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Light scattering by a spherical particle

with multiple densely packed inclusions∗
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This paper calculates light scattering by a spherical water particle containing densely packed inclusions at a visible

wavelength 0.55 µm by a combination of ray-tracing and Monte Carlo techniques. While the individual reflection and

refraction events at the outer boundary of a sphere particle are considered by a ray-tracing program, the Monte Carlo

routine simulates internal scattering processes. The main advantage of this method is that the shape of the particle

can be arbitrary, and multiple scattering can be considered in the internal scattering processes. A dense-medium light-

scattering theory based on the introduction of the static structure factor is used to calculate the phase function and

asymmetry parameters for densely packed inclusions. Numerical results of the single scattering characteristics for a

sphere containing multiple densely packed inclusions are given.
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1. Introduction

In recent years, there are many possible increase

of the concentration of aerosol particles, for example,

volcanic eruptions,[1] industrial combustions,[2] sand

and dust storms,[3] may well lead to a large number of

particles inside cloud or fog particles. Many of these

particles have long been recognized as an important

atmospheric pollutant. They play a significant role

in the absorption of solar radiation by atmospheric

aerosols and possibly also by clouds. So, particles

imbedded in atmospheric particles could potentially

reduce the cloud albedo, thereby causing a significant

indirect forcing of climate. Some researchers[4] even

think that it can be used to interpret ‘the cloud and

atmospheric absorption anomaly’.

At present, however, there are few techniques

available for the accurate computation of light scat-

tering by composite particles covering the entire range

of sizes and shapes that can occur in natural clouds.

Among possible analytical models of the scatterers,

multilayered inhomogeneous spherical particles based

on Mie theory appear to be most universal. However,

some hard particles trapped inside another large par-

ticle may not go into solution. Thus, these particles

will not change the overall refractive index of the large

particle but only as some internal scatterers.

Macke et al
[5] have studied light scattering by

particles with multiple distinct inclusions. He as-

sumed that the inclusions are randomly and sparsely

distributed, so the multiple scattering of the inclu-

sions is based on the independently scattering theory.

However, when the density of the internal scatterers

reaches a limit, the spatial correlation among densely

packed inclusions can substantially change their sin-

gle scattering properties (such as optical cross sections

and phase function[6]), thus make questionable the ap-

plicability of the independently scattering approxima-

tion in calculation of light scattering by multiple in-

clusions.

In this paper, we try to get rid of this limita-

tion. The scattering phase function changed with the

compaction state of scattering particles is taken into

account. In our calculations, we use a dense-medium

light-scattering theory based on introducing the so-

called static structure factor. The main formula and

numerical results of this theory are given in the fol-

lowing section. Then, we present the theoretical pro-

cedure for the determination of the single scattering

properties by combining ray-tracing and Monte Carlo

techniques, and give numerical results for the light

scattering by a sphere with multiple densely packed

inclusions (Fig.1). The results of this paper are sum-

marized in the concluding section.
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Fig.1. Sketch map of light scattering by a spherical par-

ticle with multiple densely packed inclusions.

2. Single scattering characteris-

tics of densely packed inclu-

sions

For sparsely distributed, independently scattering

particles, the phase function is given by[7]

P (θ) =
4π

Csca

dCsca

dΩ
, (1)

where θ is the scattering angle and dCsca/dΩ is the

differential scattering cross section[7] and

Csca =

∫

4π

dΩ
dCsca

dΩ
(2)

is the total scattering cross section.

Densely packed particles are not independent

scatterers. Therefore, the concept of the single-

scattering phase function cannot be used in the same

sense as it is used in computations of light scattering

by sparsely distributed particles. However, the con-

cept of the single-scattering phase function can still be

used with some modifications to calculate the inten-

sity of light singly scattered by a layer densely packed

particles.[6,8] The differential scattering cross section

is equal to the product of the independent-scattering

differential cross section and so-called static structure

factor S(θ). Thus, instead of Eqs.(1) and (2), for

densely packed particles we have

P (θ) =
4π

Csca

dCsca

dΩ
S(θ), (3)

Csca =

∫

4π

dΩ
dCsca

dΩ
S(θ). (4)

Note that the theory based on the introduction of

the static structure factor has a rather strong physical

background and is based on solving Maxwell’s equa-

tions for calculating light scattering and on statisti-

cal mechanics for describing the statistics of mutual

positions of densely packed particles.[8,9] So, Eqs.(3)

and (4) can be used to calculate the singly scatter-

ing phase functions and scattering cross sections of

densely packed particles with the consideration of co-

herent scattering. In addition, Wolf et al,[10] Frolen

and Maret,[11] and Saulnier et al
[12] have found that

this theory is in good quantitative agreement with re-

sults of their laboratory experiments.

