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By developing multiple-scale method combined with Wentzel–Kramer–Brillouin expansion, this paper analytically

studies the modulating effect of weakly periodic potential on the dynamical properties of the Bose–Einstein condensates

(BEC) trapped in harmonic magnetic traps. A black–grey soliton transition is observed in the BEC trapped in harmonic

magnetic potential, due to the weakly periodic potential modulating effect. Meanwhile, it finds that with the slight

increase of the weakly periodic potential strength, the velocity of the soliton decreases, while its width firstly decreases

then increases, a minimum exists there. These results show that the amplitude, velocity, and width of matter solitons

can be effectively managed by means of a weakly periodic potential.
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1. Introduction

Several spectacular experiments on the creations

of dark solitons[1−4] in Bose–Einstein condensates

(BEC) of trapped alkali-atom gases open an un-

precedented possibility to study the nonlinear dynam-

ics of such macroscopically excited Bose-condensed

states. In the experiments, dark solitons were ob-

served to have a density dip and a phase slip in one

direction[1] when the interatomic interactions of the

BEC trapped in a harmonic magnetic potential are

repulsive. Subsequently, many dynamical character-

istics of the BEC are extensively investigated.[5−18]

In optical fibres, usually, the dark solitons are di-

vided into two typologies.[19] One is black soliton,

which is defined as a dark soliton with zero mini-

mum light intensity at its centre on a stable con-

tinuous background. The other is grey soliton with

a nonzero minimum value of light intensity. In the

field of the atomic matter wave, the s-wave scattering

length (which represents the interatomic interactions)

can be controlled by utilizing the Feshbach resonance.

When the scattering length of 87Rb atoms varies from

110a0 to 140a0 (where a0 is the Bohr radius), the min-

imum value of the dark soliton varies from zero to

nonzero (the full details have been given in Ref.[20]).

It means that black and monotonically solitons can

be exchanged by varying the scattering length via the

Feshbach resonance.[20]

With the development of the experimental tech-

nique, neutral atoms confined in an array of magnetic

or optical traps offer a scalable system for the applica-

tion in quantum computation and quantum informa-

tion processing.[21] So far, BEC have been successfully

loaded in optical lattices.[22−24] In these experiments,

the optical lattice is created by the interference of laser

beams. The lattice potential can be modulated from

very low to very high strength. The study of BEC in

optical lattices is a very active field of research, both

from the theoretical and experimental sides.[25−30] For

a repulsive interatomic interaction, it is shown that

there occurs bright gap solitons or/and bright gap soli-

ton trains when the condensates are confined in optical

lattices.[21,31]

In this paper, we study the solitary excitation

of the BEC trapped in a combined potential consist-

ing of a periodic potential and a harmonic magnetic
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trap. It is shown that the motion of dark solitons can

be controlled by means of weakly periodic potentials.

The mechanism is realized in terms of cigar-shaped

BEC confined in a harmonic magnetic potential, in

the presence of an optical lattice. Under considera-

tion of weakly periodic potential modulating effect,

there exhibit dark solitons for the repulsive interac-

tions, different from that of the BEC trapped in opti-

cal lattices. It is worthwhile to point out that a black

soliton of the BEC in harmonic magnetic traps can be

transformed to a grey soliton by means of a weakly

periodic potential modulating effect.

2. Hydrodynamical model

In mean-field approximation, the full BEC dy-

namical properties are well described by the time-

dependent Gross–Pitaevskii (GP) equation[32]

i~
∂Ψ

∂T
=

[

− ~
2

2m
∇2 + V (X,Y, Z) + g |Ψ |2

]

Ψ , (1)

where Ψ (X,Y, Z, T ) is order parameter of condensate,

(Y , Z) and X are the directions of strong transverse

confinement and axial lattice. N =
∫

dr |Ψ |2 is the

number of atoms, and g = 4π ~
2as/m is interatomic

interaction strength with the atomic mass m and the

s-wave scattering length as(as > 0 represents the re-

pulsively interatomic interaction). The combined po-

tential V (X, Y, Z) of a periodic potential and a har-

monic oscillator trap is

V
(

X,R2
)

=E0 cos

(

2πX

d

)

+
1

2
m

(

ω2
XX

2 + ω2
⊥R

2
)

,

ωX ≪ ω⊥, (2)

where R2 = Y 2+Z2, E0 is the lattice depth. d = λL/2

is the lattice constant, λL is the wavelength of laser

beams, ωX and ω⊥ are frequencies of the magnetic

trap in the axial (X) and transverse (Y and Z) direc-

tions, respectively.

