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Macroscopic inequivalent entanglement

witness in Heisenberg spin chain∗

Zhang Ting(Ü x)†, Chen Ping-Xing(�²/), and Li Cheng-Zu(o«y)

Department of Physics, Science College, National University of Defence Technology, Changsha 410073, China

(Received 15 July 2008; revised manuscript received 9 August 2008)

Motivated by the wise idea of entanglement witness (EW), we present an inequivalent entanglement witness

(IEEW) that can analogously classify certain eigenstates entangled in inequivalent ways under stochastic local oper-

ations and classical communication (SLOCC) in the Heisenberg spin chain. Since the IEEW is the absolute value

of magnetization |M | that is a macroscopically measurable quantity, our conclusions provide a macroscopic method

to detect inequivalent entanglement between microscopic spins, on the one hand, and clearly show that inequivalent

entanglement can yield different macroscopic effects, on the other hand.
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1. Introduction

Quantum entanglement plays a vital role in quan-

tum information processing (QIP), such as quan-

tum key distribution, quantum teleportation, dense

coding, etc.[1] Other than these novel microscopic

phenomena, quantum entanglement can also influ-

ence macroscopic world. The quantum heat en-

gine (QHE) is one of the widely explored tools to

study macroscopic effects brought about by quantum

mechanics.[2−5] A simple entangled QHE[5] was pro-

posed and the second law of thermodynamics was

proven valid even when entanglement needs taking

into account.

Entanglement witness (EW), which is defined as

a Hermitian operator such that its expectation value

is positive for every separable state while negative

for some entangled states,[6] is another evidence that

entanglement can affect macroscopic properties when

the witness operator is a macroscopic quantity.[7] As

is well known, the main virtue of EW lies in the fact

that it is not only an economic indication of entangle-

ment, but also helpful for estimating the entanglement

content[8] when the full (tomographic) information of

the state is absent. The concept of EW was applied

to various problems in statistical systems,[9] quantum

cryptography,[10] quantum optics,[11] cluster states[12]

and so on.

The EW is a wise way to classify quantum states

from separable states to entangled states. However,

to distinguish between separable states and entangled

states is only the first step of the complete classifica-

tion of quantum states. The next step is to classify

inequivalent entangled states. Concerning the clas-

sification of inequivalent entangled states when only

a single copy is provided, a common way is to re-

quire two states to be equivalent if both of them

can be obtained from each other by stochastic local

operations and classical communication (SLOCC),[14]

that is, through local operations and classical com-

munication (LOCC) without imposing that it has

to be accomplished with certainty. The classifica-

tion of pure states of no more than three qubits

has been satisfactorily accomplished. Any two-qubit

pure state can be converted to a singlet state by

means of the SLOCC. Three-qubit pure state could be

fully entangled in two inequivalent ways, represented

by either GHZ-state (|000〉 + |111〉)/
√

2 or W-state

(|001〉+ |010〉+ |100〉)/
√

3.[15] So far the classification

of four-qubit pure states by the SLOCC has not been

fully solved yet. Verstraete et al
[16] concluded that

there existed nine families of states corresponding to

nine different ways of entanglement and claimed that

by determinant-one SLOCC operations, a pure state

∗Project supported by the National Natural Science Foundation of China (Grant No 10404039), the Foundation for the Author of

National Excellent Doctoral Dissertation of China (Grant No 200524), and Program for New Century Excellent Talents (NCET)

of China (Grant No NCET-06-0920).
†E-mail: tingzhang@nudt.edu.cn
http://www.iop.org/journals/cpb http://cpb.iphy.ac.cn



No. 4 Macroscopic inequivalent entanglement witness in Heisenberg spin chain 1347

of four qubits can be transformed into one of the nine

families of states. Clearly, this does not say that each

family is an SLOCC class. Li et al
[17] investigated the

SLOCC classification for each family.