The problem of computing the static structure

factor for arbitrary particle size distribution and shape

is extremely difficult, so we used two usual approxi-

mations which have been used by Mishchenko.[6] From

the approximation, we assume scattering particles to

be nearly spherically shaped and nearly monodisperse

(the range of sizes is narrow in comparison with the

mean particles size). The structure factor in the

Percus–Yevick approximation is given by[13]

S(θ) =
1

1 − nC(p)
, (5)

where

p = [4π sin(θ/2)]/λ, (6)

n is the number density of scattering particles, λ is

wavelength of light, and C(p) is given by

C(p) =24
f

n

[

α + β + δ

u2
cosu −

α + 2β + 4δ

u3
sinu

−
2(β + 6δ)

u4
+

2β

u4

+
24δ

u5
sin u +

24δ

u6
(cosu − 1)

]

, p 6= 0,

(7)

and

C(0) = −24
f

n

(

α

3
+

β

4
+

δ

6

)

, (8)

where

u = 2pr0, (9)

α =
(1 + 2f)2

(1 − f)4
, (10)

β = −6f
(1 + f/2)2

(1 − f)4
, (11)

δ = αf/2, (12)

where f = 4/3πnr3
0 is the filling factor( i.e., the frac-

tion of a volume occupied by the particles). Note that

for sparsely distributed particles (n=0), the structure

factor is identically equal to unity.[6]

An interesting question is whether the modified

dense-medium phase function given by Eq.(3) can be

used to calculate the multiple-scattering contribution

to the reflected intensity of densely packed particles.

It has been shown in Ref.[6] that it can be used to
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compute the full intensity for nonabsorbing or moder-

ately absorbing particles. So the phase function can

be used in our Monte Carlo simulations of the light

scattering by inclusions.

In our study, the internal scatterers are considered

to be ammonium sulfate aerosols ((NH4)2SO4), which

is a naturally occurring aerosol type. The shape of the

particles is assumed to be spherical, and the mean ra-

dius of the inclusions is assumed to be 0.5µm. Mie

theory is used to obtain the optical properties of the

internal scatterers. It is well known that monodisperse

Mie quantities as a function of size parameter contain

a high frequency ripple which is usually suppressed in

practice because, in nature, there is always a disper-

sion of grain sizes.[7] Therefore, following Wiscombe

and Warren,[14] we reduced the ripple by averaging

the phase function over a range of sizes which is small

relatively to the mean grain size. The relative refrac-

tive indices of (NH4)2SO4 to outer particle is taken to

be 1.15.[5]

Our calculations were performed at a wavelength

of λ=0.55µm, i.e. at the maximum of the solar irra-

diation. We compared the phase functions of densely

packed internal scatterers and sparsely distributed

ones in Fig.2. The phase function is shown as a func-

tion of the scattering angle θ for five values of the fill-

ing factor. It is seen that increasing packing densely

results in an angular redistribution of the scattered in-

tensity. The influence of packing density is especially

significant at scattering angles θ < 50◦. This agrees

well with the Mishchenko’s[6] conclusion. The other

two single scattering parameters, extinction efficien-

cies (Qext) and asymmetry parameters (g), are listed

in Table 1 as a function of filling factor.

Fig.2. Scattering phase functions of spherical inclusions

made of ammonium sulfate.

Table 1. Extinction efficiencies and asymmetry pa-

rameters for inclusions as a function of filling factor.

filling factor Qext g

0 1.3509 0.9142

0.1 1.0314 0.8930

0.2 0.7726 0.8659

0.3 0.5619 0.8301

0.4 0.3917 0.7815

0.5 0.2571 0.7140

From Table 1 we can see that both extinction effi-

ciencies and asymmetry parameters decrease with the

increase of the filling factor. This implies that the

scattering approaches to homogeneous scattering.

3. Total scattering simulations

with the ray-tracing and

Monte Carlo model

The total scattering of light ray by a sphere con-

taining densely packed spherical inclusions is calcu-

lated by a combination of ray tracing and Monte Carlo

techniques.[5] The ray tracing programs take care of

the reflection and refraction events, and the Monte

Carlo methods do with the internal scattering pro-

cesses.

A light ray hitting the surface of the sphere at an

incident angle θi, will be partially reflected and par-

tially refracted. The reflection angle can be computed

with the reflection law, and the refracted angle can be

calculated with the Snell’s law, i.e. sin θi = m sin θt,

where θi and θt are the incident angle and refractive

angle, respectively, and m is the relative index of re-

fraction of the particle to the medium. The intensity

of the reflected and refracted energy can be obtained

by the Fresnel formulas.[15]

After an incident photon is refracted into the

sphere, it travels a free path length l given by

l = − < l > log[R(0, 1)], (13)

where < l > is the mean free path length between two

subsequent scattering events and R(0, 1) is an equally

distributed random number within the interval (0,1).

The number density of the inclusion N is described

by the mean free path length < l > or by the volume

extinction coefficient βx = 1/ < l >. For an ensemble

of N particles per volume element whose size obeys a

standard Gamma distribution, βx is given by

βx = N

∫ r2

r1

βx(r)n(r)dr, (14)
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where n(r) is the normalized particle size distribution

function. In this paper, we choose n(r) to be equally

distributed.

