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The propagation of the fast muon population mainly due to collisional effect in a dense deuterium–tritium (DT for

short) mixture is investigated and analysed within the framework of the relativistic Fokker–Planck equation. Without

the approximation that the muons propagate straightly in the DT mixture, the muon penetration length, the straggling

length, and the mean transverse dispersion radius are calculated for different initial energies, and especially for different

densities of the densely compressed DT mixture in our suggested muon-driven fast ignition (FI). Unlike laser-driven FI

requiring super-high temperature, muons can catalyze DT fusion at lower temperatures and may generate an ignition

sparkle before the self-heating fusion follows. Our calculation is important for the feasibility and the experimental study

of muon-driven FI.
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1. Introduction

For both magnetic confinement fusion (MCF)

and inertial confinement fusion (ICF),[1] deuterium

and tritium (DT) ions are assumed free ions with

Maxwellian velocity distribution function and any ef-

fect due to plasma electrons and other ions is neglected

in most theories, so the fusions can be considered as

the collision of DT ions. The realization of the fu-

sion needs super-high temperature according to the

electromagnetic principles and the quantum barrier

transparency theory. However, the muon with 207

times the mass of and the same charge as the electron

is suggested[2,3] as a catalyzer of the fusion, so that

DT fusion can happen more easily. The theoretical

study on the feasibility of muon catalyzed fusion[2,3]

proceeded later. Then it is proved experimentally that

the muons can catalyze the fusion in 1957.[4] Up to

now, one muon costing the energy of 8GeV can catal-

yse more than 100 fusions before it leaves the fusion

cycle because of its decay[5] or capture by Helium,[6,7]

and then release the energy of 2 GeV and neutrons.[8]

However, it means that the spent energy still cannot

be paid off with the released energy. So Petrov[8] sug-

gested the hybrid muon-catalysis, in which the pro-

duced neutrons of initial energy of 14.1MeV from the

muon catalysis reaction can be used in obtaining fis-

sion energy and nuclear breeding in the following fis-

sion reactions, then extra energy can be obtained. For

the same purpose, in this paper we will suggest the

muon-driven fast ignition (FI).

After the compression of the DT mixture, in the

laser-driven FI for ICF, an electron or ion beam pro-

duced by high-power-laser may generate a sparkle at

the surface of the high density compressed fuel and

then the fusion energy can induce the self-heating fu-

sion of the surrounding mixture. Before the ignition

happens, in order to heat the hot spot to high tem-

perature, the current of the fast electron beam for FI

must be much higher than Alfven limit so that it may

be difficult for the electron beam to move in. While

the way to catalyse more reactors with one muon may

be found in the future, we suggest the muon-driven

FI in which the short ignition laser pulse is entirely

or partly replaced by a muon beam. Although the

energy spent for producing muons cannot be paid off
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with the released energy in the hot spot, the fusion

energy released by the whole fusion fuel may still be

larger than the total input energy including the en-

ergy for muons production and the compressing laser

pulse.

In this kind of ignition, the requirement for the

high temperature may be low because of the cataly-

sis of the muons for the fusion. In order to explore

the feasibility of this method, we study the propaga-

tion and deposition of the energetic muons as the very

first step.

The propagation and the deposition of the muons

are very important for the fusion process and have

been studied a lot[9−11] (not for FI), where the den-

sity of the liquid DT mixture is about 5×1028 m−3.

In the case of the muon-driven FI, the DT mixture

is compressed to much higher densities than that of

the liquid one. So here we study the propagating of

the fast muons in such a very denser DT mixture us-

ing the relativistic Fokker–Planck equation[12] without

the approximation[9−11] that the muons propagate in

the DT mixture straightly.

This paper is organized as follows. In the next

section, after we describe the various model assump-

tions, the Belieav and Budker relativistic extension

of the Landau collision kernel is used to set up the

relativistic Fokker–Planck equation for fast muons dy-

namics in a dense DT mixture. Then, in Section 3, we

solve this equation with the use of the Green-function

method. In Sections 4, we calculate the mean pen-

etration length, the straggling length, and the mean

transverse dispersion radius of the muon beam using

the explicit analytical calculation. In the final section,

we give discussions.

2. The relativistic Fokker–Planck

equation of the fast muons

A muon interacting with a DT mixture loses

its energy and momentum through two main chan-

nels: (i) collisions and (ii) radiation. Collisional en-

ergy loss leads to a continuous slowing down while

bremsstrahlung causes large and sudden energy losses.

