
Vol 18 No 3, March 2009 c© 2009 Chin. Phys. Soc.

1674-1056/2009/18(03)/0910-05 Chinese Physics B and IOP Publishing Ltd

Scheme for realizing quantum computation and
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This paper proposes a simple scheme for realizing one-qubit and two-qubit quantum gates as well as multiqubit

entanglement based on dc-SQUID charge qubits through the control of their coupling to a 1D transmission line resonator

(TLR). The TLR behaves effectively as a quantum data-bus mode of a harmonic oscillator, which has several practical

advantages including strong coupling strength, reproducibility, immunity to 1/f noise, and suppressed spontaneous

emission. In this protocol, the data-bus does not need to stay adiabatically in its ground state, which results in not only

fast quantum operation, but also high-fidelity quantum information processing. Also, it elaborates the transfer process

with the 1D transmission line.
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In cavity quantum electrodynamics (QED),[1] the

coupling effects of two atoms[2] inside a cavity have

been theoretically studied to explore exotic quantum

coherent phenomena,[3] e.g., coherent population trap-

ping and dark states. However, the weak dipole–

dipole interaction between atoms makes it difficult to

experimentally demonstrate these phenomena.

Recent experiments using on-chip superconduct-

ing qubits[4−6] show the strong-coupling effects be-

tween: (i) two superconducting qubits;[5,6] (ii) a

charge qubits and a superconducting transmission line

resonator (TLR);[7,8] and (iii) a flux qubit and an LC

oscillator.[9,10] The latter two are referred to as circuit

QED. The demonstration of 2-bit conditional gate of

charge qubits was reported most recently in Ref.[5].

These developments have paved the way towards the

realization of the two important elements of univer-

sal quantum computation: the ability to implement

arbitrary single-bit rotations and the controlled logic

gates between two qubits. Various theoretical schemes

have been proposed for quantum logic gate operations

of superconducting qubits. Most protocols[11−17] in-

volve the coupling of each superconducting qubit to an

auxiliary data-bus and affect an effective coupling be-

tween two qubits through the elimination of dynamic

variables of the data-bus.

The existing schemes[11−17] usually apply to weak

coupling parameters, and thus lead to slow gates with

long operation times. Most of them require the data-

bus to be adiabatic, i.e. to stay in its ground state or

a different pure state during gate operation. Recently,

Wang et al proposed a theoretical protocol for fast en-

tanglement of two charge-phase qubits through nona-

diabatic coupling to a large junction,[10] they designed

a basic storage unit consisting of three symmetrical

dc-SQUIDs and proposed to couple them with a one-

dimensional (1D) transmission line to physically real-

ize a quantum storage network.[18] In this paper, we

suggest a protocol which is capable of efficient and fast

gate operations between two Josephson charge qubits,

and elaborate the quantum information transfer pro-

cess. As will be shown in detail below, our protocol is

insensitive to the state of the data-bus, thus it is not

restricted to the weak coupling limit as required by
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the adiabatic condition. In fact, the resulting strong

effective coupling leads to short gate operation times.

Our main idea is to construct a quantum net-

work including N Cooper pair boxes (CPB) linked

by a quantum data-bus of a harmonic oscillator with

the creation (annihilation) operator
⌢
a
(

⌢
a

+)
.[8,19] Here,

we select the 1D TLR as possible data-bus. It

has been illustrated to have several practical advan-

tages including strong coupling strength, reproducibil-

ity, immunity to 1/f noise, and suppressed sponta-

neous emission.[18,19] The quantum network setup is

schematically shown in Fig.1.

Fig.1. The scheme of our setup. A Josephson charge

qubit array is placed in a 1D TLR. The charge qubits

are placed between superconducting lines and located at

the antinodes of a single-mode magnetic field of the TLR.

The couplings between qubits and a single-mode quantized

field are realized by the magnetic field through the qubit

loops.

