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This paper proposes two lattice traffic models by taking into account the drivers’ delay in response. The lattice

versions of the hydrodynamic model are described by the differential-difference equation and difference-difference equa-

tion, respectively. The stability conditions for the two models are obtained by using the linear stability theory. The

modified KdV equation near the critical point is derived to describe the traffic jam by using the reductive perturbation

method, and the kink—antikink soliton solutions related to the traffic density waves are obtained. The results show that

the drivers’ delay in sensing headway plays an important role in jamming transition.
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1. Introduction

Traffic jams have attracted much attention and
have been studied by various traffic models: car fol-
lowing models, cellular automaton models, gas kinetic
models, and hydrodynamic models.l' =8 The hydro-
dynamic models and car following models have been
studied analytically by the linear stability theory and
the nonlinear analysis method. Kurtze and Hongl¢!
have derived the Korteweg-de Vries (KdV) equation
from the hydrodynamic model.[”) They have shown
that the traffic soliton appears near the neutral sta-
bility line. Komatsu and Sasal® have derived the mod-
ified KAV (mKdV) equation from the optimal velocity
model (a car following model). They have shown that
the traffic jam is described in terms of a kink density

wave near the critical point.

Recently, the lattice hydrodynamic models have
been developed quickly after the first lattice ver-
sion of continuum model was proposed at 1998 by

Nagatani.”!

He presented two hydrodynamic models
to describe the jamming transition on a single lane
highway. One is a simplified version of continuum
model described in terms of the partial differential
equations and the other is the lattice version given by

the difference equations. The mKdV equation near

the critical point was also derived by using the reduc-
tion perturbation method.
The first model is described as

D1+ D) = 0, (1)

di(pv) = apoV (p(x + ho)) — apv, (2)

where py is the average density, and a is the sensi-
tivity of a driver, hy represents the average headway,
ho = 1/po, p(z + hg) is the local density at position
T + ho at time t, which is related with the inverse of
headway h(z,t), i.e. p(x + ho) = 1/h(x,t). The idea
is that a driver adjusts the vehicle velocity accord-
ing to the observed headway h(z,t) or density ahead
p(x + ho).

The lattice version of the model with dimension-
less space x is described as

Otpj + po(pjvj — pj—1vi-1) = 0, (3)
depjv; = apoV (pj+1) — ap;vj, (4)

where j denotes the site on the one-dimensional lat-
tice, and p;, v; denote the local density and the local
average velocity on site j at time ¢, respectively.
Then Nagatani proposed another simple lattice
model.l'% Xue proposed a lattice model of optimal
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traffic flow considering the optimal current of the next-
nearest-neighbour interaction.['!] Ge et al proposed an
extended lattice model considering an arbitrary num-
ber of sites ahead on a single-lane highway.!'?! Further
the models were applied to investigate jamming tran-
sition and critical phenomenon on a two-lane highway
and in high-dimensional traffic flow.['3:14]

However all these models adopt the optimal ve-
locity function which is dependent on the observed
headway at time ¢. But in reality a driver makes up
his mind to accelerate or not after he senses the head-
way. That is to say, a driver senses headway at time
t and makes a decision to change the velocity of his
car at later time ¢ + 7, in which 7; is the delay of the
drivers’ response in sensing headway and reflected in
the optimal velocity. Then the vehicle moves at time
t + 1 + 72, where 19 is the delay of car motion.

In this paper, we present two extended versions of
continuum models of traffic which take into account
the drivers’ delay in sensing headway and the delay of
car motion respectively. We apply the linear stability
theory and the nonlinear analysis method to the two
models and obtain the neutral stability lines and the
mKdV equations.

The organization of this paper is as follows. In
Section 2 two continuum traffic models are proposed
by taking into account the drivers’ delay in sensing
headway in the optimal velocity function. In Section
3 the stability of uniform traffic flow is analysed by
the linear stability theory, and the neutral stability
line and the critical point are obtained. In Section 4
the mKdV equation around the critical point is de-
rived by applying the reductive perturbation method.
In Section 5 the result of analysis is presented. Section
6 gives a summary.

2. Models

The two extended lattice versions of the contin-
uum models are proposed, which take into account the
drivers’ delay in sensing headway and the delay of car
motion respectively. They are called models A and B:

Otpj + po(pjvj — pj—1vi-1) = 0, (5)

p;i(t+7T)v(t+7)

= poV(pj+1(t —n7)), for model A (6)

pi(t +17) = pj(t) + Tpop;(t)v;(t)
—Tpopj-1(t)vj-1(t) =0, (7)

pi(t+T)v;(t+7)

= poV(pj+1(t —n7)), for model B. (8)

The optimal velocity V is selected in a way similar to

that proposed by Bando et al,[*!