Motivated by the EW, we present an inequivalent

entanglement witness (IEEW) that can sort inequiv-

alent entangled states, therefore, can play an analo-

gous role in the classification of inequivalent entan-

gled states. The witness operators that can detect the

different classes of three-qubit mixed states have al-

ready been proposed in Ref.[18]. However, the witness

operator given in the present paper is a macroscop-

ical observable. So besides the theoretical interest,

the IEEW is also expected to be useful for the po-

tential physical realization of future QIP. Similar to

the EW, an IEEW is defined as a Hermitian operator

whose expectation value is different for states entan-

gled in inequivalent ways under the SLOCC. Clearly,

an EW is a coarse graining of any IEEW since separa-

ble and entangled states apparently are inequivalent

under the SLOCC. Moreover, just as an EW cannot

successfully detect some entangled states, an IEEW

may fail to completely classify inequivalent entangled

states. That is to say, although the entangled states

with different values of an IEEW must be inequiva-

lent under the SLOCC, some entangled states with

the same value of the IEEW may also be mutually

inconvertible by means of SLOCC.

In the present paper, we find the absolute value

of magnetization |M | can serve as an IEEW for some

states. The results provide a macroscopic method

to classify certain entangled states. The rest of the

present paper is organized as follows. In Section 2,

we introduce a Heisenberg spin chain and present es-

sential features of its eigenspectrum. In Section 3, by

virtue of the existing classification of quantum states

via SLOCC, we show that |M | can act as an IEEW

for two-, three- and four-qubit Heisenberg spin chains.

We partially generalize the IEEW |M | to an N -party

spin chain in Section 4. Finally, the conclusions and

further discussions are given in Section 5.

2. Eigenspectrum of Heisenberg

spin chain

We first review the Heisenberg spin chain, which

describes a system of N linearly arranged spins, each

interacting only with its nearest neighbours. The

Hamiltonian of the spin chain in a constant external

magnetic field B is given by

H =

N∑

i=1

(
Jσ

i · σi+1 +Bσ
i
z

)
, (1)

where σ
i =

(
σi

x, σ
i
y , σ

i
z

)
are three Pauli matrices for

the i-th spin (cyclic boundary condition N + 1 ≡ 1

is assumed). J is the exchange constant; positive

and negative J correspond to antiferromagnet and fer-

romagnet respectively. As is well known, the exact

eigenspectrum of Heisenberg spin chain can be effec-

tively obtained via Bethe ansatz,[19,20] whose appli-

cation needs two essential symmetries, i.e. , the rota-

tional symmetry about the z-axis in spin space and

the translational symmetry. The rotational symme-

try implies that any eigenstate of H must be a linear

combination of product basis vectors which have the

same numbers of spin-up. Hence, the eigenstates can

be sorted into N+1 groups according to the number of

spin-up, r. Each eigenstate in the same group always

has the same magnetization M =
∑N

i=1 σ
i
z = 2r − N

accordingly. We then denote each eigenstate and its

eigenvalue as
∣
∣
∣ψ

(r)
k

〉

and λ
(r)
k , where k = 1, . . . , Cr

N

label the orders of eigenstates in a group separately.

Moreover, due to
[

H,
∏N

i=1 ⊗σi
x

]

= 0, both
∣
∣
∣ψ

(r)
k

〉

and
∣
∣
∣ψ

(N−r)
k

〉

=
∏N

i=1 σ
i
x

∣
∣
∣ψ

(r)
k

〉

are eigenstates of H .
∣
∣
∣ψ

(r)
k

〉

and
∣
∣
∣ψ

(N−r)
k

〉

obviously are equivalent under

the SLOCC. Consequently when inequivalent entan-

glement in Heisenberg spin chain is discussed, only the

inequivalence of [N/2] + 1 ([x] denotes the biggest in-

teger no more than x) eigenstate groups needs investi-

gating. We pick eigenstate groups with r = 0, ..., [N/2]

as the representatives in the following discussion for

simplicity.

