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1. Introduction

A great task in quantum optics is solving mas-

ter equations which describe interaction between ra-

diation field and atoms (or reservoir),[1−4] so that

we can know how the field damps or diffuses. For

this purpose, one usually converts density operator

equations into c-number equations by using the P-

representaiton[5,6] or the Wigner function approach.[7]

In this work we point out that by virtue of the bi-

partite entangled state representation[8] we can con-

veniently tackle this task in a concise way, this is

because the bipartite entangled states possess well-

behaved properties. In this way we can have a fresh

picture of the time-evolution of density operators from

the point of view of entangled state representation,

other than the P-representation or the Wigner func-

tion. The work is arranged as follows. In Section 2

we briefly review the properties of the entangled state

representation |τ〉 in which one mode is a fictitious

mode introduced for convenience. In Sections 3 and 4

we concentrate on solving density operator equations

for the generalized phase diffusion process.

2. Brief review of the entangled

state representation

Denoting the light field mode by a†, we introduce

the entangled state in two-mode Fock space[8,9]

|τ〉 = exp

[
−

1

2
|τ |2 + τa† − τ∗ã† + a†ã†

] ∣∣00̃
〉
, (1)

where ã† is a fictitious mode accompanying a† in-

troduced for convenience, [a†, ã†] = 0, [ã, ã†] = 1,∣∣00̃
〉

= |0〉
∣∣0̃

〉
, ã

∣∣0̃
〉

= 0. At this point we men-

tion that the method of introducing fictitious modes

was firstly introduced by Takahashi and Umezawa for

thermo field dynamics in Ref.[10]. The states |τ〉 make

up an orthonormal-complete relation

∫
d2τ

π
|τ〉 〈τ | = 1,

〈τ ′| τ〉 = πδ (τ ′ − τ) δ (τ ′∗ − τ∗) , (2)

and obey the following eigenvector equations

(
a − ã†

)
|τ〉 = τ |τ〉 ,

(
ã − a†

)
|τ〉 = −τ∗ |τ〉 , (3)

〈τ |
(
a† − ã

)
= τ∗ 〈τ | , 〈τ |

(
a − ã†

)
= τ 〈τ | . (4)
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It then follows

a |τ = 0〉 = ã† |τ = 0〉 ,

a† |τ = 0〉 = ã |τ = 0〉 , (5)

and

a†a |τ = 0〉 = ã†ã |τ = 0〉 . (6)

Also from Eq.(1) we derive

〈τ | ã† =

(
∂

∂τ∗
−

τ

2

)
〈τ | ,

〈τ | a† = −

(
∂

∂τ
−

τ∗

2

)
〈τ | , (7)

〈τ | ã = −

(
∂

∂τ
+

τ∗

2

)
〈τ | ,

〈τ | a =

(
∂

∂τ∗
+

τ

2

)
〈τ | . (8)

We also find the remarkable property for τ = |τ |eiϕ,

(
ã†ã − a†a

)
|τ〉

= −
(
a†τ + ã†τ∗

)

× exp

[
−

1

2
|τ |2 + τa† − τ∗ã† + a†ã†

] ∣∣00̃
〉

= i
∂

∂ϕ
|τ〉 , (9)

this brings much convenience for solving some mas-

ter equations for generalized phase diffusion models.

In the next section we shall show that by enlarging

the light field operator ρ of real mode to the state

|ρ〉 = ρ |τ = 0〉 with the fictitious mode we can di-

rectly transform many density operator equations to

c-number equations in the entangled state representa-

tion, which provides a new view for analysing phase

diffusion process of light field.

