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By introducing the two-mode entangled state representation (n| whose one mode is a fictitious one accompa-

nying the system mode, this paper presents a new approach for deriving density operator for describing continuum

photodetection process.
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In continuum photodetection process photons of
a light field are absorbed by detectors, so this is a
nonunitary time evolution of the field, we may tackle
this process from the point of view of field amplitude
damping. In another word, we can introduce the fol-
lowing master equation of density operator!!]

i—? =k (2apa’ — alap — pa'a) (1)
to describe a photodetection process, where x is the
rate of decay. Equation (1) is actually an amplitude
decay model (dissipation in a lossy cavity). The pur-
pose of this paper is to explore how the density oper-
ator evolves in continuous photodetection process by
virtue of the entangled state representation. This pa-
per will present a clear picture in this aspect, i.e., the
readers will see the origin of the density operator’s
time-evolution. To solve Eq.(1) we introduce the fol-
lowing entangled state in the doubled Fock space:!?!

1 . ~ =
) = exp (= 3lal? + ' =t +ala ) 0.0). (2

where a' is a fictitious mode accompanying the real
photon creation operator af, ‘O,(N)> = |0) ‘(~)>, |6> is
annihilated by a, [a,a’] = 1.
state representation is different from all the previous

The new entangled

known representations: Q-function, P-representation,
positive P-representation, complex P-representation,
and the Wigner function derived through characteris-

photodetection, entangled state representation, density operator

tic functions. Equation (1) provides a new approach
to obtaining density operators as we demonstrate now.

Operating a and @ on |n) in Eq.(2) we obtain the
eigen-equations of |n),

(a—a')|n) =nln),

(' —a)ln) =n"|n),

(nl (a' —a) = n* (n],

(nl(a—a') =n(nl. (3)

Note that [(a — a'), (af —a)] = 0, thus |n) is the com-
mon eigenvector of (a — a') and (@ — af).

Using the normally ordered form of vacuum pro-
jector |O, f)> <O, 6| =: and the
technique of integration within an ordered product

exp (—aTa — de) :,

(IWOP) of operators,[*~% we can easily prove that
|n) is complete,

d3n d2n s
[ ol = [ S exp(lal? + nat =t

+n*a—na+a'al + aa
—a'a—ata): =1, (4)

this merit provides us with a possibility to express
density operators in terms of |n). From Eq.(3) it is
easily seen that |n) is orthogonal

(" Im)y=m6(m" —n)é (™ —n*). (5)

It is worth mentioning that the two-mode squeezing
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operator Sy = exp [)\ (ad — dTaT)][ has its natu-

ral expression in (1| representation, !

so=e [Tl o, ©)

In fact, using the IWOP technique to perform the in-
tegration in Eq.(6) we have

d?n
A AN
[ ey

d2
=e’\/—n: ex
™

—n* (dTe)‘ — a) +afa' +aa—afa—alal:

_ P 23 Atz
P 5 (1—|—e )—i—n(ea a)

=sechAexp(—a'a' tanh N)exp[(a'a + a'a)
x In(sechA)]explaa tanh A]

=exp [\ (ad —a'a’)], (7)
S0
S |n) = &> [e*n) . (8)
When 7 = 0, Eq.(2) becomes
[n=0)=e""]0,0) = 3" [n.7) =|I),  (9)
n=0
S0
In) =D (n) 1), (10)
where |n,n) = % (aTdT)n ‘O,(N)>, and D(n) =

exp (naT — n*a) is the displacement operator. It is
easily seen that |I) has the properties

ally=a'|I), o' |I) =all), (a'a)" |I) = (a'a)" |1).
(11)
For general density operators expressed in Fock space
as
p= Z Pnma™a", (12)
m,n=0

one can see that

=pl =3 (phna™a) . (13)
m,n=0

After the classical quantity (n| p) are solved from
the c-number master equations, the relationships be-
tween (n| p) and the characteristic function, positive

The entangled
state representation has been recently used in dis-

P-representation are also deduced.

cussing quantum optical version of classical circular
harmonic correlation.[!!]

