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Quantum-mechanical analysis of pulse reconstruction
for a narrow bandwidth attosecond x-ray pulse*
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The photoelectron energy spectra (PESs) excited by narrow bandwidth attosecond x-ray pulses in the presence of a

few-cycle laser are quantum-mechanically calculated. Transfer equations are used to reconstruct the detailed temporal

structure of an attosecond x-ray pulse directly from a measured PES. Theoretical analysis shows that the temporal

uncertainties of the pulse reconstruction depend on the x-ray bandwidth. The procedure of pulse reconstruction is

direct and simple without making any previous pulse assumption, data fitting analysis and time-resolved measurement

of PESs. The temporal measurement range is half of a laser optical cycle.
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1. Introduction

The dynamic process of a chemical or biochem-
ical reaction involves energy and electron transfers
which occur on femto- and attosecond time scales
(1fs=10"1s, 1as=10"18s) respectively.
to determine how a reaction happens, increasingly

In order

shorter extreme ultraviolet (XUV) and x-ray pulses
are used as pump/probe pulses. Particularly, attosec-
ond x-rays in the water window (283.7-532.1eV) have
their own advantages in biochemical research.!!l In a
cross correlation experiment where a few-cycle laser
is used as an ultra-fast streak field,?=5 an electron
ionized from a gas atom via absorption of an x-ray
photon carries the x-ray pulse information at the in-
stant of ionization, and the produced photoelectron
energy spectrum (PES) reflects the time properties of
the pulse. The PES may be complicated due to the
x-ray generation mechanism, transports, and interac-
tions with mediums. Usually, it is difficult to explain
a measured PES because of the quantum interferences
between electron wave packets.

In the last decade, several methods have been de-
veloped to measure the pulse durations of attosecond
XUVs.[6-14] However, we still need a direct and simple
method to reconstruct the pulse from one measured
PES with a high accuracy for its uses: (i) the accu-

rate measurement of an attosecond x-ray, which is the
basis of evaluating and improving the light source; (ii)
the temporal structure of the pulse, which can be used
as an input parameter in simulating the interaction be-
tween the pulse and atoms, and so it is important for
pre-experimental analysis and detector arrangement;
(iii) the detailed pulse information, which is necessary
in measuring and analysing the fine structure of time-
resolved x-ray absorption spectra, etc.

In our early work, we reconstructed a nar-
row bandwidth attosecond x-ray pulse from a

semi-classically calculated PES.[1®!

paper,
cited by narrow bandwidth attosecond x-rays in

In the present
photoelectron energy spectra (PESs) ex-

the presence of moderately intense few-cycle lasers
(=1x10* W /cm?) are investigated theoretically. The
quantum-mechanically calculated PESs are compared
with their classical predictions. Transfer equations
which include a proportional term of a measured PES
are used to determine the birth time of each photoelec-
tron and to perform the pulse reconstruction without
making any previous assumption and data fitting anal-
ysis. The temporal uncertainties of a pulse reconstruc-
tion at different times, due to the x-ray bandwidth, are
calculated from an approximate formula. The method
has a temporal measurement range of half of a laser
optical cycle.
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2. Strong field approximation

In a cross correlation experiment, the electron
motion satisfies the time-dependent Shrédinger equa-

tion in atomic units

1 1
i% U(r,t) = —§v2—; —rE@)| ¥(r,t), (1)
where r = (z,y,z) denotes the space coordinates;

W (r,t) represents the electron wave function; the
electric field E(t) = FEr(t) + Ex(t) comprises the
contribution of a linearly polarized laser, E(t) =
xFEr(t)cos(wrt — @) (where x denotes the unit
vector of the z direction,® is the carrier-envelope
phase), and the contribution of an x-ray, Ex(t) =
xEx(t) cos(wxt) (z direction), with Er(t) (Ex(t))
being the laser (x-ray) electric field. Ey,(t) = EoF(t),
where F(t) is the laser envelope shape peaked at time
t = 0, and Ey is the amplitude of the laser electric
field. wy and wx are laser and x-ray angular fre-
quencies, respectively. The electric field is related to
the vector potential A(t) by E(t) = —(1/¢)0.A(t),
where c is the speed of light.