V(hj (t —nT))
e e rswn

It can be expressed as another form similar to that in
Ref.[9],

Vipj(t =n7))

— ”m—;" [tanh (m — hc) +tanh(hc)] :
(10)

where vmax is the maximal velocity of vehicles (for
simplicity, vmax = 2), and h. is the safety distance of
vehicles. When the headway is less than the safety
distance, the vehicle reduces its velocity to prevent
from crashing into the preceding vehicle. On the other
hand, if the headway is larger than the safety distance,
the vehicle increases its velocity to the maximum ve-
locity. The reason we choose the form of Bando et al,
other than that of Whitham,[9 lies in the fact that
the former is a monotonically increasing function with
an upper bound (maximal velocity) and has a turn-
ing point (inflection point) at h; = he: V”(h.) = 0.
This property is important for us to derive the mKdV
equation which gives traffic jams in terms of a kink
density wave.

In the models, the total delay time is divided into
two parts, one is the drivers’ delay in sensing headway
and another is the delay time of car motion. For sim-
plicity, 7 denotes the total delay time, and n7 denotes
the drivers’ delay in response in our models, in which
n is a parameter denoting the relationship between
the drivers’ delay and the total delay. We take the
value of n as 0,0.1,0.2,0.3 on account of the fact that
the delay time of car motion is of the order of 1 sec,
and the known physical or mechanical response time

is of the order of 0.1 sec.[17]

The sensitivity a equals
the inverse of the total delay time, i.e. a = 1/7.

By eliminating velocity term in Egs.(5) and (6)
[and also in Egs.(7) and (8)], we obtain the density

equations for models A and B:

Oep;(t+ 1)+ P [V (pjgr(t — n1))

=V(p;(t —n7))] =0, (11)
pi(t+27) = pj(t+7) + 75V (pjsa(t — n7))
=V (p;(t —n7))] = 0. (12)
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In the limit case of n = 0, equations (11) and (12) 21 = —paV’ and
reduce to the density equation of the original lattice PV’ 3 9
=— — r(pgV')2 18
hydrodynamic models.!'! 2 2 (n+ 2)T(p0 ) (18)

3. Linear stability analysis

The linear stability analysis is conducted for the
above extended lattice models. It is obvious that the
uniform traffic flow with constant density po and con-
stant optimal velocity V(pg) is the steady-state solu-
tion for Egs.(11) and (12), which is given as:

pi(t) =po and v; =V(po). (13)

Suppose that y;(t) is a small deviation from the
steady-state density of the j-th vehicle,

pi(t) = po + y;- (14)

Substituting Eq.(14) into Egs.(11) and (12) and lin-
earizing them, we get the resultant equations:

Ay (t+7) + pgV' (po)[ys1(t — n7)

—y;j(t —n7)] =0, (15)
yi(t+27) — y;(t+7) + 75V (po) [yj+1(t — n7)
—y;j(t —n7)] =0, (16)

where V'(po) = dV(p;)/dp;j |p;=p,- For simplicity,
V'(po) is indicated as V” hereafter.

Expanding y; in the Fourier modes: y;(t) =
exp(ikj + zt), where z = z1(ik) + 22(ik)? + ..., and
inserting them into Eqs.(15) and (16), then we can
get the first- and second-order terms of coeflicients in
the expression of z respectively as follows:

21 = —piV’'  and

2vl
o= -~ Dr(RV, (D)

Thus the neutral stability condition is given by

1
=——"— del A 19
T RSV E or model A, (19)
S for model B (20)
TP '

For small disturbances with long wavelengths, the uni-
form traffic flow is unstable when the following condi-
tion is satisfied:

1
————  fi del A 21
T > 3+ 1)peV or model A, (21)
> - for model B (22)
T T @RV '

4. Nonlinear analysis

We apply the reductive perturbation method to
Egs.(11) and (12) focusing on the system behaviour
near the critical point (p¢,ac). Then the nature of
kink—antikink soliton solutions can be described by
the mKdV equation.
space variable j and time variable ¢, and define the

We introduce slow scales for

slow variables X and T as:

X=c(j+bt), T=6% O<e<x1, (23

where b is a constant to be determined. Let
p(t) = po+ eR(X,T). (24)

Substituting Eqs.(23) and (24) into Eqgs.(11), (12) and
making the Taylor expansions to the fifth order of ¢,
we obtain the following expression (see Appendix)

1
2(b+ p2V")ox R + & [b27' + <§ - bm’) pEV’] O%R

1 1
+et [8TR + <b37'2 /2 + <6 —bnT/2 + b*n?r? /2) pgv’> O% R+ gpi\/’”[?XR:’l

+&5[(2b7 — nTp2V")OxOr R + (b 7% /6 + (1/24 — bnT /6 + b*n’72 /4
1
—0°n’7[6)p2V")Ox R + gin’”(l/ 2 — bnm)OX R’ = 0, (25)

1
2(b+ p2V)oxR +¢&* {31727/2 + <5 - bm') piv’] OxR+e* [aTR
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1
+ <7b372/6 + (6 —bnt/2 + b*n?

