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Based on multi-fluid volume fraction and piecewise parabolic method (PPM), a multi-viscosity-fluid hydrodynamic

code MVPPM (Multi-Viscosity-Fluid Piecewise Parabolic Method) is developed and applied to the problems of shock-

induced hydrodynamic interfacial instability and mixing. Simulations of gas/liquid interface instability show that the

influences of initial perturbations on the fluid mixing zone (FMZ) growth are significant, especially at the late stages,

while grids have only a slight effect on the FMZ width, when the interface is impulsively accelerated by a shock wave

passing through it. A numerical study of the hydrodynamic interfacial instability and mixing of gaseous flows impacted

by re-shocks is presented. It reveals that the numerical results are in good agreement with the experimental results and

the mixing growth rate strongly depends on initial conditions. Ultimately, the jelly layer experiment relevant to the

instability impacted by exploding is simulated. The shape of jelly interface, position of front face of jelly layer, crest and

trough of perturbation versus time are given; their simulated results are in good agreement with experimental results.
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1. Introduction

The instability of a material interface interacting

with an incident shock was predicted theoretically by

Richtmyer in 1960,[1] and confirmed experimentally by

Meshkov[2] ten years later. Since then, this interfacial

instability has been known as the Richtmyer–Meshkov

(RM) instability. The RM instability is closely related

to the Rayleigh–Taylor (RT) instability,[3−5] which is

an interfacial instability between two fluids with dif-

ferent densities, driven by an external force. The RM

and RT instabilities share some common features, such

as the formation and growth of bubbles and spikes.

The ‘light’ fluid penetrates into “heavy” fluid as bub-

bles, while the ‘heavy’ fluid enters the “light” fluid as

spikes. However, the dynamics of RM instability is

qualitatively different from that of RT instability. A

small initial perturbation to the interface separating

the two fluids with different densities grows linearly

first, and nonlinearly develops at the late time, and

subsequently transits to turbulence. Linear stability

theory has achieved excellent results in linear growth

stage, while there exist more obstacles to the inves-

tigation of nonlinear and turbulent mixing stages at

present. Many scientists have devoted themselves to

this field and gained good achievements.[6−11]

The RM instability is of importance in fields

ranging from astrophysics to combustion. For in-

stance, the RM instability is believed to occur when

the outward propagating shock wave generated by

the collapsing core of a dying star passes over the

helium–hydrogen interface.[12] The RM instability is

also of critical importance to inertial confinement fu-

sion (ICF), in which the shell that encapsulates the

deuterium-tritium fuel becomes RM unstable as it is

accelerated inward by the ablation of its outer sur-

face by laser or secondary x-ray radiation. The RM

instability is also important to high-speed combus-

tion applications, because of greatly enhancing mix-

ing and changing the burning rate. Nevertheless the

∗Project supported by the National Natural Science Foundation of China (Grant Nos 10672151 and 10772166), the Foundation

of China Academy of Engineering Physics (Grant No 2008B0202011) and the Fundamental Quality and Reliability of National

Defence Science and Technology Industry of China.
†E-mail: qinwufeiyang1979@126.com, wtaoxp@21cn.com

http://www.iop.org/journals/cpb http://cpb.iphy.ac.cn



1128 Wang Tao et al Vol. 18

presence of shock waves in the RM instability signifi-

cantly complicates its study theoretically, numerically

and experimentally. In the present paper, the flow

mixing induced by the RM instabilities is researched

numerically by using the multi-viscosity-fluid piece-

wise parabolic method (MVPPM)[13] code, which is

developed from the Euler code of multi-fluid piece-

wise parabolic method) (MFPPM).[14,15] The code is

verified by comparing the numerical results and the

experimental results, and the evolution of instability

is analysed. It should be noted that only the molecu-

lar dynamics viscosity is considered in the simulations,

so the code MVPPM cannot simulate the turbulence

accurately, that is why we name the fluid mixing zone

(FMZ) rather than prevailing turbulent mixing zone

(TMZ).