Bremsstrahlung[13−15] is the radiation during collision

especially the Coulomb collision, which is the main

energy loss scheme for the ultra-relativistic particle,

while it is not important for nonrelativistic particles.

Because the radiation power is proportional to the

square of the particle charges and inversely propor-

tional to the mass of the incident particles, the effect

of the bremsstrahlung does not play an important role

for heavy incident particles. In this paper, for muons

of several MeV propagating in the dense DT mixture,

the energy loss from bremsstrahlung can be neglected.

Furthermore, provided that the beam density is small

compared to the background DT mixture density, we

can neglect the interaction between the muons of the

beam.

The slowing down time scale of a fast muon is

τ = 207 × [4πcner
2
e lnΛme]

−1, having the dimension

of time, where ne is the electron density of the back-

ground DT mixture, re is the classical electron radius,

c is the velocity of light, and lnΛme is the Coulomb

logarithm. Throughout this paper, in order to sim-

plify this study, we will use τ as the unit of time, mec

as the unit of electron momentum where me is the

mass of the electron, and Mc as the unit of muon mo-

mentum where M is the mass of the muon. Thus, the

unit of length is λ = cτ
[

λ

cm

]

=
207

lnΛme

[

1030m−3

ne

]

. (1)

The relativistic momentum is denoted as p = γν and

the relativistic energy as γ =
√

1 + p2.

Densities of the background electrons and ions are

ne and ni respectively. Because ne = Zni is required

for the quasineutrality, we have Z=1 in the DT mix-

ture. In order to study the interaction between a fast

muon and the background DT mixture, we set up the

kinetic equation for the fast muon momentum distri-

bution function f(p, t), including both the collisional

effect and the angular scattering:[17]

∂f/∂t = Cme(f, Fe) + Cmi(f, Fi) (2)

with the two collisional operators Cme and Cmi de-

scribing muon–electron and muon–ion collisional in-

teractions. Fe and Fi are distribution functions of

electrons and ions in the background DT mixture re-

spectively.

In this paper, the initial energy of the muon is sev-

eral MeV and the velocity of the muon is much larger

than that of the background particles. Therefore, it is

reasonable to denote the background electron and ion

distributions by two ‘cold’ distributions

Fs(Ps) = ns
δ(ps)

4πP 2
s

, (3)

where s=e, i represents the background species and

ps = |Ps|. So we have
∫

Fs(p)d3P = ns. (4)
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Using the expressions (2), (3), and (4) and the Be-

lieav and Budker relativistic extension of the Landau

collision kernel, we set up the relativistic kinetic equa-

tion: the relativistic Fokker–Planck equation[12,16−21]

in the set of spherical momentum coordinates as

shown in Fig.1.

Cme(f, Fe) + Cmi(f, Fi)

= −
1

p2

∂

∂p
γ2f −

ZΛ

M1p2

∂

∂p
γ2f −

1 + ZΛ

2 × M
m

γ

p3

×

[

∂

∂µ
(1 − µ2)

∂

∂µ
+

1

1 − µ2

∂2

∂φ2

]

f. (5)

Here M1 is the mass number of the DT mixture.

Also we have introduced the Coulomb logarithm ratio

Λ = lnΛme/ lnΛmi. For the case in this paper, Z=1

and the energy of the fast muon is not very high, so

Coulomb logarithm ratio is about one.[5]

Fig.1. Definition of the set of spherical momentum coor-

dinates (p, θ, ϕ).

The first part on the right-hand side of Eq.(5)

describes the effect of collisional drag due to muon–

electron collisions and the second part describes the

effect of collisional drag due to muon–ion collisions.

We find that the energy loss due to the background

ions is much smaller than that due to the background

electrons, so the second part can be neglected. The

third part describes the pitch angle scattering due to

both muon–electron and muon–ion collisions. In this

article, ZΛ=1 and M/m = 207 >> 1, then the mean

transverse dispersion radius corresponding to the an-

gle deflection is much smaller than the muon propa-

gating length while the mean transverse dispersion ra-

dius and the propagating length are on the same order

for the electrons[17] propagating in the plasmas. But

the transverse dispersion does change the theoretical

propagating length as we will show later in Fig.6.

