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The elastic scattering properties of ultracold 133Cs2 triplet state are investigated in detail. We construct a potential

curve of the 133Cs2 triplet state, based on the latest ab initio molecular potential data and show how the scattering

parameters are obtained by using three methods: the Numerov method, the semiclassical method and the variable phase

method, where the scattering lengths of the 133Cs2 triplet state, i.e. 301.79a0, 300.67a0 and 310.81a0 are obtained

respectively, with a0 being the Bohr radius. We also calculate the effective range and the number of bound states for the
133Cs2 triplet state. Our results are in agreement with the recent experimental data and the theoretical calculations.

This confirms that the results of the scattering properties of the ultracold 133Cs2 triplet state, calculated by using these

three methods, are reliable.
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1. Introduction

Scattering length is of fundamental importance in

the study of ultracold atom–atom collision. The char-

acter of the interaction between atoms in low tem-

peratures is determined by signs (±) and magnitude

of the scattering length a. The magnitude of a is a

measure of the strength of the interaction§and its

sign indicates whether the interaction is effectively

repulsive (a > 0) or attractive (a < 0).[1] The sta-

bility of Bose–Einstein condensation (BEC) requires

repulsive interactions, whereas for attractive interac-

tions it is unstable; only a finite number of atoms

can be found in condensate state in a trap.[2] There

are several theoretical methods to calculate scattering

length. Usually, the scattering length is calculated

by solving the single-channel radial Schrödinger equa-

tion to find the phase shifts for several small values

of the wavenumber of relative motion and by extrap-

olating from effective range expansions,[3] or by using

the semiclassical formula. Ouerdane et al
[4] developed

another method of evaluating the scattering length in

which they solved the first-order equation, a Riccati

equation, of the variable phase approach to potential

scattering. Gao derived the formulas of calculating

scattering parameters from the quantum defect the-

ory, based on the exact solutions of the Schrödinger

equation for an attractive 1/r6 potential, which pro-

vides a systematic interpretation for molecular bound

states and atom–atom scattering properties and estab-

lishes the relationship between them.[5] In the present

work, we use the first three methods to revaluate the

scattering length of the Cs2 triplet state.

The coupling of the scattering continuum with

molecular states can lead the caesium atom–atom

scattering to have many anomalistic properties, such

as the large clock shifts,[6] enormous collision cross

sections,[7] and the extreme difficulty in reaching the

BEC.[8] These have intrigued experimentalists and

theorists. The long-range interaction parameters,

as well as the molecular structure near threshold

can be accurately determined through the detection

of multiple Feshbach resonances, or Feshbach spec-

troscopy. With this information, the cold collision

anomalies can be resolved.[9] Caesium molecules have

been created by using photoassociation[10−12] or Fes-

hbach resonances,[13,14] and the BEC of dilute 133Cs

atomic gases has been investigated and observed by
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Weber et al.[15] Despite of the rapid development of

the research on the caesium quantum gas, there ex-

ists an unusual degree of disagreement between mea-

surements and calculations of scattering length in the
133Cs2 triplet state, which can characterize a great

many of collision properties of a particle. This dis-

agreement arises from the fact that the 133Cs triplet

scattering length exhibits a strong variation with col-

lision energy, due to a nearly bound (above threshold)

resonance.[16] The scattering length is very sensitive to

the interatomic potential. Hence, constructing the ac-

curate interatomic potential of the 133Cs2 triplet state

is very important and we will address this point below.

The rest of the present paper is organized as fol-

lows. In Section 2, we present the theory of three

methods: the Numerov method, the semi-classical

method and the variable phase method. In Section

3, we construct a potential curve of the 133Cs2 triplet

state. In Section 4, we revaluate the scattering pa-

rameters of the Cs2 triplet state by using the three

methods. Finally, a brief discussion and some con-

clusions drawn from the present study are given in

Section 5.