For the solitary excitations of the one-dimensional

(1D) geometry (i.e., in ‘cigar-shaped’ traps), we may

set Ψ (X,Y, Z, T ) = φ(X,T )G(R). Substituting it

into Eq.(1), and considering the strong confinement

in the transverse direction, we can well describe the

spatial structure of function G(R) by a solution of

two-dimensional radial symmetric quantum harmonic-

oscillator equation, i.e., −
[

~
2/(2m)

]

∇2
⊥G − ~ω⊥G+

(1/2)mω2
⊥R

2G = 0. The ground-state solution has

the form G(R) = Cexp
[

−mω⊥R
2/ (2~)

]

, where C =
√

mω⊥/ (π~) can be found from the normalization

condition
∫ ∞

−∞
|G|2RdR = 1. So, Eq.(1) is reduced

into

i~
∂φ

∂T
=

[

− ~
2

2m

∂2

∂2X
+ E0 cos

(

2πX

d

)

+ ~ω⊥ +
1

2
mω2

XX
2 + g |φ|2

]

φ. (3)

In order to obtain effectively 1D GP equation, we have

multiplied Eq.(3) by G∗ and integrated the resulting

equation with respect to the transverse coordinate to

eliminate the dependence on transverse plane.[11,33]

For convenience, we introduce the dimensionless

variables t = T
(

π2
~/md2

)

, x = πX/d, and φ (X,T ) =
√

π/ (4asd2)ψ (x, t) exp (−iω⊥T ). So the correspond-

ing dimensionless GP equation is

i
∂ψ

∂t
= − 1

2

∂2ψ

∂x2
+ V0 cos (2x)ψ

+
1

2
λ2x2 + |ψ|2 ψ, (4)

where λ = [d/ (a0π)]2 Ω with Ω = ωX/ω⊥ and

a0 =
√

~/ (mω⊥) (transverse harmonic-oscillator

length), V0 = E0/Erec, here Erec = (π~)2 /
(

md2
)

is the lattice recoil energy. Expressing the wave-

function in terms of modulus and phase, we set

ψ (x, t) = A (x, t) exp [−iµt+ iϕ (x, t)]. Substituting

it into Eq.(4), and then separating the real and imag-

inary parts we obtain hydrodynamical models, i.e.,

∂A

∂t
+
∂A

∂x

∂ϕ

∂x
+

1

2
A
∂2ϕ

∂x2
= 0, (5)

− 1

2

∂2A

∂x2
+

[

1

2

(

∂ϕ

∂x

)2

− µ+
1

2
λ2x2

+
∂ϕ

∂t
+ V0 cos (2x)

]

A+A3 = 0. (6)

3. Linear stability condition of

soliton formation

Due to the strong confinement in the trans-

verse direction, the system is similar to a waveguide,

in which the excitation propagates in the elongated

direction.[11,12] Therefore, we set A = u0 (x) + α (x, t)

(without loss of generality, we assume that u0 (x) char-

acterizes the condensate background) with α (x, t) =

α0exp (iβ) +c.c and ϕ = ϕ0exp (iβ) + c.c. Here, c.c is

complex conjugate and β = kx − ωt where k is wave

number and ω indicates eigen-frequency. Considering

that α0 and ϕ0 are small constants, we obtain

iωα0 = ikϕ0
∂u0

∂x
− 1

2
k2u0ϕ0, (7)
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µu0 = −1

2

∂2

∂x2
u0+V0 cos (2x)u0+

1

2
λ2x2u0+u3

0, (8)

µα0 =
1

2
k2α0 − iωϕ0u0 + V0 cos (2x)α0

+
1

2
λ2x2α0 + 3u2

0α0 (9)

from the linearization of Eqs.(5) and (6). Based on the

experimental parameters, the ratio Ω of the confine-

ment strengths in the axial (X) to the transverse (Y

and Z) direction varies from 0.1[22,23] to 1/
√

2.[34,35]

It implies that the λ is a small insignificant param-

eter. In the case of linear case, Eq.(8) is just Hill’s

equation[36]

d2u0

dx2
+ [2µ− 2V0 cos (2x)] u0 = 0. (10)

In the presence of weakly optical lattice, the lat-

tice strength can be regarded as a smaller value.

