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This paper studies a new conserved quantity which can be called generalized Mei conserved quantity and directly

deduced by Mei symmetry of Birkhoff system. The conditions under which the Mei symmetry can directly lead to

generalized Mei conserved quantity and the form of generalized Mei conserved quantity are given. An example is given

to illustrate the application of the results.
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1. Introduction

The research on symmetry and conservation laws
possesses important significance in mathematics and
mechanics and physics. In mechanical systems there
are mainly Noether symmetry,[1] Lie symmetry[2] and
Mei symmetry,[3] as well as unified symmetry,[4] and
many important results[5−15] have achieved. Mei sym-
metry is a new symmetry which grows up in recent
years. Mei symmetry can lead to Mei conserved quan-
tities directly, and lead to Noether conserved quan-
tities or Hojman conserved quantities indirectly.[6]

Since Prof. Mei proposed Mei symmetry, a lot of
discussions[5,6,9,10,16,17] have done on it. Very newly,
Fang[18] et al got a new conserved quantity from Mei
symmetry of Lagrange system and name it general-
ized Mei conserved quantity. Fang’s studies further
promote the development of Mei symmetry.[19−21]

The dynamics of a Birkhoff system is an impor-
tant branch of classical mechanics in modern time.
It can be applied to quantum mechanics, statisti-
cal mechanics, biological physics, mechanics of space-
flight and some fields of modern engineering.[22,23] In
recent years, people has made systemic research on
Birkhoff systems and give the symmetry and conserva-
tion laws,[24−28] perturbation to symmetry,[29,30] the
stability,[31] geometric picture of Birkhoff systems and
construct the theoretical framework of the dynamics
of a Birkhoff system, publish monograph of Dynamics

of Birkhoff system,[23] and extend the Birkhoff system
to relativistic Birkhoff systems.[32−34]

This paper studies Mei symmetry of Birkhoff sys-
tems and get generalized Mei conserved quantities
directly from Mei symmetry of the Birkhoff system.
Firstly, we give the criterion of Mei symmetry for
Birkhoff system, secondly, we give the conditions un-
der which the Mei symmetry can lead to generalized
Mei conserved quantity and get the generalized Mei
conserved quantity of Birkhoff system, last, we give
an example to illustrate the application of our results.

2. Definition and criterion of Mei

symmetry

The Birkhoff equations can be written as[22,23]

(
∂Rν

∂aµ
− ∂Rµ

∂av

)
ȧν − ∂B

∂aµ
− ∂Rµ

∂t
= 0

(µ, v = 1, ..., 2n), (1)

where the function B = B(t, a) is called Birkhoffian,
Rµ = Rµ(t, a) are called Birkhoff’s functions.

Introduce the infinitesimal transformations

t∗ = t + εξ0(t,a), aµ∗(t∗) = aµ + εξµ(t,a), (2)

where ε is an infinitesimal parameter, ξ0, ξµ are
the infinitesimal generators of transformations. Un-
der the infinitesimal transformations of Eq.(2), B =
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B(t, a) and Rµ = Rµ(t, a) respectively become
B∗ = B(t∗, a∗) and R∗µ = Rµ(t∗, a∗). Expanding
B∗ and R∗µ into Taylor series at (t, a), we have

B∗ = B(t∗,a∗) = B(t,a) + εX(0)(B) + O(ε2),

R∗µ = Rµ(t∗,a∗) = Rµ(t, a) + εX(0)(Rµ)

+ O(ε2), (3)

where
X(0) = ξ0

∂

∂t
+ ξµ

∂

∂aµ
(4)

is the operator of the infinitesimal generator.
Definition[25] Under the infinitesimal transfor-

mations (2), if the Birkhoff equations (1) keep their
form invariance, that make the following equations
hold (

∂R∗v
∂aµ

− ∂R∗µ
∂av

)
ȧv − ∂B∗

∂aµ
− ∂R∗µ

∂t
= 0

(µ, v = 1, ..., 2n), (5)

then this kind of invariance is called Mei symmetry of
Birkhoff system.

Substituting Eq.(3) into Eq.(5), neglecting the
second and higher order terms of ε, and considering
Eq. (1), we can get the criterion of Mei symmetry.

Criterion For the Birkhoffian system (1), if the
infinitesimal generators (2) satisfy

{
∂X(0)(Rν)

∂aµ
− ∂X(0)(Rµ)

∂av

}
ȧv

− ∂X(0)(B)
∂aµ

− ∂X(0)(Rµ)
∂t

= 0,

(µ, v = 1, ..., 2n), (6)

then the system (1) has Mei symmetry.

3. The generalized Mei conserved

quantity

The condition under which the Mei symmetry will
lead to a generalized Mei conserved quantity and the
form of the generalized Mei conserved quantity are
given in the following theorem.