1
2 /2> piv’> Oy R+ gngW(?XRS

+&° [(31)7’ —n7p2V")OxOr R + (5b*7% /8 + (1/24 — bnt /6 + b*n?7? /4

1
6T 6)p2V Ok R + 2 p2V"(1/2 - bnT)a§R3] =0, (26)
|
where V' = M and V"' = dgvi(fj) . Obtained:
dp;j  lpj=pe dp;  lps=pc pyeT
! " !/ " : — pC
V' and V ' correspond to V'(p.), V (pc) in t.he pi(t) = pc:t\/ ey (770 — 1)
above equation and hereafter. Near the critical point Pe

(peyac), 7= (1 + €)1, or a = a.(1 — €?). By taking
b= —p2V’(h.) and eliminating the second- and third-
order terms of ¢ from Eqs.(25) and (26), we obtain the
simplified equation:

54[8TR — glag’(R + 928XR3]
+ &°[g30% R+ ga0x R + gs0x R*] =0, (27)

where g1 = —p2V'/24, go = p2V"' /6, g5 = —p2V'/2,

gs = —p2V'/48, g5 = —p2V"" /12 for Eq.(25), and
n?+3n+2
g1 = 6(2n—|— 3)2 pivla g2 = ngW/G, g3 = —p?V’/2,
n? + 3n + 2
g4 = —mpg‘/’, g5 = —p2V"" /12 for Eq.(26).

In order to obtain the standard mKdV equation
with higher order correction, we make the following
transformations for Eq.(27):

1
T=—T7, R=, /2R (28)
g1 g2

Then we have the following standard mKdV equa-
tion with an O(g) correction term:

3T/R/ — (9?(R/ + 8xR/3
+5 | g2 R + qu0L R + @aﬁR’ﬂ = 0. (29)
g1 92
We ignore the O(e) term in Eq.(29), and get the

mKdV equation with the kink—antikink soliton solu-
tion:

R)(X,T’") = /ctanh \/g (X —cT). (30)

Next, we take into account the O(e) term and suppose
R(X,T") = R{(X,T") + eR|(X,T"). We obtain the
selected velocity ¢ and adopt the following expression
according to Ref.[18]:

5
c— 29298 (31)
29294 — 39195
Thus the following general kink—antikink soliton solu-

tion for models A and B, i.e., the mKdV equation, is

X tanh l g(T/TC -1)

x{j— (1= /7/1e —1)p2V't}

where ¢ = 24, 7. = —1/2(n+1)p2V"’ for model A, and
_ 6(2n + 3)? _ 91t
= riania T —1/(2n+ 3)p2V’ for model B.

Then we obtain the coexisting curves in terms of
the original parameters:

pgv///
for model A, (33)

1 i\/—Gng’[—2(n+1)p§V’T—1]

B —6p2V'[—(2n + 3)p2V'T — 1]
pCO - pC :l: pQV///

for model B. (34)

5. Result of analysis and discus-
sion

Figure 1 shows the relationship between the head-
way h = 1/p and the sensitivity a = 1/7 with
he = 4.0, —p2V’' =1 and p2V"" = 2 given in Eq.(9).
There are two clusters of curves and they correspond
to models A and B respectively. In each cluster of di-
agram, there are four pairs of curves corresponding to
the situation of n = 0,0.1,0.2,0.3 from the bottom
to the top respectively. The corresponding critical
points, the neutral stability lines and the coexisting
curves in model A are lower than those in model B.
Each dotted curve indicates the coexisting curve given
by Eqs.(33) and (34) for models A and B respectively.
Each solid line indicates the neutral stability line given
by Eqs.(19) and (20) for models A and B respectively.
The apexes of lines correspond to the critical points
and expressed as (he,a.) = [he, —2(n + 1)p2V'(h,))]
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for model A and (he, a.) = [he, —(2n+3)p2V'(h.)] for
model B.

4.0

3.5} 1
model B

3.0
== model A

Sensitivity

2.5
2.0r
1.5¢
2 3 4 5 6
Headway

Fig.1. The diagram in the headway-sensitivity space con-
sidering different delay of drivers’ response in sensing
headway for models A and B.