2. Theoretical methods

2.1.Numerov method

The radial part of the Schrödinger equation (in

atomic units) for collision between two atoms with

V (R) as an interatomic potential is written as

[

d2

dR2
+ k2 − l(l + 1)

R2
− 2µV (R)

]

ul(k, R) = 0. (1)

Here, k is the wave number and is related to the en-

ergy E of the relative motion by k =
√

2µE, with µ

being the reduced mass of the collision system. The

wavefunction of each partial wave has the asymptotic

form,[17]

ul(k, R) ∼ sin(kR + δl(k)), (2)

where δl is the phase shift introduced by the potential.

Total cross section is given by

σ =
4π

k2

∞
∑

l=0

(2l + 1) sin2δl. (3)

At the value of k close to zero, the s-wave phase

shift can be written as a power-series expansion in k

k cot δ0(k) = −1

a
+

1

2
rek

2 + O(k4), (4)

where a and re are the scattering length and the ef-

fective range, respectively.

2.2. Semiclassical method

Owing to the large reduced mass of the colli-

sion pair, the interaction between atoms behaves as

−C6/R6 at large distances and allows a semiclassi-

cal treatment within the potential well. As a re-

sult, the low-energy scattering is governed by two

large parameters: the asymptotic parameter γ =√
2µC6 ≫ a2

0 and the semiclassical zero-energy phase

Φ =
∫ ∞

R0

√

2µ (−V (R))dR ≫ 1 (R0 is the classi-

cal turning point, where the interaction potential

V (R0) = 0). The parameters a and re are obtained

by using the semiclassical method (Wentzel–Kramers–

Brillouin (WKB) method)[18] as

a = cos
(π

4

)(γ

4

)
1

2 Γ (3/4)

Γ (5/4)

×
[

1 − tan
π

4
tan

(

Φ − π

8

)]

, (5)

re =

√
2γ

3

[

Γ (1/4)

Γ (3/4)
− 2

√
2γ

a
+

Γ (3/4)

Γ (1/4)

4γ

a2

]

. (6)

The total number of bound states with zero or-

bital angular momentum is given by

Nb = [Φ/π − 5/8] + 1, (7)

where [Φ/π − 5/8] is the integer part.

2.3.Variable phase method

In the variable phase approach, the accumulated

s-wave phase shift δk,0(R) satisfies the equation at the

nuclear separation R[19]

dδk,0(R)

dR
= −ν(R)

k
sin2 [kR + δk,0(R)] , (8)

where ν(R) = 2µV (R). The accumulated phase shift

is the limit of δk,0(R) as RC → ∞; it suffers no mod

[π] ambiguity.

The scattering length a(RC) is a corresponding

limit of − tan δk(RC)/k[3] and a(RC) → a as RC → ∞.

a(RC) satisfies the Riccati equation in RC.[20] Drop-

ping the subscript C, the Riccati equation is

da(R)

dR
= [R − a(R)]2 ν(R). (9)

The function a(R) contains poles that correspond to

the bound states, shown in Fig.1, so finite difference
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methods such as the Runge–Kutta method are unsuit-

able. Ouerdane et al
[4] gave two possible ways, i.e. the

change of variables and the log-derivative method,[21]

to solve Eq.(9). In Eq.(9), we make the change of

variables

a(R) = tan θ(R) and R = tanφ(R) (10)

to obtain the equation

dθ(φ)

dφ
= sec4 φ sin2 (θ(φ) − φ) ν (tan(φ)) . (11)

Fig.1. Scattering length for 133Cs2 in triplet state [a3Σ+
u ]

as a function of interatomic separation R.

3. Interatomic potential

Since scattering length is determined by the con-

dition of vanishing asymptotic kinetic energy, it is ex-

clusively determined by the potential. Although accu-

rate molecular constants of the 133Cs2 singlet state are

available, much less has been known about the a3
Σ

+
u

state. Hence, it is difficult to determine the energy

curve of the 133Cs2 triplet state. The ab initio poten-

tial energy curve of the a3
Σ

+
u state of Cs2 has been

determined in the framework of the pseudopotential

method in Ref.[22]. Their theoretical molecular con-

stants are in good agreement with the measurements

and the ones given by Weickenmeier et al.[23] New ab

initio molecular potential for the 133Cs2 triplet state

will be extremely useful for allowing a comparison be-

tween the experimental results and hence for confirm-

ing the physical implications of the signs of the scat-

tering parameter, and the number of bound states.