So, we may use Wentzel–Kramer–Brillouin (WKB)

method[37] to set µ = µ0 + µ1V0 + µ2V
2
0 + . . . =

∞
∑

k=0

µkV
k
0 , and u0 = u00 + u01V0 + u02V

2
0 + . . . =

∞
∑

k=0

u0kV
k
0 . Substituting them into Eq.(10), and then

separating each order in terms of the power of V0, we

obtain
d2u00

dx2
+ 2µ0u00 = 0, (11)

d2u01

dx2
+ 2µ0u01 = 2u00 cos (2x) − 2µ1u00. (12)

For convenience, we here set 2µ0 = n2. From

Eq.(11), we find that u00 is linear superposition of

functions cos (nx) and sin (nx). For the sake of sim-

plicity, we only consider the case of u00 = cos (nx).

Inserting it into Eq.(12), we have

d2u01

dx2
+ n2u01 + 2µ1 cos (nx) = 2 cos (nx) cos (2x) .

(13)

Multiplying Eq.(13) by u00 and then integrating from

x = 0 to x = 2π, we obtain that µ1 = 0.5 at n = 1,

and µ1 = 0 at n 6= 1. Solving the above equations,

we obtain u01 = −(1/8) cos(3x) at n = 1; u01 =

(1/4){[cos (n− 2)x] / (n− 1)− [cos (n+ 2)x] /(n+1)}
at n 6= 1. Finally, the solution of Hill’s equation (10)

is given by

u0 (x) =















cosx− 1

8
V0 cos(3x) +O

(

V 2
0

)

, (n = 1),

cos(nx) − V0

4

[

cos (n− 2)x

n− 1
− cos (n+ 2)x

n+ 1

]

+O
(

V 2
0

)

, (n 6= 1).

(14)

Utilizing Eqs.(7), (8) and (9), we obtain

ω2 =

(

1

2u0

∂2u0

∂x2
+

1

2
k2 + 2u2

0

) (

1

2
k2 − ik

u0

∂u0

∂x

)

.

(15)

To obtain the stable condition of the soliton forma-

tion, we set ω = ωr + iωi, where ωr and ωi denote

the real and imaginary parts, respectively. If ωi 6= 0,

it implies exponential growth of the mode and hence

the state is dynamically instable.[33,38] If the eigen-

frequency of the associated quasi-particle spectrum is

real, it means that the soliton is stable.[33,38] From

Eq.(15), we find that the stable condition of soliton

formation satisfies
1

u0

∂u0

∂x
= 0. Furthermore, in or-

der to find out a general rule of the stable condition,

we plot the value of function
1

u0

∂u0

∂x
with the lattice

depth V0 = 0.01 in Fig.1. In the case of n = 1 (see

Fig.1(a)), one sees that the relation satisfying the sta-

ble condition of soliton formation is x = mπ, where m

is an integer. Meanwhile, from Figs.1(b) and 1(c), we

Fig.1. The value of function with the lattice strength

V0 = 0.01: (a) n = 1, (b) n = 2, and (c) n = 3. All the

dotted lines denote the value of function being equal to

zero.
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find that the stable conditions of soliton formation are

x =
m

2
π and x =

m

3
π when n = 2 and n = 3, respec-

tively. So, we conclude that the general rule of the

stable condition of soliton formation is x =
m

n
π. In

what follows, unless otherwise stated, we will choose

x = 0 as the initial state of matter wave to investigate

the dynamical properties of solitary excitation.

4. Asymptotic expansion and

VCKdV equation

Although an exact solution of nonlinear excita-

tions of Eqs.(5) and (6) cannot be obtained straight-

forwardly, we may simplify the problem by consid-

ering the relative importance of the physical quanti-

ties appearing in the system. Then we can obtain

an approximately analytical solution of the problem

based on a perturbation expansion.[39,40] We here in-

troduce a fast variable, x0 = x, representing the direc-

tion of solitary excitation propagation, and two slow

variables, ξ = ε (x− Vgt) and τ = ε3t, characteriz-

ing the slow variation of solitary excitation dynam-

ics. Moreover, we assume that A(x, t) and ϕ(x, t)

can be respectively expanded into a polynomial form,

A = u0 (x0) + ε2a(0) (ξ, τ) + ε4a(1) (ξ, τ) + . . . and

ϕ = εϕ(0) (ξ, τ)+ ε3ϕ(1) (ξ, τ)+ . . ., where ε is a small

parameter characterizing the relative amplitude of the

solitary excitation. Inserting them into Eqs.(5) and

(6), and then separating each order in terms of the

power of ε, respectively, from Eq.(5), we have

Vg
∂a(0)