In the region outside the coexisting curve, the
freely moving phase exists. The intermediate region
between the coexisting curve and the neutral stabil-

And the
region inside the neutral stability line represents the

ity line represents the metastable region.

congested phase. It can be seen that when we take
into account the drivers’ delay in response, the criti-
cal sensitivity a. will increase with the increase of n,
and the limit case of n = 0 will correspond to the
original model,'% i.e., ignoring the delay of drivers’
response in sensing headway. The stability region de-
creases with the increase of n. This means that the
traffic jams will appear easily when the drivers’ delay
in response increases, or when the sensitivity of drivers
decreases. This phenomenon coincides with the real
traffic.

On the basis of the nonlinear analysis, we obtain
the propagation velocities ¢ of the kink—antikink soli-
ton solution from Eq.(31) for models A and B. It can
be found that the propagation velocity ca of model
A is a constant, while the propagation velocity cg of
model B decreases with the increase of n which is
shown in Table 1. This indicates that the jams are

difficult to disperse when drivers have large delay of
response, and the traffic will be in a terrible situation.

Table 1. The propagation velocity cg in model B.
n 0 0.1 0.2 0.3 0.4 0.5
cB 27.00 26.60 26.27 26.00 25.79 25.6

6. Summary

We have proposed two lattice hydrodynamic mod-
els of traffic flow, which take into account the drivers’
delay in sensing headway by giving a modified form
of optimal velocity function. The traffic nature has
been analysed by using the linear stability theory and
the nonlinear analysis. We have derived the mKdV
equations to describe the traffic jam near the critical
points for models A and B respectively, and obtained
the kink—antikink soliton solutions related to the traf-
fic density waves. It has been shown that there exist
critical points in the two models. The diagrams in the
headway-sensitivity space with the neutral stability
lines and the coexisting curves are given for different
values of n, which denotes the proportion of drivers’
delay in response to the total delay. It can be found
that the stability regions decrease with the increase
of n in each model, and the propagation velocity in
model B decreases with the increase of n too. It indi-
cates that the traffic jams will be easy to appear and
difficult to disperse when the drivers’ delay in response
increases. The limit case of n = 0 corresponds to the
original lattice version of the continuum models, and
the results are identical. The study shows that the
drivers’ delay in response plays an important role in

jamming transition.

Appendix

In this appendix, we give the expansions of each
term in Eqgs.(11) and (12) to fifth-order of &:

br)? br)3 br)4
pi(t+7) = pc+aR+52b7’8XR+53( 72—) 8§(R+54( 76—) 8%R+847'8TR+€5(2T4) OXR
+E5bT2aTaxR, (Al)
2b7)? 207)3 2b7)4
pi(t+27) = pot R+ e22brax B 4 &3¢ 27) PR+ et 67) O%R + 42000 R + 3¢ 21) LR

+e°4b7%07r0x R,
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b3 2 b4 3
Qi (t+7) = e2bIx R + 3627 0% R + 547733’}3 'R+ 55%33*(3 + %2brdrdx R, (A3)
b 2 b 3 b 4
pj(t —nT) = p. +eR — *bnTOx R + 53%5&1% — 54%@(}% —e'nrdrR 4+ €° ( g? OxR
+ 5?7200 0x R, (A4)
2 e’ o et s &%y
pj+1(t) =p.+eR+e“OxR+ EaXR'i‘ E(?XR—F ﬂaXR’ (A5)
2 3 (bn7)*\ o
pis1(t—=n7)=pc+eR+e*(1 —bnT)0x R+’ (1/2—bnT + xR
1 bnr  (bn7)?  (bnT)?
+ 84 |:—7’LT(9TR+ (E - T + 9 - 6 6§<R
1 bnr (bn7)?  (bn7)3  (bnT)t
50 b2+ - _onr _ *R|. A
+e& | (—nT + nT)(?T(?XR+<24 5 + 1 6 + o Ox R (A6)
We expand the optimal velocity function at the turning point:

/ V™" (pe) 3

Vipj(t = n7)) = Vipe) + Vi(pe) - (pj(t = n7) = pe) + ——(pj(t = n7) = pc)°, (A7)
VI/I pc

Vi(pjt1(t —=n7)) = V(pe) + V'(pe) - (pj41(t —n1) — pe) + T()(ijrl(t —n7) —p.), (AS)

2

V(pjt1(t —n1)) = V(pj(t —n1)) = V'(pc) - {528XR +e%5(1/2 — bn7)O% R +&* (é - bnTT + (bn2T) ) 0¥ R
1 bnt bnt)? bnt)?
+&° [—nTaTaxR-l— (ﬂ -5t % ! 6) >8§}R] }
"(Pe) 4 3 5 2 p3

+ [e*0xR® +£°(1/2 — bnT)0x R?] . (A9)

We obtain Eq.(25) by inserting Eqs.(A3) and (A9) into Eq.(16), and obtain Eq.(26) by inserting Eqgs.(A1),
(A2) and (A9) into Eq.(17).
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