This is important for 133Cs2. So we use their poten-

tial data to construct the potential of the Cs2 triplet

state.

In the calculation of the interaction energy

between two caesium atoms we consider several

ranges of internuclear separations. For 0.2117nm≤
R ≤0.889nm, we use the latest ab initio interatomic

potential curve given by Li et al.[22] For R ≤0.2117nm,

we extend the ab initio potential curve in the expo-

nential form

V (R) = AR−1 exp(−BR), (12)

where A and B are evaluated from the cubic spline

fitting of the data points for V (R). We extrapolate

the potential to large internuclear separations R by

using the dispersion plus exchange form

V (R) = Vdis(R) + Vex(R), (13)

where Vdis(R) = − ∑

n=6,8,10
Cn/R

n
and Vex(R) =

CRα exp(−βR).

The major uncertainties in the calculation of scat-

tering parameters arise from the poorly constrained

C6 and C8 coefficients. Accurate knowledge of the van

der Waals coefficients C6 and C8, which control the in-

teraction between ground state atoms, is also crucial

for scattering length determination. In the present

paper, we use the optimizing C8 dispersion coefficient

in addition to the C6 coefficient in Ref.[24]. The C10

coefficient is taken from Ref.[25]. The exchange poten-

tial is from Ref.[26] where the exchange parameters are

C = 0.0008, α = 5.53 and β = 1.072,[27] respectively.

4. Numerical results

The Numerov method is used to solve Eq.(1) with

the constructed potential, and the wavefunctions at

different energies are obtained. Figure 2 shows the s-

wave wavefunctions as the energy changes from E =

1.0 × 10−10 a.u. to E = 1.0 × 10−15 a.u.. The wave-

lengths and amplitudes of wavefunctions increase with

energy decreasing. For energy E = 1.0 × 10−15 a.u.

and E = 1.0 × 10−12 a.u., the wavefunctions overlap

and almost become a straight line for large values of

R. The intercept of the line, projected back to the R-

axis, is the scattering length. Hence, we can roughly

evaluate the scattering length from wavefunction. It

is about 300a0. Outside the interaction range, the s-

wave wavefunction is a simple spherical wave. Clearly,

the concept of scattering length is useful only at a

sufficiently low temperature and we can describe the

system by using the identical wavefunctions at the ul-

tralow energies.
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Fig.2. Wavefunctions of 133Cs2 triplet states at different

energies.

From expression (2), the phase shift can be ob-

tained at low energies by using the numerical calcu-

lation. The s-wave scattering length is related to the

phase shift and the effective range by effective range

expansion formula (4). The effective range, re, is im-

portant because it implies that there is a relative con-

tribution to the elastic scattering cross section at en-

ergy E.[28] We calculate the scattering length and the

effective range by fitting the scattering phase shift to

expression (4). The results are displayed in Table 1.

Using the obtained phase shift, the elastic partial-wave

cross sections and total cross section for the 133Cs2

triplet state are calculated from Eq.(3). The total

elastic cross section is constant at very low speeds,

where only s-wave scattering is significant.

For very low energies, the s-wave cross section is

constant and decreases with energy increasing, but the

decrease is overcome by higher partial-wave contribu-

tions which initially increase with energy from zero be-

fore passing through maxima and decreasing as shown

in Fig.3. The s-wave cross-section at zero energy is the

same as that of a hard sphere with radius a. So we

can also carry out the rough calculation of scattering

length via σ = 4πa2. It is about 300a0.

Fig.3. Total cross section and individual partial wave

cross sections for the scattering in the a3Σ+
u state as func-

tions of collision energy.

The semiclassical phase Φ =
∫ ∞

R0

√

2µ (−V (R))dR

is calculated from R0 to a large value of R, where the

reduced mass µ = 121135.828me.
[29] Then, the scat-

tering length and the effective range can be obtained

from expressions (5) and (6). We list the results in

Table 1. We use expression (7) to obtain the number

of bound states. It is 59.

Table 1. Scattering length and effective range calculated by using the Numerov method, the WKB method

and the variable phase method and their comparison with the results cited from Refs.[30, 31].