2. Algorithm

2.1.Basic equations

On the basis of volume fraction model,[16] we

combine the piecewise parabolic method (PPM) with

the interface tracking technique to solve the hydrody-

namic equations, and to study the hydrodynamic in-

stability. With the viscosity and heat-transfer taken

into account, the governing equations can be written

as follows:

∂ρ

∂t
+

∂ρuj

∂xj
= 0,

∂ρui

∂t
+

∂ρujui

∂xj
= −

∂p

∂xi
+

∂σij

∂xj
,

∂ρE

∂t
+

∂ (ρujE + puj)

∂xj
= −

∂qj

∂xj
+

∂ (uiσij)

∂xj
,

∂Y (s)

∂t
+ uj

∂Y (s)

∂xj
= 0, s = 1, 2, . . . , N − 1. (1)

Here, i and j represent the three directions of x, y, z

respectively; ρ, uk(k = i, j), p are density, speed

and pressure of material; E is the total energy per

unit mass; N is of the category of material; Y (s) is

the volume fraction of the sth material and satisfies
∑

Y (s) = 1. σij is the Newtonian fluid viscosity stress

tensor, expressed as

σij = µ

(

∂ui/∂xj + ∂uj/∂xi −
2

3
δij (∂uk/∂xk)

)

,

(2)

where µ is the fluid viscosity; qj is the energy flux per

unit time and space, qj = −λ∂T/∂xj; T is tempera-

ture; λ is the efficient heat-transfer coefficient.

The operator splitting technique is used to decom-

pose the physical problems, as described by Eq.(1),

into three sub-processes, i.e. the computation of in-

viscid flux, viscous flux and heat flux, and then Eq.(1)

can be decomposed into two equations as follows:

∂ρ

∂t
+

∂ρuj

∂xj
= 0,

∂ρui

∂t
+

∂ρujui

∂xj
+

∂p

∂xi
= 0,

∂ρE

∂t
+

∂ (ρujE + puj)

∂xj
= 0,

∂Y (s)

∂t
+ uj

∂Y (s)

∂xj
= 0, s = 1, 2, . . . , N − 1, (3)

and

∂ρ

∂t
= 0,

∂ρui

∂t
=

∂σij

∂xj
,

∂ρE

∂t
= −

∂qj

∂xj
+

∂ (uiσij)

∂xj
,

∂Y (s)

∂t
= 0, s = 1, 2, ..., N − 1. (4)

2.2.Difference scheme

In order to calculate the inviscid flux and cap-

ture the interface, third-order precision PPM (two-

order precision in time) is combined with volume of

fluid (VOF) method[17,18] to solve Euler equation (3).

Equation (3) is simplified into multi one-dimensional

equations, for example, the 1D equations in the x di-

rection are

∂ρ

∂t
+

∂ (ρu)

∂x
= 0,

∂ (ρu)

∂t
+

∂
(

ρu2 + p
)

∂x
= 0,

∂ (ρE)

∂t
+

∂ (ρuE + pu)

∂x
= 0,

∂Y (s)

∂t
+ u

∂Y (s)

∂x
= 0, s = 1, 2, ..., N − 1. (5)

The two-step Lagrange-remapping algorithm is ap-

plied to solving Eq.(5), and one time step calcula-

tion can be divided into four steps: (1) the piecewise

parabolic interpolation of physical quantities; (2) solv-

ing Riemann problems approximately; (3) marching of

Lagrange equations; Remapping the physical quanti-

ties onto stationary Euler meshes. For the Lagrange

step, the substantial derivative of volume fraction Y (s)

is zero and unchangeable, and multi-fluid one dimen-
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sional Lagrange equations can be written as

∂τ

∂t
−

∂ (rau)

∂m
= 0,

∂u

∂t
+ ra ∂p

∂m
= 0,

∂E

∂t
+

∂ (raup)

∂m
= 0,

∂Y (s)

∂t
= 0, s = 1, 2, ..., N − 1, (6)

where τ is the specific volume; α is 0, 1, and 2 corre-

sponding to plane, axially symmetric and spherically

symmetric problems respectively; r is the spatial coor-

dinate; m is the mass coordinate m =

∫ r

r0

ρradr. After

this step, the meshes have distorted and the average

physical quantities in Lagrange coordinates must be

remapped back onto Euler meshes, (ρE)n+1, (uE)n+1,

(EE)n+1 and ((Y (s))E)n+1.