In addition, since two parts of H , i.e. H1 =

J
∑N

i=1 σ
i · σ

i+1 and H2 = B
∑N

i=1 σ
i
z are com-

mutable, the eigenvalue λ
(r)
k is in the shape of

A(r, k)J − (N − 2r)B, that is, H1

∣
∣
∣ψ

(r)
k

〉

=

A(r, k)
∣
∣
∣ψ

(r)
k

〉

Moreover,
[

H1,
∏N

i=1 ⊗σi
x

]

= 0 yields

A(N − r, k)
∣
∣
∣ψ

(N−r)
k

〉

= H1

∣
∣
∣ψ

(N−r)
k

〉

=

N∏

i=1

⊗σi
xH1

∣
∣
∣ψ

(r)
k

〉

=

N∏

i=1

⊗σi
xA(r, k)

∣
∣
∣ψ

(r)
k

〉

= A(r, k)
∣
∣
∣ψ

(N−r)
k

〉

,
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i.e. , A(r, k) = A(N − r, k). Besides, in an eigen-

state group, all eigenstates can be arranged accord-

ing to the increasing order of its eigenvalue, i.e. λ
(r)
1

is set to be the smallest eigenvalue in eigenstate

group with r spin-ups. It is then easily found that

the variation of B does not affect the order of each

eigenstate in a group. Therefore, the eigenstate set

G=̂
{∣
∣
∣ψ

(0)
1

〉

, . . . ,
∣
∣
∣ψ

([N/2])
1

〉}

covers all possible ground

states of the Heisenberg spin chain when B is varied

while J is fixed. We call G the ground state set.

3. IEEW in two-, three-, four-

qubit Heisenberg spin chains

In order to show that |M | is qualified to be an

IEEW, we need to explain different eigenstate groups

that are inequivalent under the SLOCC. To start with,

we study some simple cases, i.e. eigenstates of two-,

three-, four-qubit Heisenberg spin chains in this sec-

tion.

From the Bethe ansatz, the eigenspectra of two-

qubit and three-qubit Heisenberg spin chains are re-

spectively presented in Tables 1 and 2. It is shown

that for N = 2, the eigenstates with |M | = 2 and

|M | = 0 are the separable state and the entangled

state respectively. When N = 3, the classification via

SLOCC can be accomplished by using the method in-

troduced by Dür et al,[15] i.e. by using the different

values of the local entropy of every spin and the 3-

tangle.[21] Therefore the eigenstates with |M | = 3 and

|M | = 1 are found to be separable and W-class entan-

gled states respectively, i.e., |M | can successfully wit-

ness inequivalent entangled states under the SLOCC

in the 3-qubit Heisenberg spin chain.

Table 1. The eigenspectrum of two-qubit Heisenberg spin

chain.

r |M | eigenvalue eigenstate

0 2 2J − 2B |00〉
1 0 −6J (|01〉 − |10〉)/

√
2

1 0 2J (|01〉 + |10〉)/
√

2

Table 2. The eigenspectrum of three-qubit Heisenberg spin chain.

r |M | eigenvalue eigenstate

0 3 3J − 3B |000〉
1 1 3J − B (|001〉 + |010〉 + |100〉)/

√
3

1 1 J − B
`

|001〉 + ei2π/3|010〉 + e−i2π/3|100〉
´

/
√

3

1 1 J − B
`

|001〉 + e−i2π/3|010〉 + ei2π/3|100〉
´

/
√

3

The four-qubit spin chain is a bit complicated. In Ref.[16], the authors claimed that a pure state of four-

qubit could (up to permutations) be transformed into one of nine families of states by unit determinant SLOCC

operations. Among nine families, three families are relevant to our paper:

Gabcd =
a+ d

2
(|0000〉+ |1111〉) +

a− d

2
(|0011〉+ |1100〉) +

b+ c

2
(|0101〉+ |1010〉) +

b− c

2
(|0110〉+ |1001〉),

Labc2
=
a+ b

2
(|0000〉+ |1111〉) +

a− b

2
(|0011〉+ |1100〉) + c(|0101〉 + |1010〉) + |0110〉,

Lab3 = a(|0000〉+ |1111〉) +
a+ b

2
(|0101〉+ |1010〉) +

a− b

2
(|0110〉+ |1001〉)