Equation (1) can be solved analytically by ap-
plying the strong field approximation (SFA);[16:17 i e,
the Coulomb potential is neglected as compared with
the laser field.

uum eigenfunctions can be replaced by plane waves,

As a result, the Coulomb contin-

and equation (1) is integrated by using the expres-
sion ¥(r,t) = e»! (|0) + [ d3pb(p,t) |p)), where |0)
denotes the atomic ground state with ionization po-
tential I,. The plane wave is given by |p) = exp(ip-r),
in which p is the canonical momentum of electron, and
b(p,t) is the momentum space wave function of free
electrons. Within the SFA, the probability amplitude
for transitioning from |0) to a final state |p) reads,
W) =i [ @Bl - A@eO, (@)

where S(t) is defined as the semi-classical action

g(t)_/twdt/{w +Ip}. (3)

d(p) = (p|x|0) is the atomic dipole matrix element
for the bound-free transition, and d,(p) is the com-
ponent parallel to the polarization axis: d;(p) =
1219/415/4p/7r(21p + p?)3 for the hydrogen bound s
state (I, = 13.6eV).

The PES is given by |b(p)|*. We define n(W),
the number of photoelectrons per unit energy mea-
sured at energy W, as the PES. Practically, n(W) =
No(W)/Evin, where N (W) is the number of photo-
electrons collected at energy W within a small size of

energy bin, Eyi,, e.g. 1.0, 0.5eV or less. In theoretical
calculations, we use much smaller sizes of energy bins
(e.g. 0.033eV) to illustrate how the method of pulse
reconstruction works.

The laser functions
=

VIRt cos(wpt + ) A :
-2 -1 0 to 1 2
Time t/fs

Fig.1. The laser functions, F'(t) (dotted), F'(¢) cos(cort+
&) (solid) and F(t) sin(wwrt+ ¢) (dashed-dotted and high-
lighted for half of a laser optical cycle), where the shaded
Gaussian-like profile is a simple intensity distribution of
the x-ray pulse.

For simplicity, a linearly polarized laser with the
wavelength A\;, = 750nm is used in schematic calcu-
lations. We define 71, and 7x as the pulse durations
in full width at half maximum (FWHM) of the laser
F(t) = exp[—4In2 - t*/7}]
is a Gaussian function with 77, = 7fs. As shown in

and x-ray, respectively.

Fig.1, a Gaussian shape x-ray pulse with 7x = 0.4
fs and wx = 90eV is temporally centred at the time
¢ = —wrty = —30°). The
pulse is cross-correlated to half of a laser optical cy-

T % denoted by a highlighted

cle (wpt+ @ = _7 —
curve segment A-P-B). Here, the instantaneous x-ray

point tg = 0.2 fs (i.e.

frequency wyx is assumed to be a constant, wg, which
is the central frequency of the narrow bandwidth x-ray
pulse. The dotted and dashed-dotted lines in Figs.2(a)
and 2(b) depict the values of PES, n(W), which are
quantum-mechanically calculated with different x-ray
photon energies, hitwg = (90,283.7)eV (h is set to be
1 for simplicity in the following), and laser (peak) in-
tensities, S = (4,8,12) x 10 W/cm?, 7x = 0.150fs,
¢ = 0° and § = 0° (0 is the observation angle between
the electron momentum p and the direction of lin-
ear laser polarization). We also plot the classical pre-
dictions (solid or dashed lines in Figs.2(a) and 2(b))
of each n(W) for comparison. The calculations with
photon energies and laser intensities in broad ranges
indicate that the differences between the quantum-
mechanically calculated PESs and the classical predic-
tions are small. These tolerable differences lead us to
derive the transfer equations from the classical point

of view.[19]
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Fig.2. (a) Quantum-mechanically calculated PESs (dotted lines) excited by different energy monochromatic
x-ray pulses and their classical predictions (solid lines). (b) Quantum-mechanically calculated PESs (dotted
and dashed-dotted lines) and their classical predictions (solid and dashed lines), with an x-ray pulse having
wo = 283.7e¢V and 7x = 0.150fs excited and a laser having 77, = 7fs at different intensities modulated, and

S = (4,8,12) x 1013 W/cm?.