The VOF method, which is a kind of volume

tracking technique and also a popular interface track-

ing algorithm that has been proven to be a useful and

robust tool since its development over two decades

ago, is used to track the interface. Fluid volume func-

tion F is defined as the ratio of fluid volume in each

cell to the cell volume, and it is the volume fraction

function Y (s), then the following three conditions are

possible:

Y (s) = 0: the cell is empty (of the sth fluid)

Y (s) = 1: the cell is full (of the sth fluid)

0 < Y (s) < 1: the cell contains the interface be-

tween the sth fluid and one or more other fluids.

All variables and properties are shared by the

phase (or fluid) and the represented volume-averaged

values. As long as the volume fraction of each phase is

known at each location, the variables and properties

in any given cell are purely either representative of

one of the phase, or representative of a mixed phases,

depending on the volume fraction values.

2.3.Dissipation term

For the viscous flux and heat flux, Eq.(4) needs

solving based on inviscid flux. We use the second-

order spatial centre difference and two-step Rung–

Kutta time marching to solve it. Newtonian fluid vis-

cosity stress tensor and energy flux only influence the

momentum and the energy of the fluid, so the first

equation and the last equation can be neglected, and

Eq.(4) can be written as

∂Ū

∂t
+

∂F̄

∂x
+

∂Ḡ

∂y
+

∂H̄

∂z
= 0 (7)

with

Ū =(ρu, ρv, ρw, ρE)
T

,

F̄ =(−σxx,−σyx,−σzx,−uσxx − vσyx − wσzx + qx)
T

,

Ḡ=(−σxy,−σyy,−σzy,−uσxy − vσyy − wσzy + qy)
T

,

H̄ =(−σxz,−σyz,−σzz,−uσxz − vσyz − wσzz + qz)
T

.(8)

In the cartesian coordinates system, the spatial deriva-

tive terms in Eq.(7) can be discretized as follows:

Lh

(

ŪE
i,j,k

)

=
F̄E

i−1/2,j,k

∆x
+

ḠE
i,j−1/2,k − ḠE

i,j+1/2,k

∆y

+
H̄E

i,j,k−1/2 − H̄E
i,j,k+1/2

∆z
. (9)

The superscript ‘E’ denotes that the physical quanti-

ties are solutions of Euler equations (3). Then Eq.(7)

is solved by two Rung–Kutta marching

Ū
(l)
i,j,k = ŪE

i,j,k + ∆tLh

(

ŪE
i,j,k

)

,

Un+1
i,j,k =

1

2

[

ŪE
i,j,k + Ū

(l)
i,j,k + ∆tLh

(

Ū
(l)
i,j,k

)]

. (10)

3. Results and discussion

3.1.Case 1 : instability of gas/liquid in-

terface

The computational model and the initial

pressure[19] are presented in Fig.1. On the left of in-

terface is air and on the right is water, the interface is

impacted by high-pressure He gas. The experimental

apparatus is fixed vertically, and the gravity is negligi-

ble, relative to shock wave’s accelerating. We set three

kinds of initial perturbations to the interface: the first

one is a random perturbation; the second one is a nat-

ural perturbation (The interface is a concave from left

to right); the third one is a point perturbation which

is a very small semicircle penetrating into water in the

middle of the interface. The computational domain is

divided into 1×26 zones each with 100×68 meshes for

parallel calculation (26 CPUs).

Fig.1. Computational model.
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Figures 2(a), 2(b) and 2(c) show the FMZ width,

spike width and bubble width versus time respectively.

It can be seen that the FMZ width increases with time

and is influenced little by initial perturbations at the

early time, and the evolution of spike width is similar

to that of the FMZ width; the bubble width increases

roughly linearly and is affected little by initial pertur-

bations relative to the FMZ or spike width. In fact,

the FMZ width is the sum of the bubble width and

spike width, and the spike grows faster than the bub-

ble.

Fig.2. (a) FMZ widths vs time for different perturbations, (b) Spike widths vs time for different

perturbations, and (c) Bubble widths vs time for different perturbations.