+
i√
2
(|0001〉+ |0010〉+ |0111〉+ |1011〉). (2)

The eigenvalues and eigenstates of the four-qubit

Heisenberg spin chain are given in Table 3. According

to the classification of four-qubit pure states presented

above, we find the eigenstate with |M | = 4 is a sepa-

rable state, consequently belongs to the family Labc2

with a = b = c = 0; four eigenstates with |M | = 2

belong to Lab3 family with a = b = 0, six eigenstates

with |M | = 0 belong toGabcd family with a, b, c, d have

some particular values that are also presented in Ta-

ble 3. Although six eigenstates that belong to Gabcd

family are not completely equivalent to each other un-

der the SLOCC,[17] they must be inequivalent to any

state that belongs to other SLOCC families. Thus

the eigenstates of four-qubit spin chain with different

values of |M | are sure to be inequivalent under the

SLOCC.
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Table 3. The eigenspectrum of four-qubit Heisenberg spin chain and their classifications according to Ref.[16].

One paradigmatic group of complex parameters a, b, c, d is given without normalization.

r |M | eigenvalue eigenstate SLOCC classification

0 4 4J − 4B |0000〉 Labc2 (a = b = c = 0)

1 2 4J − 2B
1

2
(|1000〉 + |0100〉 + |0010〉 + |0001〉) Lab3 (a = b = 0)

1 2 −2B
1

2
(i|1000〉 − |0100〉 − i|0010〉 + |0001〉) Lab3 (a = b = 0)

1 2 −2B
1

2
(−i|1000〉 − |0100〉 + i|0010〉 + |0001〉) Lab3 (a = b = 0)

1 2 −4J − 2B
1

2
(−|1000〉 + |0100〉 − |0010〉 + |0001〉) Lab3 (a = b = 0)

2 0 4J
1√
6
(|0011〉 + |1100〉 + |0110〉 + |1001〉 + |1010〉 + |0101〉) Gabcd (a = 1,b = 2,c = 0,d = - 1)

2 0 0
1

2
(−|0011〉 + i|0110〉 − i|1001〉 + |1100〉) Gabcd(a = 1,b = i,c = - i,d = - 1)

2 0 0
1

2
(−i|0011〉 + |0110〉 − |1001〉 + i|1100〉) Gabcd (a = i,b = 1,c = - 1,d = - i)

2 0 0
1√
6
(−i|0011〉 + |1100〉 + i|0110〉 + i|1001〉 − |1010〉 − i|0101〉) Gabcd (a = - i,b = 1 + i,c = 1 - i,d = i)

2 0 −4J
1√
2
(|1010〉 − |0101〉) Gabcd (a = 0,b = 1,c = 1,d = 0)

2 0 −8J
1√
12

(|0011〉 + |1100〉 + |0110〉 + |1001〉 − 2|1010〉 − 2|0101〉) Gabcd (a = 1,b = - 1,c = - 3,d = - 1)

So far, we have proven that any two eigenstates

in two-, three- and four-qubit Heisenberg spin chains

are inequivalent under the SLOCC if they have differ-

ent values of |M |. Hence |M |, a macroscopic Hermite

operator which can be easily measured, is qualified to

serve as an IEEW for three particular Heisenberg spin

chains.

