+n
(-) 2% — 1
\/_ 21 <'f2+g> F<k+l> n—1
2
x/(pTa<—Q|:(fQ+gP)2k":|a> Sexp (|a|2+a*a—aaT+aTa)

9] 2k—n

k—1/2 k—i
(-) 2k D2k —n)! oy
- Y Y v
h=[252] i= <f2+g) F(k—l—%)(n—l)!i!

(12_04 Dot x2k—n—i

Jonye’ exp( |a|2+a*a—aaT+aTa)

(fQ+gP)™"

X
™

oo 2k—n min(i,2k—n—1)

-2 X i)

[nl]zO

k—1/2 (_)k+n+l ILLiVQkfnfi

F<k+%)!

cat et T exp (aTa) (33)

(2k — 1)!
=Dk —n—i -1 —1)

In particular, when n = 1, we have

1L ValPrPA - o (e
CETIN r(l)! P (34)

2
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5. Applications of Eqgs.(10) and
(31)

In this section we want to discuss some applica-
tions of the above new identities. Recently, for a har-
monic oscillator some general calculation formulae!!?!
or general recurrence relations'>'4 among the matrix
elements of some operators such as coordinate opera-

tor, momentum operator and radial operator, etc. are

(BI(fQ+gP)" |a)
n/2]

= Vo $ iy g o] e

k=0

widely discussed. However, in these papers they al-
ways use some special functions to obtain some very
lengthy and complicated formulae among the matrix
elements, and it is very much difficult to understand
the whole process of calculation. Here we can see that
it is easy to use the new identity (10) to obtain the
matrix elements of the coordinate operator and mo-
mentum operator in coherent states and Fock states.
According to Eq.(10) we can immediately obtain the
matrix elements of (f@Q + gP)" in coherent states

(1 +181) + aﬁ*} ()

N =

By recasting the overcomplete relation of coherent state |o)!!) into Eq.(35), we have the operator (fQ + gP)"

matrix elements of Fock states for harmonic oscillator

(] (FQ+9P)" ) = [ 5 (' 13) 81 (5@ + 9P)" o) o ')

[n/2] n—2k

1 n! ki n—k—i
T V! I;) ; Rkl (n — 2k — " 7

d2ad2ﬁ * i _xn' om’ x\n—2k—1i
< [P exp [~ laf? = |5+ ap @t g (5 (36)
where we have employed the expansion of the binomial'"!
= (1
(a+8) =) okt (37)
k=0
and the coherent state representation in single-mode Fock space
a” o
Further, we introduce the following two mathematical formulael®
/dQ_aa*nake,\mq,m _ (_)n-i-l /\—(n+1)Lun—k (Re < 0,k < n) (39)
™ (n—k)! ’ e
and
d2
/ L kMol = 5, (<) A= DR (40)
T
hence we can prove
[n/2] n/+n7m/ 7n/+nfn/
n z vz nlvm/ln/l
(m/| (fQ+gP)" |n) = (41)

Z I ! I I oy ’
= okp <mfm_k>;<w+k>;($_k)!

2
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which are the matrix elements of the operator (fQ + gP)" of Fock states and the power n is an arbitrary

positive integer. Using Eqs.(10) and (41), if letting f =0, g =1, ie., p=v =

75 we immediately obtain the

normal ordering form and matrix elements of the operator Q™ for Fock states respectively,

[n/2]
n! n—2k
n_ t : 42
@ kzzo 23Tkl (n — 2k)! (a+a") ’ (42)
n/2] nlvm/In’!
(m'1Q"n'y = > (43)

In the same way if letting f =0,g=1,ie, u=—-v=

i i i / / / :
P, (m—fm_k)! (W*k) (w_k>,

2

1
7 in Eqgs.(10) and (41), we can also deduce the normal

1

ordering form and matrix elements of the operator P" for Fock states

R s "
P" = m . (CL —a ) . (44)
k=0
(-) nlv/m/In/| (45)

<m/|Pn |n/> = Z 7 7 7 7 7 7 .
P (w _k)! (w+k)! (w _k>!

2

From the above discussion we can see that the result
in Eq.(41) is valid and common, and equations (43)
and (45) are only the particular illustrations of the re-
sult in Eq.(41). Moreover, the values of (m'| Q™ |n')
and (m/| P™ [n') only have important relations to the
Fock states and the power n of the operator.

As another application we consider a harmonic os-
cillator perturbed by a potential V = X (fQ + gP)™ ",
where A is small. Then using Eq.(31) the energy cor-
rection to the unperturbed ground state |0) is obtained

OIA(fQ+gP)""|0)

W (75 >(””“F(—>3”/2

IR e W (46)

In summary, in this paper by virtue of the
IWOP technique and the intermediate coordinate-
momentum representation in quantum optics, we have
obtained the normal ordering and antinormal ordering
products of the operator (fQ + gP)" where n is an
arbitrary integer. The paper demonstrates the useful-
ness of the IWOP technique once again. Equations
(12), (14), (31) and (33) are the new fundamental
operator identities in quantum mechanics, which are
very useful results in obtaining their expectation val-
ues and some useful mathematical formulae, as well as
the Weyl ordering forms of the operators. Moreover,
we briefly discussed some applications of Egs.(10) and
(31) in quantum optics..
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