The configurations of FMZ for different initial

perturbations at one time are presented in Fig.3,

where on the right is water. It reveals that the config-

uration of FMZ is dependent on initial perturbation.

We have also made the grids finer and found that the

effect of grid size is small.

Fig.3. Configurations of FMZ for different initial perturbations at one time.

3.2.Case 2: instability and flow mixing

under impaction of re-shocks

The evolution of turbulent mixing zone impacted

by a single shock wave has been known well, but it

has not been understood deeply yet when impacted

by multiple shock waves. The instability and the flow

mixing of light/heavy gas interface under impaction

of re-shocks[20,21] are simulated. The computational
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model is presented in Fig.4. The shock wave Mach

number is 1.2, and the left boundary is inflow/outflow

Fig.4. Computational model of shock tube.

and the others are all walls. The computational do-

main is divided into 36 zones (9×4 CPUs) each with

200×200 meshes for parallel calculating.

The initial perturbation is a random one which

is on the interface between air and SF6 gas (the At-

wood number=0.67). It has two forms: (1) the ini-

tial amplitude is 0.175mm, initial wavelength λ is be-

tween 0.5 and 6.5mm, i.e. 0.5 < λ < 6.5mm, and

the initial average wavelength 〈λ〉 is 3.5mm; (2) the

initial amplitude is 0.075mm, and 0.5 < λ < 2.5mm,

〈λ〉 = 1.5mm. The initial parameters of materials are

shown in Table 1.

Table 1. Initial parameters.

material ρ/(kg/m3) p/Pa V /(m/s) γ µ/(Pa·s)

SF6 6.5204 1.0×105 0.0 1.09 1.72×10−5

unshocked air 1.29 1.0×105 0.0 1.4 1.84×10−5

shocked air 1.7307 1.51×105 100.66 1.4 1.84×10−5

When the incident shock collides with the ma-

terial interface, it bifurcates into a transmitted shock

and a reflected wave. Depending on the material prop-

erties of fluid crossing the material interface and the

incident shock strength, the reflected wave can be ei-

ther a shock or a rarefaction wave.[22] For the major-

ity of real gases, the criterion states that when the

shock collides with the material interface from light

fluid phase to heavy fluid phase, the reflected wave is

a shock; otherwise it is a rarefaction wave. Here the

reflected wave is a shock, whereas it cannot affect the

evolution of the interface. The transmitted shock hits

the endwall and returns to the interface, and then it

collides with the material interface again.

Fig.5. FMZ widths vs time (t=0 denotes the re-shock arrival at the interface).
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Figures 5(a)–5(d) show the FMZ width versus

time and a comparison between numerical results and

experimental results, displaying that FMZ width in-

creases slowly at the early time, because the linear

flow plays a dominant role. When the re-shock arrives

at the interface and collides with it again, the FMZ

width decreases abruptly, which is because the trans-

forming of crest and trough makes it negatively grow.

This transformation is the typical characteristics when

shock wave travels from heavy fluid phase to light fluid

phase.[23] Thenceforth the effect of flow nonlinearity

plays a principal role, the rarefaction wave moves back

and forth, and weakens gradually, therefore the FMZ

growth rate increases sharply. We can also see that the

influence of molecular dynamics viscosity is limited,

and the largest error is less than 5% between inviscid

and viscous results. However, the FMZ growth rate

strongly depends on initial conditions (initial spec-

trum and initial amplitude). It can be seen that the

growth rate following the re-shock impacting increases

with the initial average wavelength increasing, and nu-

merical results of 〈λ〉 = 3.5mm spectrum are in better

agreement with the experimental measurements than

those of 〈λ〉 = 1.5mm spectrum.

Figures 6(a)–6(c) present the density distribu-

tions at three moments before and after the shock

impacting the interface, for the case of initial aver-

age wavelength 〈λ〉 = 3.5mm. It can be seen that the

differences between viscous images (on the left) and

inviscid images (on the right) are very small.

Fig.6. Configurations of density from numerical simulations for initial average wave-length

〈λ〉=3.5 mm. (a) t=0.087 ms, (b) t=0.013 ms, (c) t=0.113 ms.