4. IEEW in N-party Heisenberg

spin chain

4.1. Inconvertibility predicted by

Schmidt number

We try to generalize the IEEW |M | to an N -qubit

Heisenberg spin chain in this section. Before proceed-

ing, we first elucidate the criterion based on which we

could tell whether any two multipartite states are in-

equivalent under the SLOCC. As has been proved,[1]

for any bipartite pure state |Ψ〉 ∈ H = HA ⊗ HB,

there exist local orthonormal bases {|ui〉} ∈ HA and

{|vi〉} ∈ HB such that

|Ψ〉 =
∑

i

ai|ui〉 ⊗ |vi〉, (3)

where ai are non-negative real numbers satisfying
∑

i a
2
i = 1, referred to as Schmidt coefficients. This

representation is a Schmidt decomposition of |Ψ〉 and

the number of nonzero ai is known as the Schmidt

number, Sch(|Ψ〉). The Schmidt number proves use-

ful for distinguishing entangled states. In fact, it can

be easily deduced that any two mutually convertible

bipartite states by means of SLOCC, must have the

same Schmidt numbers.[22,23] Therefore two bipartite

states with different Schmidt numbers cannot be con-

verted into each other by means of SLOCC. For a mul-

tipartite state, a generalized Schmidt decomposition

does not exist usually. However, we can always divide

any N -party system into two nonempty and disjoint

parts, e.g. , one part has N1 (1 ≤ N1 < N) parties

and the other possesses N − N1 parties. For every

bipartition of a multipartite state, there always ex-

ists Schmidt decomposition like expression (2). If the

Schmidt numbers of two N -party states |Ψ〉 and |Φ〉
based on the same bipartition are different, then they

cannot be converted into each other by any SLOCC.

In a word, any two multipartite states |Ψ〉 and |Φ〉
are inequivalent under the SLOCC if we can find a

bipartition based on which two states have different

Schmidt numbers. This is the foundation of the fol-

lowing discussion.
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4.2. IEEW for ground state set in ferromagnet

We now investigate the ground state set G of ferromagnet. According to Bethe ansatz, each eigenstate in

the ferromagnetic ground state set can be given by

∣
∣
∣ψ

(r)
1

〉

=
1

√
Cr

N

∑

1≤n1<n2<...<nr≤N

|n1n2 . . . nr〉 , (4)

where ni labels the position of the i-th spin-up. Obviously
∣
∣
∣ψ

(r)
1

〉

is an equally-weighted supposition of all Cr
N

product states with r spin-ups. We use the {[N/2]⊗ [(N + 1)/2]} bipartition to compute the Schmidt number.

It is easy to find Sch
(∣
∣
∣ψ

(0)
1

〉)

= 1 and Sch
(∣
∣
∣ψ

(1)
1

〉)

= 2. As concerns other
∣
∣
∣ψ

(r)
1

〉

, the Schmidt decomposition

based on {[N/2]⊗ [(N + 1)/2]} bipartition can be expressed as

|ψ(r)
1 〉

=
1

√
Cr

N

∑

1≤n1<...<nr≤N

|n1 . . . nr〉

=
1

√
Cr

N

[|00 . . . 0〉
︸ ︷︷ ︸

[N/2]




∑

[N/2]+1≤n1<...<nr≤N

|n1 . . . nr〉



 +




∑

1≤n1≤[N/2]

|n1〉








∑

[N/2]+1≤n2<...<nr≤N

|n2 . . . nr〉





+ . . .+




∑

1≤n1<...<nr≤[N/2]

|n1 . . . nr〉



 |00 . . . 0〉
︸ ︷︷ ︸

[(N+1)/2]

. (5)

It is obvious that Sch
(∣
∣
∣ψ

(r)
1

〉)

= r + 1. Now

we can affirm that
∣
∣
∣ψ

(r)
1

〉

with different values of

|M | = N − 2r are all inequivalent under the SLOCC,

since we find a bipartition based on which Sch
(∣
∣
∣ψ

(r)
1

〉)

varies with r. Therefore, |M | acts well as an IEEW

for the ground state set of ferromagnetic Heisenberg

spin chain.