Each CPB is a dc-SQUID formed by a supercon-

ducting island connected to two Josephson junctions

with the same capacitance C0
Jk and Josephson energy

E0
Jk. The effective Josephson tunnelling energy can

be tuned by the magnetic flux Φ
(k)
e threading the dc-

SQUID. With proper bias voltage Vgk, the CPB be-

haves as a qubit,[20] and in the spin-
1

2
representation

with charge state |0〉 and |1〉 (|0〉 and |1〉 denote 0 and

1 excess Cooper pair on the island respectively) the

reduced two-state Hamiltonian is given by

H
(k)
JJ = E(k)

z σ(k)
z − EJk cos

(

πΦ
(k)
e

Φ0

)

σ(k)
x , (1)

where EJk = 2E0
Jk is the Josephson energy of the k-th

loop, E
(k)
z = 4Eck

(

n
(k)
g − 1

2

)

with n
(k)
g = CgkVgk/2e,

Eck =
1

2

e2

Cgk + 2C0
Jk

and Φ0 the flux quantum.

The quasi-spin operators σ
(k)
z = |0〉k k 〈0| − |1〉k k 〈1|,

σ
(k)
x = |1〉k k 〈0| + |0〉k k 〈1|.

In our setup, a 1D transmission line resonator

(TLR) of length L is placed in parallel with this super-

conducting qubit array away from a distance d.[18,19]

The quantized magnetic field at x =
nL

2n0
is

By

(

x =
nL

2n0

)

=
1

d

√

~lω

L

(

⌢
a +

⌢
a

+
)

, (2)

where n0 is the mode number resonant with the

qubits, n is an arbitrary integer, while the electric

field is zero at these points. Here ω =
n0π

L
√

lc
, l (c)

is the inductance (capacitance) per unit length. The

flux induced by the transmission line in a dc-SQUID

with an enclosed area S is

Φ
(k)
x =

S

d

√

~lω

L

(

⌢
a +

⌢
a

+
)

. (3)

Here, we have assumed only a single mode of magnetic

field with frequency ω, which is coupled with super-

conducting qubits array, and
⌢
a
(

⌢
a

+)
is its annihilation

(creation) operator.

In the Lamb–Dicke limit, the Hamiltonian of the

interacting k-th qubit and resonator system is

H(k) =E(k)
z σ(k)

z + fkσ(k)
x + gk

(

⌢
a +

⌢
a

+
)

σ(k)
x

+ ~ω
⌢
a

+⌢
a, (4)

where

fk = −EJk cos
πΦ

(k)
e

Φ0
,

gk =
πS

Φ0d

√

~lω

L
EJk sin

πΦ
(k)
e

Φ0
.

And the Hamiltonian of whole system (the qubit array

and the TLR) is

H =
∑N

k=1

[

E(k)
z σ(k)

z + fkσ(k)
x + gk

(

⌢
a +

⌢
a

+
)

σ(k)
x

]

+ ~ω
⌢
a

+⌢
a. (5)

Quantum logic gate operation and multi-

qubit entanglement

When two dc-SQUID are placed in the TLR,

the evolution of the system governs by the following

Hamiltonian:[10]

Hgate =

2
∑

k=1

[

E(k)
z σ(k)

z + fkσ(k)
x + gk

(

⌢
a +

⌢
a

+
)

σ(k)
x

]

+ ~ω
⌢
a

+⌢
a. (6)

Set n
(k)
g =

1

2
, then the Hamiltonian reduces to

HCNOT = H1 + H2, (7)
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where

H1 =

2
∑

k=1

fkσ(k)
x , (8)

H2 = ~ω
⌢
a

+⌢
a +

2
∑

k=1

[

gk

(

⌢
a +

⌢
a

+
)

σ(k)
x

]

. (9)

This Hamiltonian can be solved exactly since the inter-

action term gk

(

⌢
a +

⌢
a

+)
σ

(k)
x commutes with the term

fkσ
(k)
x . With the Wei–Norman algebraic method,[21]

we find that the exact time evolution of the Hamilto-

nian (7) is[10,22]