3.3.Case 3: hydrodynamic instability

and mixing of jelly model

In the jelly experiments, the jelly layer on which

a periodic initial perturbation is exerted is accelerated

by explosion products of a gaseous explosive mixture

(GEM), i.e. C2H2 and O2. The initial perturbation

is located on the interface between the GEM and jelly

layer, the perturbation equation is x = η cos(2πy/λ),

where η and λ are amplitude and wavelength respec-

tively, and the experimental and computational model

is presented in Fig.7. The air is ideal gas. The jelly

is mainly made of water, so its initial density is about

1000kg/m3, and the pressure is 1.013×105 Pa, the ra-
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tio of specific heat γ is 7.0. The exploding process of

GEM with an 1.823×106 Pa instantaneous explosion

pressure and γ = 2.5 can be neglected, because it is

very transitory. The grid resolution is 0.2mm. All

boundaries are walls except right one. The periodic

initial perturbation has three forms:

(1) η1=0.5mm, and λ1=8mm;

Fig.7. Experimental and computational model.

(2) η2=1.0mm, and λ2=8mm;

(3) η3=1.0mm, and λ3=5mm.

In the simulations, the displacements of front face

of jelly layer X1, top of bubble X2 and spike head X3,

relative to the initial equilibrium position, are given,

and the sketch map of X1, X2, X3 is displayed in

Fig.8.

Fig.8. Sketch map of X1, X2 and X3.

Figures 9(a)–9(b) show the displacements X1, X2,

X3 versus time for three kinds of initial perturbations,

Fig.9. (a) X1, X2 and X3 vs time with η1 = 0.5mm, and λ1 = 8mm; (b) X1, X2 and X3 vs

time with η2 = 1.0mm, and λ2 = 8mm; (c) X1, X2 and X3 vs time with η3 = 1.0mm, and

λ3 = 5mm.



1134 Wang Tao et al Vol. 18

and a comparison between numerical and experimen-

tal results, revealing that all the numerical results are

in good agreement with the experimental results ex-

cept the displacement X3. For the displacement X3,

numerical results are in good agreement with experi-

mental data at the early time, but deviate from them

at the late time. In the calculations, the jelly is treated

as a fluid and the shearing strength is not taken into

consideration. Besides, the influence of material in-

tensity on spike growth rate is larger than on bubble

growth rate but slight on the moving speed of front

face of jelly layer as a whole. For different initial per-

turbations, the experimental results show small dif-

ferences, whereas the spike grows faster in numerical

simulation when η = 1.0mm, and the amplitude of ini-

tial perturbation is a key factor to influence the evolu-

tion of interface. Figures 10(a)–10(c) show the images

of experimental measurements and numerical simu-

lations of GEM/jelly interface at three times. The

configurations are consistent with each other on the

whole, the evolution of interface in simulation is more

regular because of ideal state considered in calcula-

tions.

Fig.10. Configurations of GEM/jelly interface with η1 = 0.5mm and λ1 = 8mm.

4. Summary

In this paper, the multi-viscosity-fluid hydrody-

namic code MVPPM is developed and used to study

the instability and the flow mixing under the im-

paction of shock waves. And good results are achieved.

(1) The code MVPPM is verified and validated

in the case of instability under the impaction of re-

shocks, and the numerical results are in good agree-

ment with experimental measurements when initial

perturbation spectra contain a large enough wave-

length (〈λ〉 = 3.5mm).

(2) The experiments of jelly layer driven by the

GEM explosion are simulated, good agreement with

the measurements is achieved except for the displace-

ment of spike head X3 at the late time, which is per-

haps because the jelly intensity is ignored. Besides,

the amplitude of initial perturbation is an important

factor influencing the evolution of interface.

(3) In the future work, the shearing strength

should be considered and the elastic plastic model

should be adapted to the description of the condensed

phase. In simulations, what should be taken into ac-

count is not only the molecular dynamic viscosity, but

also the turbulent kinetic viscosity, because of its im-

portant role in hydrodynamic instability and turbu-

lent mixing.
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