3. New method of solving equa-

tions for the phase diffusion

process

By virtue of these properties we can examine den-

sity operator equations in the entangled state repre-

sentation. For example, for a harmonic oscillator gov-

erned by ωa†a, ρ′s Heisenberg equation is

dρ

dt
= −iω[a†a, ρ]. (10)

Operating the both sides of Eq.(10) on the state

|τ = 0〉, and denoting

|ρ〉 = ρ |τ = 0〉 , (11)

then using Eqs.(5) and (6) we obtain

d

dt
|ρ〉 = iω

(
ã†ã − a†a

)
|ρ〉 . (12)

Projecting Eq.(12) onto the entangled state represen-

tation and then using Eq.(9) we have

d

dt
〈τ | ρ〉 = iω 〈τ |

(
ã†ã − a†a

)
|ρ〉

= ω
∂

∂ϕ
〈τ | ρ〉 , (13)

this form of equation is simple, the solution of Eq.(13)

is

〈τ | ρ〉 = f
(ϕ

ω
+ t

)
R (r) , r ≡ |τ |, (14)

which indicates that there exists a phase factor eiωt in

the time evolution of ρ.

For the phase diffusion process of a harmonic os-

cillator, the density operator satisfies the equation

dρ

dt
= (−i)2γ[a†a, [a†a, ρ]]. (15)

Operating the both sides of Eq.(15) on |τ = 0〉 we get

d

dt
|ρ〉 = γ[2a†aρa†a − ρ

(
a†a

)2
−

(
a†a

)2
ρ] |τ = 0〉

= γ[2a†aã†ã −
(
ã†ã

)2
−

(
a†a

)2
] |ρ〉

= −γ
(
ã†ã − a†a

)2
|ρ〉 . (16)

Due to Eq.(9), Eq.(16) becomes

d

dt
〈τ | ρ〉 = γ

∂2

∂ϕ2
〈τ | ρ〉 . (17)

Making the variable separation, 〈τ | ρ〉 =

T (t)Φ (ϕ)R (r), and substituting it into Eq.(17) we

obtain

T ′

T
= γ

Φ
′′ (ϕ)

Φ (ϕ)
= −ν, (18)

where ν is the variable-separation constant. Thus we

conclude

〈τ | ρ〉

= e−νt

[
A cos

(√
ν

γ
ϕ

)
+ B sin

(√
ν

γ
ϕ

)]
R (r) ,

(19)

where A, B are two integration constant depending

on the initial state, Eq.(19) manifestly exhibits the

phase diffusion process. If we take ν = γ, then

〈τ | ρ〉 = e−γt [A cosϕ + B sinϕ] R (r).
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4. Some generalized phase diffu-

sion models

Now we generalize Eq.(15) in several aspects.

1) When it is extended as

dρ

dt
= (−i)

3
γ[a†a, [a†a, [a†a, ρ]]]

= iγ[a†a, (2a†aρa†a − ρa†aa†a − a†aa†aρ)]

= iγ[2(a†a)2ρa†a − a†aρ(a†a)2 − (a†a)3ρ

−2a†aρ(a†a)2 + ρ(a†a)3 + (a†a)2ρa†a], (20)

operating the both sides of Eq.(20) on |τ = 0〉 we have

d

dt
|ρ〉 = iγ[3ã†ã(a†a)2 − 3(ã†ã)2a†a

−(a†a)3 + (ã†ã)3|ρ〉

= iγ
(
ã†ã − a†a

)3
|ρ〉. (21)

Then projecting onto 〈τ | we obtain a simple equation

d

dt
〈τ | ρ〉 = −γ

∂3

∂ϕ3
〈τ | ρ〉 . (22)

By induction we infer that for the following general-

ized diffusion equation

dρ

dt
= (−i)

n
γ[a†a, [a†a, [. . . [a†a, ρ]] . . .], (23)

where there are n commutators, we can derive

d

dt
〈τ | ρ〉 = (−i)

n
γ

∂n

∂ϕn
〈τ | ρ〉 , (24)

so

〈τ | ρ〉 = Ce−νt exp

[
− n

√
−ν

γ
R(r)

]
, (25)

which also exhibits phase diffusion.