3. Equations for pulse recon-

struction

We use the following equations to reconstruct the
pulse intensity profile of a narrow bandwidth attosec-
ond x-ray pulse.'® To determine the photoelectron
birth time ¢ or the relevant laser phase wpt + @ of
each photoelectron of the PES, we use

Woe (t) — vWoe
V2UOF(t)

where Up is the ponderomotive energy of the laser field

sin(wrt + @) = (4)

at time t = 0fs, Wy = wy — I, is the initial energy of
a photoelectron, and Wy (¢) is the final energy of the
photoelectron born at ¢t and observed at § = 0° and

expressed as

Woso (t) = Wo + 2UpF?(t) sin®(wwp, + &)
+ v/ 8UOWOF(t) Sin(wL + Sp) (5)

In calculations, the spectral energy position W of PES
is used instead of Wyo(t) on the right-hand side of
Eq.(4).

Equation (5) is a modulation equation of the pho-
toelectron energy and can be used to calculate the
classical prediction of the PES. Solid and dashed lines

F(t

in Figs.2(a) and 2(b) represent the classical predic-
tions. They are calculated with different x-ray ener-
gies and laser intensities at 7x = 0.150fs, & = 0°
and 8 = 0°. These results indicate that more quan-
tum enhancements occur at low x-ray photon ener-
gies and low laser intensities. Physically, the quan-
tum enhancement reflects the interferences between
the photoelectron wave packets generated at different
times. Figures 2(a) and 2(b) show that the low en-
ergy side of a PES is more quantum-mechanically en-
hanced than the high energy side. As the x-ray energy
and the laser intensity increase, the quantum enhance-
ments decrease. However, both the background and
the laser-induced part of the above threshold ioniza-
tion (ATI) spectrum preclude the laser intensity from
being increased to a very high level.l'%18] According to
the simple condition,'% i.e. 8Uy < wy — I,,, the mod-
erate intensity S = 1.2 x 1014 W/cm? (Uy = 6.3eV)
ensures that the PESs are fully separated from the
ATT spectra for the x-ray frequencies concerned.

The transfer equation used to reconstruct the
pulse intensity profile has a simple form as follows:

dWOO (t)

ri ==

S8 (), (6)

where p is a constant and dW. (t)/dt can be theoret-
ically calculated from Eq. (5) as follows:

sin?(wpt + 0) + 2w F2(t) sin(wpt + ) cos(wpt + @)}

) sin(wpt+ @) + wrF(t) cos(wpt + @)} . (7)
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Note that dF'(t)/dt ~ 0 within half of a laser optical
cycle around ¢ = 0fs. When Uy <« 2W), equation (7)
can be simplified into

dWoe (t)

—a S 8UWHF (t) cos(wrt + @).  (8)

By using Egs. (8), equation (6) can be simplified into

an approximate form as

f (@) = wp\/8UWyF(t) cos(wpt + @) - un(W). (9)

Equation (6) or (9) is the transfer equation to be
used to calculate the unknown temporal structure f(¢)
from a proportional term of a measured PES, pun(W).
Usually, p is set to be 1 for simplicity.

4. Temporal uncertainty of pulse

reconstruction

Equation (5) describes the laser field modulation
of photoelectron energy. Considering a small shift
AW of the x-ray photon energy wq or the initial pho-
toelectron energy Wy, the final energy Wy. of a pho-
toelectron generated at time ¢ will have a shift AWpo.
AW and AWy satisfy the following equation:

Woo 4+ AWoe = (W + AW) 42U F2(t)
x sin®(wpt + &)

+/8Us(Wo + AW)F (1)

x sin(wrt + @), (10)

where Wyo + AWpe is the spectral energy position of
the measured photoelectron. In fact, we use another
equation to determine the photoelectron birth time
t' =t + At,

Woo + AWoe = Wy + 22U F2(t 4 At)
x sin’[oo, (t + At) + @]
+/BUWLF (t + At)
x sinfwp (t + At) + 9], (11)

where Wy is used as a constant and At is a time
shift of ¢t. Because the values of the second and third
terms on the right-hand side of Eq.(5) are much less
than that of the first term, Wy, when 8U;, <« Wy
(e.g. S =4x108W/ecm?, Uy = 2.1eV, and 8Uy <
Wo = wg — 13.6eV = 76.4,270.1eV for wy = 90 and

283.7eV, respectively), we have AWpe ~ AW (see
Eq.(10)). On the other hand, AWgo ~ dWyo(t)/dt -
At = AW (see Eq.(11)). As a result, a bandwidth
of x-ray (Awx = AW) results in a temporal uncer-
tainty At of the determined photoelectron birth time.
Therefore, the instantaneous temporal uncertainty of
the calculated f(t), due to the x-ray bandwidth AW,
can be expressed as

AW

At= =27
[AWoe (1) /1]

(12)

where dWpye (¢)/dt is calculated from Eq.(7).

