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Many realistic networks have community structures, namely, a network consists of groups of nodes within which

links are dense but among which links are sparse. This paper proposes a growing network model based on local processes,

the addition of new nodes intra-community and new links intra- or inter-community. Also, it utilizes the preferential

attachment for building connections determined by nodes’ strengths, which evolves dynamically during the growth of

the system. The resulting network reflects the intrinsic community structure with generalized power-law distributions

of nodes’ degrees and strengths.
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1. Introduction

Since 1998, with the small-world model intro-
duced by Watts and Strogatz,!] a new science of net-
works has appeared on the stage. Because of its pow-
erful function of describing structures and properties
of many real systems,[?! the complex network is one of
the most popular fields studied nowadays. In the past
decade, there are two characteristics studied mostly in
complex networks. One is the small-world property,!!
which suggests that a network has a highly degree
of clustering like regular networks and a small av-
erage distance among any two nodes similar to ran-
dom networks. The small-world phenomenon has been
successfully described by network models with some

[1,3]

degree of randomness. The other is the scale-free

behaviour,[* which means a power-law distribution of
connectivity, P(k) ~ k7, where P(k) is the proba-
bility that a node in the network has k£ connections
to other nodes and ~ is a positive real number deter-
mined by the given network. The origin of the scale-
free behaviour has been traced back to two mecha-
nisms observed in many systems, which are growing

and preference. 4]

Recently, with the progress of research in com-
plex networks, many other statistical characteristics
of networks have been reported in the current litera-

ture. The so-called ‘community’ (or ‘modularity’) is of
great interest. That is to say, a network is composed
of many clusters of nodes, where the nodes in the same
cluster are highly connected, while there are few links
among the nodes belonging to different clusters. For
instance, groups are formed in scientific collaboration
networks.[% Also, the presence of community can dra-
matically alter the behaviour of dynamical processes

on networks.[7=9]

In the study of community networks, most re-
search has been directed in two distinct directions.
On the one hand, attention has been paid to design-
ing algorithms for detecting community structures in
real networks. A pioneering method was made by
Girvan and Newman,[® they introduced a quantita-
tive measure for the quality of a partition of a net-
work into communities. Later, a number of algorithms
have been proposed in order to find a good optimiza-
tion with the least computational cost. The fastest
available procedures use greedy techniques!’® and ex-
tremal optimization,!'!] which are capable of detecting
communities in large networks. On the other hand, re-
search has focused on modelling of networks with com-
munity structures. In Ref.[12], a static social network
was introduced where individuals belong to groups
which in turn belong to groups of groups and so on.
In Ref.[13], a networked seceder model was suggested
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to illustrate group formation in social networks. In
Ref.[14], a growing bipartite network for social com-
munities with group structures was proposed. Each
of those models is constructed based on one aspect of
reality.

Apart from the topological issue, it is important
to realize that many complex networks are weighted,
i.e., the interaction between two nodes is character-
ized not only by the existence of a link but a link
with a varying weight assigned to it. Weighted net-
works can be described by a matrix w;; specifying
the weight on the edge connecting the vertices ¢ and
j, with 4,5 = 1,..., N, where N is the size of the
network (w;; = 0 if the vertices ¢ and j are not con-
nected). The strength of the vertex ¢ can be defined
as s; = ZjeU(i) wj;, where the sum runs over the set
U (i) of neighbours of i.!%] The strength of a node in-
tegrates the information both about its connectivity
and the importance of the weights of its links, and
can be considered as the natural generalization of the
degree.

In this paper, we propose a weighted network
model with communities that gives a realistic de-

s.16:17 The model incorpo-

scription of local event
rates three processes, the addition of new nodes intra-
community and new links intra- or inter-community.
Using growing and preferential attachment mecha-
nisms, we generate the community network with
good right-skewed distributions of nodes’ degrees and
strengths, which have been observed in many social

systems.