2) When ρ′s equation is

dρ

dt
= (−i)2ω[a†a, [a†a, ρ]]

+g
(
2aρa† − a†aρ − ρa†a

)
, (26)

where the second round bracket represents dissipation,

from Eq.(26) we have

d

dt
|ρ〉 =

[
−ω

(
ã†ã − a†a

)2
+ g

(
2aã − a†a − ã†ã

)]
|ρ〉

=
[
−ω

(
ã†ã − a†a

)2
+ g

((
ã − a†

)
a −

(
ã† − a

)
ã
)]

|ρ〉 , (27)

then using Eqs.(3), (4), (7) and (8) we obtain

d

dt
〈τ | ρ〉 =

[
ω

∂2

∂ϕ2
〈τ | ρ〉 + g 〈τ | (τã − τ∗a)

]
|ρ〉

=

[
ω

∂2

∂ϕ2
+ g

(
τ

[
−

(
∂

∂τ
+

τ∗

2

)]
− τ∗

(
∂

∂τ∗
+

τ

2

))]
〈τ | ρ〉

=

[
ω

∂2

∂ϕ2
+ g

(
−τ

∂

∂τ
− τ∗ ∂

∂τ∗
− τ∗τ

)]
〈τ | ρ〉 . (28)

Noting

∂

∂τ
=

1

2
e−iϕ

(
∂

∂r
−

i

r

∂

∂ϕ

)
,

∂

∂τ∗
=

1

2
eiϕ

(
∂

∂r
+

i

r

∂

∂ϕ

)
,

r = |τ |, (29)

then from Eq.(28) we obtain

d

dt
〈τ | ρ〉 =

[
ω

∂2

∂ϕ2
− g

(
r

∂

∂r
+ r2

)]
〈τ | ρ〉 , (30)

where 〈τ | ρ〉 is separable, writing 〈τ | ρ〉 =

T (t)R(r)Φ (ϕ) , then from Eq.(30) we obtain

T ′

T
= ω

Φ
′′ (ϕ)

Φ (ϕ)
− g

(
r
R′

R
+ r2

)
= −ν, (31)

where −ν is the variable-separable constant. It is eas-

ily seen T (t) = e−νt, so

ω
Φ

′′ (ϕ)

Φ (ϕ)
= g

(
r
R′

R
+ r2

)
− ν. (32)

Let Φ (ϕ) = eikϕ, from Eq.(32) we obtain

ν − ωk2

rg
− r =

R′

R
= d lnR,
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R = exp

{∫
dr

(
ν − ωk2

rg
− r

)}
, (33)

so

〈τ | ρ〉 = eikϕ− r
2

2
−νtr(ν−ωk2)/g. (34)

Thus one can see that the entangled state representa-

tion brings much convenience for solving master equa-

tions of generalized phase diffusion models.

3) When ρ′s equation is

dρ

dt
= iλ

[
a† + a, ρ

]
+ (−i)2ω[a†a, [a†a, ρ]], (35)

where the first term represents an action of external

force, then acting Eq.(35) on |τ = 0〉 we get

d

dt
|ρ〉 = {iλ

(
a† + a − ã† − ã

)

−ω
(
ã†ã − a†a

)2
} |ρ〉 . (36)

Using Eqs.(3) and (30) we have

d

dt
〈τ | ρ〉 =

{
2iλr cosϕ + ω

∂2

∂ϕ2

}
〈τ | ρ〉 . (37)

One can also use variable separation method to solve

this equation, 〈τ | ρ〉 = T (t)Φ (ϕ)R(r),

T ′(t)

T (t)
=

{
2iλr cosϕ + ω

Φ
′′ (ϕ)

Φ (ϕ)

}
= −ν, (38)

where

ωΦ
′′ (ϕ) + (ν + 2iλr cosϕ)Φ (ϕ) = 0 (39)

is a Mathieu equation whose solution has been dis-

cussed profoundly in Ref.[11]. Therefore we reach an

interesting conclusion that phase diffusion under an

action of external force may lead to a process gov-

erned by the Mathieu equation.

In summary, we have shown that the remarkable

property of the entangled state

〈τ |
(
ã†ã − a†a

)
= −i

∂

∂ϕ
〈τ | (40)

helps us to analyse master equations for generalized

phase diffusion models in terms of the wavefunction

〈τ | ρ〉 , which brings much convenience. This is an al-

ternate approach conveniently tackling this task in a

concise way, and provides us with a fresh view of the

time-evolution of density operators, other than the P-

representation or the Wigner function approaches.
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