Theorem If the generators of the infinitesimal
transformations ξ0, ξµ of Mei symmetry and gauge
function GF = GF (t, a) satisfy the following condi-
tions[

f
∂X(0)(Rµ)

∂t
+ ξν

∂X(0)(Rµ)
∂aν

]
ȧµ + X(0)(Rµ)ξ̇µ

[
f

∂X(0)(B)
∂t

+ ξν
∂X(0)(B)

∂aν

]

−X(0)(B)ḟ + ĠF = 0, (7)

then the Mei symmetry can lead to a conserved quan-
tity as follows:

IF = X(0)(Rµ)ξµ −X(0)(B)f + GF = const, (8)

where f = f(t, a) is an arbitrary function whose duty
is make the gauge function exist, we named f coordi-
nation function.[18]

Proof Calculate the derivative of Eq.(8) with
respect to time t, we have

d
dt

IF =
[
∂X(0)(Rµ)

∂t
+

∂X(0)(Rµ)
∂av

ȧv

]
ξµ+X(0)(Rµ)ξ̇µ

−
[
∂X(0)(B)

∂t
+

∂X(0)(B)
∂av

ȧv

]
f

−X(0)(B)ḟ + ĠF , (9)

substituting Eq.(7) into Eq.(9), and considering the
criterion Eq.(6) as well as the following conditions

[
∂X(0)(Rν)

∂aµ
− ∂X(0)(Rν)

∂av

]
ȧvȧµ = 0, (10)

we can get

d
dt

IF =
{[

∂X(0)(Rν)
∂aµ

− ∂X(0)(Rµ)
∂av

]
ȧν

− ∂X(0)(B)
∂aµ

− ∂X(0)(Rµ)
∂t

}
(fȧµ − ξµ)

=f

[
∂X(0)(Rν)

∂aµ
− ∂X(0)(Rµ)

∂av

]
ȧν ȧµ = 0.

(11)

So, equation (8) is a conserved quantity.

If we let f = ξ0, then equations (7) and (8) be-
come respectively the results in Refs.[27, 28]. So our
results in this paper are more common, and we call the
conserved quantity (8) as generalized Mei conserved
quantity for Birkhoff system.

4. An illustrative example

Suppose the fourth order Birkhoff’s functions and
Birkhoffian are

R1 = a3, R2 = a4, R3 = R4 = 0, (12)

B = [(a3)2 + (a4)2] + a2. (13)
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Let us study its Mei symmetry and generalized Mei
conserved quantity. The Birkhoff equation (1) gives
out

− ȧ3 = 0, − ȧ4 − 1 = 0,

ȧ1 − a3 = 0, ȧ2 − a4 = 0. (14)

Take the criterion Eq.(6) into account, we have

(
∂ξ4

∂a1
− ∂ξ3

∂a2

)
ȧ2 − ∂ξ3

∂a3
ȧ3 − ∂ξ3

∂a4
ȧ4 − ∂ξ3

∂a1
a3 − ∂ξ4

∂a1
a4 − ∂ξ2

∂a1
− ∂ξ3

∂t
= 0, (15)

(
∂ξ3

∂a2
− ∂ξ4

∂a1

)
ȧ1 − ∂ξ4

∂a3
ȧ3 − ∂ξ4

∂a4
ȧ4 − ∂ξ3

∂a2
a3 − ∂ξ4

∂a2
a4 − ∂ξ2

∂a2
− ∂ξ4

∂t
= 0, (16)

∂ξ3

∂a3
ȧ1 +

∂ξ4

∂a3
ȧ2 − ∂ξ3

∂a3
a3 − ∂ξ4

∂a3
a4 − ∂ξ2

∂a3
− ξ3 = 0, (17)

∂ξ3

∂a4
ȧ1 +

∂ξ4

∂a4
ȧ2 − ∂ξ3

∂a4
a3 − ∂ξ4

∂a4
a4 − ∂ξ2

∂a4
− ξ4 = 0. (18)

The above equations have the following solutions

ξ0 = 0, ξ1 = 1, ξ2 = t, ξ3 = ξ4 = 0. (19)

The structure equation (7) gives

ĠF = f + ḟ . (20)

Let f = t, we have

GF =
1
2
t2 +

1
3
t3. (21)

From Eq.(8), we can get

IF =
1
3
t3 − 1

2
t2. (22)

Let f = a3, we have

GF = a1. (23)

From Eq.(8), we can get

IF = a1 − a3t. (24)

Let f = a4, we have

GF = a2 − 1
2
t2. (25)

From Eq.(8), we can get

IF = a2 − a3t− a4t. (26)

Let f = ξ0 = 0, we have

GF = a3. (27)

From Eq.(8), we can get

IF = −a3. (28)

5. Conclusion

In this paper, we get generalized Mei conserved
quantity which is a new conserved quantity of Birkhof-
fian system. The Mei conserved quantity is a special
case of generalized Mei conserved quantity. The coor-
dination function broadens the area of Mei conserved
quantity and our results are of more general signifi-
cance. We hope it can be applied to more other sys-
tems.
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