2. Model

The Barabési-Albert network!¥) only describes a
particular type of evolving networks, the addition of
new nodes preferentially connecting to the nodes al-
ready presented in the network. Systems in the real
world, however, are much richer. For example, in
scientific collaboration networks, a multidisciplinary
scientist is not only collaborate with scientists in his
research fields but also has a stronger desire to collab-
orate with scientists in other fields.'®! In friendship
networks, a person usually makes friends with people
belonging to different communities besides the com-
munity he belongs to. To give a realistic description
of the network construction like that, we introduce
a growing model of community networks based on lo-

cal events, the addition of new nodes intra-community

and new links intra- or inter-community. The pro-
posed model is defined as follows.

We start with M (> 2) isolated communities and
each community consists of a small number n of con-
nected nodes, with a same assigned weight wq to each
link. At each time step, we perform one of the follow-
ing three operations.

(i) With probability p we add a new node [ in a
randomly chosen community. The new node is only
connected to one node which already presents in the
selected community (a weight wg is assigned to this
link). We denote it as the uth community. The prob-
ability that node ¢ in community u will be selected is
subjected to the following equation

intra

. S
I I Sl_ntra — uﬂ_ 1
( 3 ) E] S}J])gra ) ( )

where the sum runs over nodes in community u and

intra
U,

S is the intra-community strength of node i in

community u. Following ideas developed by Barrat
et al,[*®! once node i is selected to be connected, the

additional induced increase d in strength s is dis-
tributed among its nearest neighbours in community

u according to the rule

intra
intra intra )
wi; T =W+ ) Sintra - (2)

K2

(ii) With probability ¢ we add a new link (with an
assigned weight w) in a randomly chosen community.
For this we randomly select a node in a randomly cho-
sen community u as the starting point of the new link.
The other end of the link is selected in the same com-
munity with the probability given by Eq.(1) and the

intra
i

additional induced increase ¢ in strength s is dis-
tributed among its nearest neighbours in community
u (described by Eq.(2)).

(iii) With probability r (=1 — p — ¢) we add an
new link (with an assigned weight wg) between two
communities. For this we randomly select a node in
a randomly chosen community « as the starting point
of the new link. The other end ¢ of the link selected
in the other community v is proportional to its inter-
community strength

inter

. S
(S;ntcr) — %7 (3)
H Ev;ﬁu;j (S'u,;' )

where the sum runs over nodes in all communities ex-

cept for community u and sg‘zer is the inter-community
strength of node 7 in community v. For the end point

of the new link, the additional induced increase ¢ in
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strength sin® is distributed among its nearest neigh-
bours belonging to other communities

inter

inter mtcr ij
wij —w + 5 mtcr : (4)

After t time steps, this scheme generates a net-
work of Mn + pt nodes and t links.
P, q, and r control the network structure. In the case

The parameters

of small r, the generated network will have a strong
community structure. Notice that whatever process is
chosen at each time step, only one link is added to the
system at each time step (duplicate and self-connected
edges are forbidden), however, this is not essential.

3. Strength distribution

In our community network, the strength of a node
consists of two parts, the intra-community strength
and the inter-community strength. Increases of the
node’s strength can be divided into two processes,
the increases of the intra-community strength and the
inter-community strength. For the sake of simplicity,
we can set wy = 1 and the weight depends only on the

dimensionless parameter §. Based on the continuous

2,19] intra inter

approximation,| we assume that s; and s;

change continuously, and the probabilities [](s ;““‘*)
and [](si"") can be interpreted as the rates at which

intra inter

s and s;**" change, respectively. Thus, the opera-
tions (i)—(iii) all contribute to s;, each being incorpo-

rated in the continuum theory as follows.