∂ξ
− 1

2
u0
∂2ϕ(0)

∂ξ2
= 0, (16)

Vg
∂a(1)

∂ξ
− 1

2
u0
∂2ϕ(1)

∂ξ2

=
∂a(0)

∂ξ

∂ϕ(0)

∂ξ
+

1

2
a(0) ∂

2ϕ(0)

∂ξ2
+
∂a(0)

∂τ
, (17)

and from Eq.(6), we have

−1

2

∂2u0

∂x2
0

− µu0 +
1

2
λ2x2u0 + V0 cos (2x0)u0 + u3

0 = 0,

(18)

− µa(0) +
1

2
λ2x2a(0) + V0 cos (2x0) a

(0) + 3u2
0a

(0)

=Vgu0
∂ϕ(0)

∂ξ
, (19)

− µa(1) +
1

2
λ2x2a(1) + V0 cos (2x0) a

(1) + 3u2
0a

(1)

=
1

2

∂2a(0)

∂ξ2
− 1

2
u0

(

∂ϕ(0)

∂ξ

)2

− 3u0

(

a(0)
)2

+ Vgu0
∂ϕ(1)

∂ξ
+ Vga

(0) ∂ϕ
(0)

∂ξ
− u0

∂ϕ(0)

∂τ
. (20)

Note that the form of Eq.(18) is the same as that

of Eq.(8). In fact, BEC in the experiments are di-

lute and very weakly interacting: n |as|3 << 1, where

n is the average density of the condensate.[22−24] So,

Eq.(18) can be transformed into Hill’s equation. The

solution of Hill’s equation is given by Eq.(14). Subse-

quently, by comparing Eq.(16) with Eq.(19), we find

that V 2
g = u2

0 +
1

4u0

∂2u0

∂x2
0

. Similarly, from Eqs.(17)

and (20), we have

∂ϕ(0)

∂τ
+

3

8

(

1 +
u2

0

V 2
g

) (

∂ϕ(0)

∂ξ

)2

− 1

8Vg

∂3ϕ(0)

∂ξ3
= 0.

(21)

Substituting Eq.(16) into Eq.(21), one obtains

∂a(0)

∂τ
+

3

2

(

Vg

u0
+
u0

Vg

)

a(0) ∂a
(0)

∂ξ
− 1

8Vg

∂3a(0)

∂ξ3
= 0.

(22)

Equations (21) and (22) should be called variable co-

efficient Korteweg-de Vries (VCKdV) equation. Mak-

ing transformation λ = ε2a(0), x0 = x, ξ = εX =

ε (x− Vgt), and τ = ε3t, from Eq.(22) we obtain

∂λ

∂t
+

3

2

(

Vg

u0
+
u0

Vg

)

λ
∂λ

∂X
− 1

8Vg

∂3λ

∂X3
= 0, (23)

where u0 (x) = u0 (x0). The single-soliton solution of

the Eq.(23) is given by

λ = −A0sech
2

{
√

VgA0

(

Vg

u0
+
u0

Vg

) [

x−
(

Vg −
A0Vg

2u0
− u0A0

2Vg

)

t− x00

]

}

, (24)

where A0 is a positive constant, x00 is a constant denoting the initial position of the soliton on the pedestal
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background. Exact to the first order, the condensate-state wavefunction takes the form

ψ =

{

u0 −A0sech
2

[
√

VgA0

(

Vg

u0
+
u0

Vg

) (

x− Vgt+
A0Vg

2u0
t+

u0A0

2Vg
t− x00

)

]}

× exp [i (−µt+ ϕ)] . (25)

The phase function reads

ϕ =
−2Vg

√
A0

√

u0V 2
g + u3

0

tanh

{
√

VgA0

(

Vg

u0
+
u0

Vg

) [

x− Vgt+
1

2

(

Vg

u0
+
u0

Vg

)

A0t− x00

]

}

. (26)

Equation (25) is just the soliton solution of the BEC

confined in the combined potential consisting of a

weakly periodic potential and a harmonic magnetic

traps.