U (t) = U1 [t; fk] ⊗ U2 [t; gk] , (10)

where

U1 [t, fk] = exp






−i

∑

k=1,2

fkσ
(k)
x

~
t






, (11)

U2 [t; gk] =exp
[

−iC (t) − iA (t)σ1
xσ2

x

]

×
∏

k=1,2

exp
[

−iBk (t) âσ(k)
x

]

× exp
[

−iB∗
k (t) â+σ(k)

x

]

, (12)

and the time-dependent parameters are given by

Bk (t) =
gk

−i~ω

(

e−iωt − 1
)

,

A (t) =
2g1g2

ω

(

1

i~2ω

(

eiωt − 1
)

− t

~2

)

,

C (t) =
g2
1 + g2

2

ω

(

1

i~2ω

(

eiωt − 1
)

− t

~2

)

. (13)

If we use a particular time length tn =
2mπ

ω
for inte-

ger m = 0, ±1, ±2, . . ., the time evolution operator

of the whole system can be simplified to

U (tm) =exp
[

i2mπ
(

g2
1 + g2

2

)

/(~ω)2
]

× exp

[

i
4mπg1g2

(~ω)
2 σ(1)

x σ(2)
x

]

× exp

[

−i
2mπ

~ω

(

f1σ
(1)
x + f2σ

(2)
x

)

]

. (14)

This evolution operator plays a key role in the real-

ization of one- or two-qubit quantum gates and mul-

tiqubit entanglement. Clearly, the operator is inde-

pendent of variables of the resonator mode, then, the

data-bus(1D TLR) does not require to stay adiabati-

cally in its ground state, which results in not only fast

quantum operation, but also high-fidelity quantum in-

formation processing.

We shall show how to realize one- and two-qubit

quantum gate, and multiqubit entanglement. In or-

der to do this, we discuss problems on the logic ba-

sis {|e〉k = (|0〉k + |1〉k)
√

2, |g〉k = (|0〉k − |1〉k)/
√

2},
and for simplicity, we let g1 = g2 = g, f1 = f2 = f

through manipulating the external flux Φ
(k)
e of the

k-th loop, and introduce collective spin operator Jx =
2
∑

k=1

σ
(k)
x . In this case, the time evolution operator (14)

reduces to

U ′ (tm) =exp
[

i2mπg2J2
x/(~ω)

2
]

× exp [−i2mπfJx/(~ω)] . (15)

First, we show how to realize the single-qubit ro-

tation operation on one charge qubit. In the case of

one charge qubit in the 1D TLR, according to the

evolution operator (15), we can obtain the rotation

around the z axis:

R(k)
z = ei2mπg2/(~ω)2





e−i2mπf/(~ω) 0

0 ei2mπf/(~ω)



 .

(16)

Second, we show how to realize two-qubit quan-

tum phase gate (QPG). In order to do this, we place

two dc-SQUID in the 1D TLR. From Eq.(14) we easily

obtain the following operation:



























|e〉1 |e〉2
|e〉1 |g〉2
|g〉1 |e〉2
|g〉1 |g〉2

U(tn)
−−−→



































e
i
h

8mπ g2

(~ω)2
−4mπ f

~ω

i

|e〉1 |e〉2,
|e〉1 |g〉2,

|g〉1 |e〉2,

e
i
h

8mπ g2

(~ω)2
+4mπ f

~ω

i

|g〉1 |g〉2.

(17)

Obviously, this operation has achieved an universal

controlled phase-shift gate. It is easy to check that

the operation can implement a π-QPG by selecting

8mπ
g2

(~ω)2
=

3π

2
and 4mπ

f

~ω
=

π

2
.

Third, we shall demonstrate that it is possible

to generate entanglement of N charge qubits in the

GHZ state |Ψ〉 =
1√
2

(

eiϕg |gg . . . g〉 + eiϕe |ee . . . e〉
)

.