(i) Addition of a new node in a randomly chosen community with probability p

851nt.ra 1 mtra 1ntra intra

Ut - py— | — 1 + 5 wzj (5)
ot - pM Z Smtra : : mtrd Sint}ra
7 “u,j JeUlntra u,j

(ii) Addition of a new link in a randomly chosen community with probability ¢

681ntra mtrd intra wmtrd

u,t u,j 7
or 1 N > s DY 3 s itz

1ntra (

(iii) Addition of a new links between two communities with probability r

1ntcr

inter

8Si)n§cr 1 1 Smtcr wij
=0 |3 () a0 () 2 s "
Combing the contribution of processes (i) and (ii), we have
682“?3‘ p+q Si;]tira intra wmtrd q
L = m——(1+46) + =2 2| +—. 8
o T | S | T )
mtra 2

Notice that 3, s = M(p + ¢)(1 + 6)t. Thus we have

o st g o)
ot 2(1+6)t Mn+pt’
which can be simplified for large ¢
682“)?3‘ B Sgi‘;ra q

ot 2(1+0)t

(10)

The boundary condition of the intra-community strength at initial time ¢; can be estimated in the sense of

mathematical expectation, sm"a(ts) = p+ q. So we write the solution of Eq.(10) as

1425
intra

b+ )1+ 20)+ 200+ 9] (1) ~24(1+0)
Sui = p(1 +20) '
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In random networks, the strength distribution can be calculated by

1
P(s) = P Z 6(si(t) —s), (12)
i=1
which gives
. _ 345
intra 2p(1 +9) 2q(1 +0) + p(1 + 20)s™tra 7
P(s™7) = (13)
p(p+q)(1+20) +2¢(1+6) | p(p+q)(1 + 28) + 2¢(1 +9)
For Eq.(7), we notice ), siffer =2(1+0)r (1 — %) t and consequently simplify it for large ¢
o inter 2 1_|_5 + 1 +25 inter
So 214 0)r +p( )50 (14)

ot

2(1+0)pt

Using the boundary condition of the inter-community strength at initial time ¢5 which can be estimated in the

inter

sense of mathematical expectation, s}

inter __

rlp(1 + 28) + 2(1 + 5)] (ti) T or(1 4+ 9)

(ts) = r, we write the solution of Eq.(14) as

1426

S

S

p(1+ 20)

According to Eq.(12), we obtain the distribution of
the inter-community strength

(15)

which is reasonably in agreement with the condition

of many realistic systems.!2’]

P(s™mter) 100
2p 146 . o numeri'cal
~ (Lt 26() + 27°)(1 +9) § oo e
2r(1+6) + p(1 + 26)s™" ~ i (16) S e B o
pr(l +28) + 2r(1+9) 1 o e s
Thus, the strength distribution of our network should 100 gintee
have the form of a generalized power-law 5
5 102 -
P(s) ~ [A(p,q) + B(p,q)s] ). i TR~
S e
In Fig.1 we present numerical results of distri- s iliivine
butions of the intra-community strength, the inter- 107 10! ginter 107 10%
community strength, and the total strength of 100
nodes in log—log scale. The distributions of the R “ag,
intra-community strength and the inter-community g 1072 )
strength, shown in Figs.1(a) and 1(b), agree with an- Lo (c) N
alytical results of Eqgs.(13) and (16), respectively. Ac- . St o
109 10t 102 103

cording to the evolving rule of our network, nodes with
larger intra- (or inter-) strength have higher probabil-
ity to gain new links, then the usual strength pref-
erential attachment is reasonably kept. This means
that the right-skewed character of the network, such
as the node’s total strength, will retain. As shown
in Fig.1(c), the total strength distribution of nodes is
well expected to show a good right-skewed character,

s
Fig.1. Log-log representation of distributions of the intra-
community strength (a), the inter-community strength (b),
and the total strength (c) of nodes. All the simulation results
(squares) display good right-skewed distributions. Solid lines
in (a) and (b) denote analytical results predicted by Eqgs.(13)
and (16), respectively. The experiment network has a total
number of nodes N = 10° with parameters M = 10, n = 5,
p=04, ¢g=0.4, wo=1, and § = 0.5.