From the comparison of the first part with the

second part in Eq.(5), it is found that the energy of

a muon is mostly delivered to the lighter particles.[5]

This is because the transferred momentum ∆p ∝

(qaqbe
2/l2)l/vp, depends only on the charges Z1 and

Z2 of the colliding partners, the impact parameter b,

and the collision time b/vp, but not on the mass. How-

ever, the transferred energy ∆ε = (∆p)2/2m is in-

versely proportional to its mass, so low-mass electrons

pick up most of the energy.

3. Green function of the Belieav–

Budker operator

The initial condition for the fast muon in the DT

mixture is described in the following: the momentum

is p0 and the position is r0=(0, 0, 0) at time t0=0. So

the initial momentum distribution is a shifted Dirac

function:

f(P, t0) = δ(P − P0). (6)

The evolution of f(p, t) is the Green function of the

Beliaev–Budker operator:

f(P, t) = G(P, P0, t, t0) (7)

and G is the solution of

∂G

∂t
−

1

p2

∂

∂p
γ2G −

1 + ZΛ

2 ×
M

m

γ

p3

×

[

∂

∂µ
(1 − µ2)

∂

∂µ
+

1

1 − µ2

∂2

∂φ2

]

G

=
δ (p − p0)

p2
δ(µ − µ0)δ (φ − φ0) δ (t − t0) , (8)

where (p0, µ0, φ0) is the initial momentum in the set

of spherical momentum coordinates at time t0=0. Be-

cause the spherical harmonics are the eigenfunctions

of the angular part of the collision operator, the solu-

tion of Eq.(8) can be written as:[16,17,19,22]
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G =
δ (arctan (p) − p − arctan (p0) + p0 − (t − t0))

γ2
H (t − t0)

×

l=+∞
∑

l=0

m=+l
∑

m=−l

Y m
l (µ, ϕ)Y m∗

l (µ0,ϕ0)

[

p (γ0 + 1))

p0 (γ + 1)

][l(l+1)(ZΛ+1)/2/(M/m)]

, (9)

where the function Ylm is the spherical harmonics and

H is the Heaviside function.

Clearly, Eq.(9) describes the evolution of the fast

muon propagating in the DT mixture. The part be-

fore the sum symbol describes the process of slowing

down while the part after that describes the process

of the angle deflection.

This Green function G(P, P0, t, t0) is the transi-

tion probability in the physical interpretation: a muon

starting at time t0 with momentum p0 will be found

with the probability G(P, P0, t, t0) at later time t in

the momentum volume element dp centred around p.

The expression of the evolution of any value is[23]

〈g(P, t)〉 =

∫

dpg(p, t)G(P ,P0, t, t0). (10)

Using Eq.(10), we can calculate the muon prop-

agating length, the straggling length, and the mean

transverse dispersion radius in the dense DT mixture.

4. Propagation and deposition of

the fast muon

To evaluate the size of the DT mixture volume

deposited of the fast muons, we have to calculate the

penetration length, as well as the straggling length,

and the mean transverse dispersion radius for the

muons.[17] The three characteristic lengths are de-

fined as follows: (1) the muon penetration length

is 〈z〉, where the brackets 〈〉 stands for an average

over the various realizations of the collisional noise.

(2) The straggling length is s =

√

〈z2〉 − 〈z〉
2
, rep-

resenting the statistical spreading of a set of muons

with the same initial condition. (3) The mean trans-

verse dispersion radius is
√

〈r2〉. The detailed cal-

culations can be referred to Ref.[12], with M/m=270

in some expressions. Considering an equivalence DT

mixture with Z=1, n=1032 m−3 and the unit length

λ = 2070 µm, the muon penetration length, the strag-

gling length and the mean transverse dispersion radius

of the muons with initial energy of 18MeV increasing

with decreasing energy are shown in Fig.2 with the

energy unit of MeV and length unit of µm. As shown

in the figure, both the straggling length and the mean

transverse dispersion radius are much smaller than the

penetration length, on the same order. The stopping

length, the straggling length and the mean transverse

dispersion radius are 53µm, 1.45µm, and 2.6µm re-

spectively. The size of the DT mixture volume de-

posited of the fast muons is a column centred at the

distance of 53µm, with the full length of 2.9µm and

the radius of 2.6µm.

Fig.2. The muon penetration length (curve a, the solid

line), the straggling length (curve b, the dotted line) and

the mean transverse dispersion radius (curve c, the dashed

line) for the muon with initial energy of 18 MeV propa-

gating in the compressed dense DT mixture of the density

n=1032 m−3.