5. Numerical results and discus-

sions

To observe the effect of weakly periodic potential

on the solitary excitation, we further give numerical

calculation of the soliton dynamical properties.

First, we plot the density distribution of the con-

densates with different lattice depth at the initial stage

in Fig.2. We see that there exists a sinus in its ampli-

tude function at x = 0, which can be associated with

dark soliton. By comparing different lattice depth

V0 = 0 (solid line) and V0 = 0.1 (dashed line), we

find that the condensates still exhibit the dark soliton,

however the amplitude of the dark soliton decreases

due to the modulating effect of the weakly periodic

potential.

Fig.2. The density distribution of the condensate with

lattice depth V0 = 0 (solid line) and 0.1 (dashed line)

at the initial time. Other parameters used are A0 = 1,

µ = 0.5, and x00 = 0.

Subsequently, we probe the stability problem of

the dark soliton in the weakly modulated periodic po-

tential, which is shown in Fig.3. One can see that the

dark soliton propagates leftward without attenuation

and changes in shapes (including its height and width)

as the time going on. It illustrates that the dark soli-

ton is a stable propagating solitary wave, which is the

result from the interplay between the nonlinearity and

atomic dispersion caused by inter-site tunnelling.[31]

Fig.3. The space–time evolution of the density of the

condensate with weakly periodic potential V0 = 0.1. The

parameters used are the same as those in Fig.2.

Finally, we discuss the effect of the weakly mod-

ulated periodic potential on dynamical characteristics

of the soliton of the condensates. Figure 4 presents

the amplitude of the soliton at initial stage under

consideration for different level periodic potential at

(a) x = 0 and (b) x = 5. From Fig.4(a), we find that

the minimal amplitude of the soliton increases with

the increasing lattice depth. Figure 4(b) represents

that the smooth maximum amplitude of the soliton

decreases with the increasing lattice depth. As a mat-

ter of fact, the difference between the two curves in

Figs.4(a) and 4(b) is just the amplitude of the soli-

ton. So, we conclude that a black soliton of the BEC
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transforms to a grey soliton (according to the termi-

nology in optical fibres) due to the weakly periodic

potential modulating effect. Meanwhile, we depict the

velocity of the soliton versus the lattice depth in Fig.5.

Fig.4. The amplitude of the soliton versus lattice param-

eter V0, for space (a) x = 0 and (b) x = 5. The parameters

used are the same as those in Fig.2.

Fig.5. The velocity of the soliton as a function of lattice

parameter V0. The parameters used are the same as those

in Fig.2.

One may see that the velocity of the soliton decreases

due to the weakly periodic potential modulating ef-

fect. This might be due to damping effect of barrier

of the periodic potential when the soliton propagates

in BEC. In addition, the relation between the width

of the soliton and the lattice depth is shown in Fig.6.

When the lattice depth increases, the width of the

soliton slowly decreases from the lattice depth V0 = 0,

goes through a minimum, and then slowly increases.

Its minimum position (the critical value) is about at

V0 = 0.3. Based on above discussion, we find that

the motion of solitons in the BEC trapped in har-

monic magnetic potential can be effectively managed

by means of weakly periodic traps.

Fig.6. The width of the soliton versus lattice parameter

V0. The parameters used are the same as those in Fig.2.

6. Conclusions

In summary, we have developed multiple-scale

method combined with WKB expansion to analyti-

cally study the modulating effect of the weakly peri-

odic potential on the dynamical properties of the BEC

trapped in harmonic magnetic potential. In the lin-

ear case, we have derived the relation of the stability

condition of the soliton formation in the BEC. For the

weak nonlinearity, the amplitude and phase of wave-

function of the condensates was governed by VCKdV

equation. Our numerical calculation showed that the

weakly periodic potential had an important effect on

the dark soliton dynamical characteristics of the con-

densates. A black soliton of the BEC in harmonic

magnetic traps might be transformed to a grey soli-

ton due to the weakly periodic potential modulating

effect. Meanwhile the velocity of the soliton decreases,

and its width firstly decreases to go through a mini-

mum position and then increases with the increasing

lattice potential.
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