No. 3 Generating weighted community networks based on local events 937
4. Degree distribution which can be simplified for large ¢
According to the evolving rule of our model, one 8]“3:?& - s 4 2¢(1 +9) (20)
can easily get the relation ot 2p( 14+0)t ’
Okwi™ _ pta_sui™ | 4 Ok poui” +2r(140) (21)
a% = M Z Smtrd + N (18) ot 2p(1 + 6)t
j Ju.j
Ok inter sinter Substituting Eqs.(11) and (15) into Egs.(20) and (21),
T - () |
ot . lmcr respectively, we have

7'UJ

1426

t 2426
o PO+ 001+20) +20040) (£) 7 +401+9)

o 2p(1 4 8)(1 4 26)t ' (22)
dinter [pr(1 4 20) + 2r(1 + 9)] <£) o + 46r(1 4 0)
ot 2p(1+ 6)(1 + 20)t ' (23)

The boundary conditions of the intra-community degree and the inter-community degree at initial time ¢, can
be estimated in the sense of mathematical expectations, km"a( s) =p+qand k;?}cr(ts) = r, respectively. So
we write solutions of Eqs.(22) and (23) as

intra _ 2+20 [ p+q q T\ 2q0 t
Mt = 195 |30+ 0) T it 2s)] |\ Wroaray oy ) rate (24)
1426
inter __ 2+ 26 r T i 2+28 . 27’5 i
i T 136 [20+90) par20] |\& it M)t (25)
In random networks, the degree distribution can be calculated by
1
P(k) = n Z (ki(t) — k), (26)
i=1
which gives
P(kintra) _ 2p(1 + 5)(1 + 26)
p(p+q)(1+20) +2(1+¢)(1+9)
i _ 3446
" [(p2 +pa+2q)(1+0) — 2p(p + @) (1 +20)> +p(1 + 25)2kmtra] e @7
p(p + @) (1 +26) + (2pq + 4¢0)(1 + 6) ’
P(kinter) _ 4]?(1 + 5)2(1 + 25)
rlp(1 4+ 26)2 +2(1 4 6)(1 + 60)]
[P+ 26)(2(1+8) + p(1 + 26)?) + 2p(1 + 8)(1 + 26)2kimer ]~ H os)
r(p(1+26)2 +2(1 4 0)(1 + 66 + 442)) '

Thus, the degree distribution of our network also has ~ community degree, and the total degree of nodes in

the form of a generalized power-law

~ [A(p,q) + B(p, q)k] 7.

In Fig.2 we present numerical results of distri-

log—log scale. The experimental network is generated

Pk 99 by the proposed scheme with the same parameter val-
(k) (29) ues as those in Fig.1. The distributions of the intra-

community degree and the inter-community degree,

butions of the intra-community degree, the inter-  shown in Figs.2(a) and 2(b), agree with analytical
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100

o numerical ]
analytical

P(kintra)

(a)

kintra

109

P(k inter)

10—4

109 10t 102 103

Fig.2. Log—log representation of distributions of the intra-
community degree (a), the inter-community degree (b),
and the total degree (c) of nodes. All the simulation results
(squares) display good right-skewed distributions. Solid
lines in (a) and (b) denote analytical results predicted by
Eqs.(27) and (28), respectively. Parameters are the same
as in Fig.1.

results of Eqs.(27) and (28), respectively. The small
deviations between computer simulations and analyt-
ical solutions appear to be the mathematical approxi-
mation of the boundary conditions and the finite size
effect due to the relatively small network sizes used in
the simulations. In Fig.1(c), the total degree distribu-
tion of nodes also shows a good right-skewed charac-
ter.

5. Conclusion
Weighted networks with community structures

It is
becoming essential to model and study this kind of

underlie many natural and artificial systems.

topological feature. In present work, we suggested a
simplified mechanism for networks organized in com-
munities, which corresponds to local events during the
system growth. The generated weighted network is
highly clustered and has good right-skewed distribu-
tions of nodes’ strengths and degrees, which have been
found very common in most realistic systems. The
model we have explored, however, is a simple one in
the class of weighted community networks. There ex-
ists a series of improvements that can be made further.
For instance, rather than remaining a constant, J is a
variable for different vertices depended on their de-
grees or strengths. This may have a great influence
on the structure of community networks.
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