In order to resolve the above master equation, act-
ing the both sides of Eq.(1) on the state |I) , and notic-

ing |p) = p|I), we have

d
T lp) =k (2apaT —a'ap — paTa) ).  (14)

Using Eq.(11) and noting that density operators de-
fined in the original space are commutative with oper-
ators in the tilde space, we find that Eq.(14) becomes

d - e
7 lp) = K (2aa — ata — aTa) o), (15)

so its formal solution is
Ip) = exp{t (20a —ala—a'a)} o), (16)

where |po) = po|I), po is the initial density operator.
Thus we see that by introducing a fictitious mode be-
ing a counterpart mode of the system mode under re-
view we can arrange some density operators’ master
equations in quantum statistics as state-vector evolu-
tion equations.

Noticing that the operators in Eq.(16) obey the
following commutative relation:

B [a%—l—fﬁ& ﬂ _
aa, |———

[ad,aTa] = [aa,de} = 5 ,aa| = —aa
(17)
and using the operator identity!!?!
AMATIB) — Mexp [oc(1—e ) B/7], (18)
(valid for [A, B] = 7B), we have
T ata
exp [—2&1% (M — ad)]
2
=exp [—xt (a'a +a'a)] exp [Tad], (19)
where
T=1—e ¢, (20)
Then substituting Eq.(19) into Eq.(16) we obtain
~f~ — ™ n~n
|p) =exp [—rt (a'a + d'a)] Zg a" |po)
—ktata = ™ n n_ —rta'a
=e el Y —ra” poale T D)
n=0
— Tn —K aTa n n. —kK G/Tll
=) ¢ tatagn poafmerta'a |1y (21)
n=0

o i g —wtata n in —kta'a 29
p= e a"poa'e . (22)

This is an operator-sum representation of p. So we can

. co Tn"
rewrite p =" < Pn,

Pn = e—ﬁtafaanpoa‘i‘ne—ntafa, (23)
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and p,, itself is a statistical operator, we can normalize
it by dividing a factor Trp,, i.e.,

tection process.
For example, when the initial state is a thermal
state with average photon number ng,

On (t) _e—nta aanpoa‘i‘ Htafa/rI\r [ Tn —2ktal aanp }
o0 —
~pu/Teps, (24) poan= > — ) (], (25)
’ — (1 +7n0)™
so if po is the photon statistical operator at initial m=o ( o)
time, then p, (t) is the photon statistical operator at po
time ¢. In the case of n-photon detection, p,, (t) rep- from Eq.(24) and a" |m) = \ (m —n)! Im —n) we
resents the density operator for continuum photode- know that the density operator is
|
> n 1 t
On (f) — Z (1 N ﬁO )m+1 efrcta aqn |m> <m| aTn —rta® a/rI\r |: —2kta aanpo , (26)
m=0 0
where the numerator is
o0 —
Z (1 an)m+1 *Ktataan |m> <m|aT"e*”‘taTa
— + no
m=0
: —2st(m—
= G Gy T m ) m = n
B nge %" m (m' +n) .,
— n+1z<1+no) Py g (27)
and the denominator is
Tr aTne72ntaTaanpO} _ i ﬁBn <m| aTnefmctaTaan |m>
= (1 + ﬁo)m-’_l
— i ﬁBn m! —2kt(m—n)
= (1+n)""" (m—mn)!
non' foe= 2\ (j 4+ n)!
Z ; G (28)
1 + Ao 1+ ng nljl
|
Using the binomial formula noe2xt a , ,
A\ T [m”) (m/|
[ m+n e — (M +n)! '
> (—2)"=1+2)"" (29) =Y A=) ) (]
— m —  m/ln
m=0 m’=0 (31)
we can further write Eq.(28) as where
oo 2 147 (1— e 2%)
_ nope 0
ol =1- = 2
in —2ktata n :| o n()n' Y 1 — — (3 )
Tr [a € a“po| = (14 ng — ﬁoeﬂm)nﬂ : 1+no 1+np
(30) Equation (31) indicates that after detecting n pho-

Substituting Egs.(27) and (30) into Eq.(24) we have

i (noe—2ﬁt>
0 1+ ng

m (m’ +n)!
m/In!

pn (t) =

tons, the light field exhibits negative-binomial distri-
bution.

In summary, we have explored how a light field
evolves after its n photons are continuously detected,
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namely, we have obtained the photon statistical op-
erator for describing continuum photodetection pro-
cess. Our approach uses the newly developed en-
tangled state representation(?313] which seems conve-

nient. We have not employed so-called superoperator

method since those superoperators are imaginary op-
erators, though their operation role is assumed, one
never knows what are their concrete forms. For more
applications about entangled state representation, we
refer to Refs.[14-16].
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