5. Calculation

To illustrate single pulse reconstructions, we use
the same laser as that in Fig.1 with & = 0°. The dot-
ted lines (overlapped by solid lines) in Figs.3(a) and
3(b) represent the profiles of initial x-ray fo(t) each
with 7x = 0.4fs, S = 4 x 108 W/cm?, AW = 5eV,
and wy = 90 and 283.7eV respectively. The solid
lines represent the intensity profiles retrieved from
the quantum-mechanically calculated PESs by using
transfer equations (4) and (6). The error-bar lengths
represent the temporal uncertainties at different times
Note that the re-
trieved pulse profiles are almost the same as the initial

calculated from expression (12).

ones (lines overlapped). These indicate that the cal-
culations from the transfer equations give successful
single pulse reconstructions.

Wide calculations with values of 7x, wy and
S in broad ranges also show good pulse re-
constructions. From Eq.(8), we have At «
AW /w/8U WL F(t) cos(wpt + &), where F(t) ~ 1.
The calculations show that the temporal uncertain-
ties depend on the energy and bandwidth of the x-
ray, the frequency and intensity of the laser, and the
photoelectron laser phase. For example, as the x-ray
bandwidth decreases, the temporal uncertainties also
decrease linearly. The plots also show that the pulse
reconstructions of x-rays in the water window are bet-
ter than those of low energy x-rays. In addition, time
jitter of the pulse and fluctuations in the experimen-
tal data may increase the background of the measured
PES and the temporal uncertainties of the pulse re-
construction, but how they play a role is an interesting
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topic that needs further researching. With the devel-
opment of state-of-the-art laser systems, it is sure that
the stabilization of the laser carrier-envelope phase,

Wo=90eV, AW=5eV, 7,=0.41s (a)
[ S=4x10'3 W/cm?

——retrieved f(t)#Z
0.8F----- initial fo(t)

1.

o

0.6

0.4r

0.2

(lines overlapped)

0 . .
-06 -04 02 0 02 04 06
Time t/fs

Initial fo(t) and retrieved (f(t)

the highly accurate control of the pulse, and the de-
crease of the measuring time will restrict the temporal
uncertainties to a low level.

Wo—283.7eV, AW=5eV, 7o=0.4f5 (b)
1.0 §=4x103 W/cm? 1
retrieved f(t)

=

=

]

>

£ 0.8f--- initial fo(t) i
B

[

-

— 0.6 ]
g

3

= 04r J
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Fig.3. Single pulse reconstructions with 7x = 0.4fs, S = 4 x 103 W/cm?, and different x-ray energies, (a)

wo = 90 and (b) 283.7eV, where dotted lines represent the initial intensity profiles of the x-ray pulses, solid

lines refer to retrieved intensity profiles of the x-ray pulses from the calculated PESs, and the error-bar lengths

indicate the temporal uncertainties at different times calculated with AW = 5eV.

6. Summary

The detailed temporal structure of a narrow
bandwidth attosecond x-ray (produced by any tech-
nique as long as a synchronized laser is employed) can
be reconstructed directly from a measured PES by
using the presented transfer equations. The measure-
ment range is one half of a laser optical cycle. The
method is capable of gaining more time information
about the x-ray pulse, including possible asymmetry
and side-peak structures. The following is a procedure
to measure the PES and perform the pulse reconstruc-
tion: (i) measure the central energy Wy and the energy
bandwidth AW of the x-ray; (ii) temporally locate the
x-ray pulse around ¢ = 0 in a multi-shot experiment;
(iil) measure the PES n(W) at 6 = 0° with respect to
the linear laser polarization; (iv) solve the photoelec-

tron birth time ¢ of each spectral position Wy from
Eq.(4), and calculate the differential term dWgo (t)/d¢
according to Eq.(7) or (8) with the laser parameters;
(v) derive the unknown temporal structure f(¢) of the
x-ray pulse from Eq.(6) or (9); (vi) calculate the values
of temporal uncertainty At at different times with the
x-ray bandwidth AW from expression (12). The mea-
surement should be repeated to achieve a high time

resolution.
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