4.3. IEEW for separable states and W-

class entangled states

We then elucidate that |M | can serve as a wit-

ness for separable states and W-class entangled states

in Heisenberg spin chain. In fact, on the one hand, the

eigenstate with |M | = N must be a separable state,

which is easily found to be |00 . . . 0〉. On the other

hand, all eigenstates with |M | = N − 2 can be con-

verted into WN = (1/
√
N)

∑N
n=1 |n〉 by local unitary

(LU) operations. In fact, the translationally invariant

eigenstates of an N -qubit Heisenberg spin chain with

|M | = N − 2 can be written by

|ψ(1)〉 =
1√
N

N∑

n=1

eikn|n〉 (6)

for k = 2πm/N,m = 0, . . . , N − 1. Apparently a local

unitary operator U =
N∏

n=1
⊗




1 0

0 e−ikn



 can change

∣
∣ψ(1)

〉
into WN , i.e. U

∣
∣ψ(1)

〉
= WN . Notice in addi-

tion that the LU is a particular case of SLOCC, so all

eigenstates with |M | = N − 2 have equivalence under

the SLOCC. Therefore, |M | = N and |M | = N − 2

can respectively witness separable state and W-class

entangled states in an N -qubit Heisenberg spin chain.

So far, we have proved the validity of IEEW |M |
for certain eigenstates in the N -qubit Heisenberg spin

chain. For other eigenstates, now we cannot judge

whether |M | can also act as an IEEW, due to the

complex form of these eigenstates. The further study

is still under way.

5. Conclusions

We find that the absolute value of magnetization

|M | can be an IEEW in the widely-studied Heisenberg

spin chain. The IEEW is defined as a Hermitian op-

erator whose expectation value is different from those

states that are entangled in inequivalent ways under

the SLOCC. We first sort the eigenstates of Heisenberg

spin chain into [N/2]+1 different groups by the abso-
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lute value of magnetization |M |. Based on the classi-

fication of pure states of no more than four qubits, we

then examine the whole eigenspectra of two-, three-

and four-qubit Heisenberg spin chains and find that

|M | acts well as an IEEW. Furthermore, we can par-

tially generalize the IEEW |M | to an N -qubit Heisen-

berg spin chain. Each eigenstate in the ferromag-

netic ground state set G is proved to be inequivalent

under the SLOCC, and |M | can successfully witness

the inequivalence. The separable eigenstate and W-

class entangled eigenstates could also be witnessed by

|M | = N and |M | = N−2 respectively. Since |M | is a

macroscopically measurable quantity, then on certain

occasions the existence and the type of entanglement

in Heisenberg spin chain can be detected conveniently

by solely measuring a macroscopic observable. Con-

sidering that the entanglement is a concrete exhibi-

tion of quantum nonlocality, our results show differ-

ent types of nonlocalities can be manifested by the

different values of macroscopic quantities. Therefore,

to explore other macroscopic behaviours induced by

various nonlocalities is an intriguing subject in the re-

search of nonlocality.

Moreover, the two cases of |M | being a successful

IEEW in an N -qubit Heisenberg spin chain have extra

significance. In the first case, G covers all the possi-

ble states of the system at absolute zero temperature

when the system is frozen to its ground state. Every

time when |M | undergoes an abrupt change, the en-

tangled way of the state of the system also changes

suddenly. The synchronous occurrence of quantum

phase transition (QPT)[24] (where the QPT means the

abrupt change of |M | and is obviously of first-order)

and the variation of entanglement type has not yet

be mentioned before, to the best of our knowledge.

The second case provides a macroscopic quantitative

standard to judge the generation of W-class entangled

states in Heisenberg spin chain, i.e. the system is sure

to be in W-class entangled states when |M | = N − 2

is measured. This makes it convenient to accomplish

some QIP tasks by virtue of Heisenberg spin chain.

However, our results are incomplete. Firstly,

the straightforward generalization that any two eigen-

states with different |M |-values are inequivalent un-

der the SLOCC is still unproved and needs further

researching. Secondly, our conclusions may be appro-

priately used at zero temperature when the state of

the system is in one of its eigenstates, since what the

classification of entangled states deals with are pure

states.
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