Numerov method WKB variable phase method Ref.[30] Ref.[31]

a/a.u. 301.79 300.67 310.81 |aT| > 260 |aT| > 140Å

re/a.u. 159.10 158.85

For the variable phase method, Eqs.(8) and (11)

are solved by using the Runge–Kutta method with

a self-adjusting step length.[32] Phase shift increases

with R increasing. After passing through the poten-

tial well, phase shift approaches its limit ultimately,

185.35, from below. To calculate the number of bound

states supported by the potential, the simplest for-

mulation of Levinson’s theorem can be used,[20] which

links the scattering phase shift to the number of bound

states, Nb, via Nbπ = δk,0|k=0. Hence, we obtain 59

bound states. In Ref.[33], triplet potential curves[34]

led to a number of bound vibrational levels, 58 ± 2.

As shown in Ref.[23], there were about 60 bound levels

in a shallow well of the a3
Σ

+
u state. The number of

bound states, which is obtained in the present paper,

is in good agreement with other calculated results.

Equation (11) was solved over a range [0, φc].The

value of φc corresponds to RC and is close to π/2. The

scattering length varies with interatomic separationR.

Corresponding to every bound state supported by the

potential, scattering length contains a pole. So we

can also acquire the number of bound states through

counting the number of poles. The result is the same

as the result calculated from Nbπ = δk,l=0|k=0. The
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last pole is located at about 210a0. For R > 210a0,

the scattering length a(R) is illustrated by a short dot

curve in Fig.4. and becomes smooth and constant as

the value of R increases.

Fig.4. Scattering length for 133Cs2 in triplet state [a3Σ+
u ]

as a function of interatomic distance R.

The triplet scattering length of 133Cs has been

predicted to have many different values ranging from

– 1100a0 to 2400a0.
[16] The scattering lengths calcu-

lated by using the above three methods are consis-

tent with the recent experimental data.[30,31] We tab-

ulate the calculated scattering parameters from differ-

ent methods in Table 1.

For the Numerov method, we can obtain the scat-

tering parameters and wavefunctions through solv-

ing the Schrödinger equation. When the energy ap-

proaches to zero, we calculate the scattering length. In

practice, we solve Eq.(1) at some value E. If we choose

the value of E to be too small, computation time in-

creases greatly. We usually stop the calculation as

the scattering cross section almost becomes constant.

The semiclassical formulas are convenient to calculate

scattering parameters and give much more accurate

results than the extrapolation of the phase shift.

In the variable phase method, one needs to solve

a differential equation only once, but in the Numerov

method a differential equation must be solved several

times at different small wave-numbers and the phase

shifts are extracted from the asymptotic solutions. Be-

cause of the rapid variation of the local wave number

over the potential well, a variable step of integration

is used to economize on computation and minimize

accumulated truncation error. In the variable phase

method, we do not make any correction to scattering

length and phase shift, however, this method has al-

ready produced results which are in agreement with

those given by experiments and other two kinds of

methods. This method has a good stability. Its re-

sults vary only with potential and mass. The internal

parameters of program for investigating the scattering

properties almost do not change the results.

5. Conclusion

The Numerov method, the WKB method and the

variable phase method are used to investigate the elas-

tic scattering properties for the collision of the cae-

sium atoms in a triplet state with by using a con-

structed potential. The results obtained by using

these three methods are consistent with each other,

thereby showing that these methods are reliable for

the study of very slow atomic collisions. For 133Cs2

in the triplet state, the calculated results show that

there is a big collision cross section and the cross sec-

tion is extremely sensitive to the details of the inter-

action potentials. Its scattering length a is positive,

so caesium Bose gas is stable. We obtain 59 bound

states through the semiclassical method and the vari-

able phase method. These results consist with the ex-

perimental data and the theoretical calculations. The

ab initio molecular potential data for 133Cs2 triplet

state have some uncertainty. A further study is needed

to provide a potential for the a3
Σ

+
u molecular state of

the 133Cs2 dimmer, thereby yielding a description of

scattering of caesium atoms in ultracold environments

with a reduced uncertainty.
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