If the photon has not reached the boundaries of

the sphere, its previous direction is changed along the

scattering angle and azimuth angle according to

∫ θ

0

P (i)(θ) sin θdθ = R(0, 1)

∫ π

0

P (i)(θ) sin θdθ, (15)

φ = R(0, 2π), (16)

where P (i)(θ) denotes the scattering phase function

of the internal inclusions. The processes stated in

Eqs.(14) and (15) are repeated until the photon

reaches the boundaries of the sphere, where it is again

subjected to reflection and refraction events. The

whole procedure is again repeated for internally re-

flected component until the photon energy falls be-

low 10−5 times the incident energy. However, by set-

ting the minimum free path length l to be 4 times

the particle’s radius, we ensure the possible ‘overlap’

phenomenon to be avoided.

The effects of internal inclusions are studied for

a water sphere whose radius is equal to 100µm. Fig-

ure 3 presents results of the total phase function for

a spherical particle containing densely packed inclu-

sions. Results are shown for the filling factor f=0.001,

0.01, 0.1, 0.5, for comparison, the phase function of

pure water sphere is also shown. It can be seen from

Fig.3 that dominant features of the phase function are

enhanced at scattering angles of 138◦ for pure water

spherical particle, corresponding to the so-called rain-

bow. With increasing the filling factor f , the phase

Fig.3. Total scattering phase function of a sphere with

internal ammonium sulfate. The filling factor is f=0.001,

0.01, 0.1 and 0.5. The scattering phase function of a pure

water sphere without inclusions is given for a comparison.

functions tend to more and more homogeneous except

the diffraction region. These results come from the

effects of the internal impurities. A photon will suffer

much more scattering by the inclusions, so the scat-

tering intensity will be homogeneously distributed in

the inner of the water sphere.

Table 2 lists the change in the asymmetry param-

eter g of the spherical particles containing ammonium

sulfate as a function of the filling factor. Extinction

efficiencies are not shown here since the values ap-

proximately equal to 2 when the particle size reaches

the limits of geometrical optics. It is obvious that the

asymmetry parameter g decreases with the increase

of the filling factors, so the overall scattering of the

composite particle approaches to homogeneity as the

packing density of the inclusions increase to a limit.

Table 2. Asymmetry parameter g of a water spherical

particles containing ammonium sulfate as a function

of filling factor.

filling factor g

0 0.8841

0.001 0.8695

0.01 0.7578

0.1 0.5220

0.5 0.4084

4. Conclusion

In this paper, we used a combination of ray-

tracing and Monte Carlo techniques to compute the

singly scattering phase function for a water spherical

particle containing densely packed ammonium sulfate

inclusions. A dense-medium light scattering theory

based on introducing the static structure factor was

used to consider the spatial correlation among densely

packed particles, and the singly scattering properties

of the inclusions were calculated. A ray tracing pro-

gram takes care of the individual reflection and refrac-

tion events at the outer boundary of the particle. Our

calculations show that the effects of the internal impu-

rities on the total scattering phase function are great.

The total scattering phase function was smoothed rel-

atively to the pure water sphere. This is because that

a photon will suffer much more scattering by the inclu-

sions, the scattering intensity will be homogeneously

distributed in the inner of the spherical particle. This

may have a noticeable impact of the clouds over scat-

tering and absorption properties.
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In this paper, the absorption of the outer parti-

cles is nonabsorbing and the shape of the inclusion is

spherical, so additional work can be done to consider

the non-spherical inclusions and the absorption of the

surrounding material.[16]

Acknowledgments

The authors are grateful to Andreas Macke for

providing the light scattering code.

References

[1] Sassen K, Starr O D, Mace G G, Poellot M R, Melpi S H,

Eberhard W L, Spinhirne J D, Eloranta E W, Hagen D E

and Hallet J 1995 J. Atmos. Sci. 52 97

[2] Raes F, Wilson J and van Dingenen R 1995 Aerosol Forc-

ing of Climate (New York: Wiley) p153

[3] Xu Y X, Huang J Y and Li Y L 2002 Int. J. Infrared and

Milli. Waves. 23 1677

[4] Chen H B and Sun H B 1997 J. Atmos. Sci. 21 750 (in

Chinese)

[5] Macke A, Mishchenko M I and Cairns B 1996 J. Geophys.

Res. 101 23311

[6] Mishchenko M I 1994 J. Quant. Spectrosc. Radiat. Trans-

fer. 52 95

[7] Bohren C F and Huffman D R 1983 Absorption and Scat-

tering of Light by Small Particles (New York: Wiley

Press) p223

[8] Twersky V 1962 J. Opt. Soc. Am. 52 145

[9] Tsang L and Kong J A 1983 Radio. Sci. 18 1260

[10] Wolf P E, Maret G, Akkermans E and Maynard R 1988

J. Phys. (Paris) 49 63

[11] Fraden S and Maret G 1990 Phys. Rev. Lett. 65 512

[12] Saulnier P M, Zinkin M P and Waston G H 1990 Phys.

Rev. B 42 2621

[13] Balescu R 1975 Equillibrium and Nonequilibrium Statis-

tical Mechanics (New York: Wiley) p200

[14] Wiscombe W J and Warren S G 1980 J. Atmos. Sci. 37

2712

[15] Glantschnig W J and Chen S H 1981 Appl. Opt. 20 2499

[16] Wang Y H, Guo L X and Wu Q 2006 Chin. Phys. 15 1755