We have calculated the deposited size of the

18MeV muons in the DT mixture of density of

n=1032 m−3. As the initial energy of the muons in-

creases, the deposited size is enlarged. We can choose

the different energies of muons and the number of

the muon beams to make the deposited size of muons

equal to the size required. For our suggested muon-

driven FI, the DT mixture is compressed to higher

densities than the liquid one, so the three lengths are

calculated for different densities. The stopping length,

the straggling length and the mean transverse disper-

sion radius (with the length unit of µm) are shown in

Figs.3, 4 and 5 respectively with different initial
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Fig.3. The stopping length for the muon with initial

energy from 5 to 25MeV in the compressed dense DT

mixture of the density n=1032 m−3 (curve a, the dot-

ted line), n=5×1031 m−3 (curve b, the dashed line) and

n=1031 m−3 (curve c, the solid line).

Fig.4. The straggling length for the muon with initial

energy from 5 to 25MeV in the compressed dense DT

mixture of the density n=1032 m−3 (curve a, the dot-

ted line), n=5×1031 m−3 (curve b, the dashed line) and

n=1031 m−3 (curve c, the solid line).

Fig.5. The mean transverse dispersion radius for the

muon with initial energy from 5 to 25 MeV in the com-

pressed dense DT mixture of the density n=1032ṁ−3

(curve a, the dotted line), n=5×1031 m−3 (curve b, the

dashed line) and n=1031 m−3 (curve c, the solid line).

energies (from 5 to 25MeV) and background densi-

ties (n=1031 m−3, 5×1031 m−3, and 1032 m−3). With

these calculations, we can choose the suitable energy

of the muon for the specific density and the deposited

muon size required.

5. Discussion

In order to heat the hot spot to high tempera-

ture, the current of the fast electron beam for FI must

be much higher than Alfven limit so that it may be

difficult for the electron beam to move in. So, we

suggest muon-driven FI, in which muons may gener-

ate an ignition sparkle at lower temperature because

of their catalysis for fusion, and then self-heating fu-

sion follows. The fusion energy released by the whole

fusion fuel may still be larger than the total input en-

ergy including the energy for muons production and

the compressing laser pulse. In this paper, we have

mainly studied the problem of the characteristic size

of the muon deposition volume in the dense DT mix-

ture as the very first step to study the feasibility of

the suggested muon-driven FI.

The muon deposited spot is characterized by three

lengths: the stopping length, the straggling length,

and the mean transverse dispersion radius. Solving

the relativistic Fokker–Planck equation, we have cal-

culated the three kinds of length of different initial

energies for different densities without the approxi-

mation that the muons propagate in the DT mixture

straightly. With these calculations, we can choose the

suitable energy of the muon for the specific density

and the deposited muon size required. For example,

the initial energy of muons required is about 18 MeV

for the compressed DT mixture core with density of

n=1032 m−3and radius of 50µm.

The comparison of the penetration lengths for

muons with the initial energy of 18MeV by the previ-

ous Ref.[5] (the solid line) and our paper (the dotted

line) is shown in Fig.6. We will find that the length in

Ref.[5] is longer than that in our result and the rea-

son for the difference between them is that we have

considered the angular scattering. With the approx-

imation that the muons propagate in the DT mix-

ture straightly, the initial energy of muons required

for the compressed DT mixture core also with density

of n=1032 m−3 and radius of 50µm is about 17MeV,

which is smaller than 18MeV when we consider the

angular scattering. So muons cannot be considered as
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Fig.6. The comparison of the penetration length for the

muons with initial energy of 18MeV propagating in the com-

pressed dense DT mixture of the density n=1032ṁ−3 by the

ways in Ref.[5] (curve b, the dotted line) and our paper (curve

a, the solid line).

propagating in the DT mixture straightly when exact

accuracy is needed.

Our calculation of deposited sizes is important for

understanding the mechanism of the catalysis for the

fusion, and it may give some theoretical guidance for

the feasibility of our suggested muon-driven FI. As

we know, high energy electron or proton beams can

be used for FI. At present, it is hard to say the FI

driven by muons has more advantage or it is easier for

generating energetic muons than generating energetic

electrons and protons. But at least it provides a pos-

sible alternative since the traditional FI methods are

still not successful.
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