To generate the GHZ state, the N charge qubits be-

ing in their ground state |gg . . . g〉 is required. For

the case of N being even, if we select Φ
(k)
e = Φ0/2,

then the evolution operator (15) reduces to: U ′ (tm) =

exp
[

i2mπg2J2
x/(~ω)2

]

. Using this evolution, we find

that several schemes[22−25] are presented for gener-

ating the GHZ state |Ψ〉 with ϕg = −π/4 and

ϕe = π/4 + Nπ/2 by choosing 2mπg2/(~ω)2 = π/8.

For the case of N being odd, our scheme makes

the generation of the GHZ state with the evolution
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operator U ′ (tm) = exp
[

iπ
(

2Jx + J2
x

)

/8
]

by setting

2mπg2/(~ω)
2

= π/8 and 2mπf/(~ω) = −π/4.

Alternatively we can remove the influence of the

TLR mode on the two-qubit logic operation by using

two operations in succession, a concept presented re-

cently for a two-qubit gate on trapped ions[26] and su-

perconducting circuit.[10] The two steps are described

as follows.

First, we evolve the system with the Hamiltonian

(7) for duration τ/2. The evolution operator is

U
(τ

2

)

= U1

[τ

2
; fk

]

⊗ U2

[τ

2
; gk

]

. (18)

Second, at time t = τ/2, we instantly reverse the

direction of the magnetic field such that there is a sud-

den change of flux from Φ
(k)
e to −Φ

(k)
e , this leads to

g′k = −gk and f ′
k = fk. The system is then driven by a

new Hamiltonian H ′ = HCNOT (−gk, fk), with which

we evolve for another τ/2. The evolution operator

becomes

U ′
(τ

2

)

= U1

[τ

2
; fk

]

⊗ U2

[τ

2
;−gk

]

. (19)

The combined dynamics from the above two steps

is now described by the following evolution operator

Ũ (τ) =U ′
(τ

2

)

U
(τ

2

)

=exp
[

−iM (τ) − iN (τ) σ1
xσ2

x

]

× exp






−i

∑

k=1,2

fkσk
x

~
τ






, (20)

where

M (τ) =C′
(τ

2

)

+ C
(τ

2

)

=
g2
1 + g2

2

ω





2 sin
(ωτ

2

)

~2ω
− τ

~2



 , (21)

and

N (τ) =A′
(τ

2

)

+ A
(τ

2

)

=
2g1g2

ω





2 sin
(ωτ

2

)

~2ω
− τ

~2



 . (22)

Again we see that after the above two successive op-

erations, we realize an effective controlled rotation of

the two qubits.

A key requirement for our protocol is the precise

control of the operation time, especially in the second

approach that needs a sudden switch of the magnetic

field during two-qubit operation. However, the second

scheme does not need to change the magnitude of the

magnetic field but just to switch its direction.

Information transfer between the qubits

The Hamiltonian for the k-th qubit with Φ
(k)
e =

Φ0/2 becomes

H(k) (fk = 0) =E(k)
z σ(k)

z + gk

(

⌢
a +

⌢
a

+
)

σ(k)
x

+ ~ω
⌢
a

+⌢
a. (23)

Under the condition
∣

∣

∣
E

(k)
z − ω

∣

∣

∣
/
(

E
(k)
z + ω

)

<< 1, we

can apply the rotating-wave approximation, and ob-

tain the following Hamiltonian:

H
(k)
RWA (fk = 0) =E(k)

z σ(k)
z + ~ω

⌢
a

+⌢
a

+ gk
⌢
aσ

(k)
+ + g∗k

⌢
a

+
σ

(k)
− . (24)

This is a typical Jaynes–Cummings model. Using this

Hamiltonian, the scheme[19] was present for the quan-

tum information transfer. To implement the quantum

information transfer, we prepare first the transmis-

sion line in its ground state |0〉TLR, tune n
(k)
g to have

E
(k)
z = ω for a period π/(2gk) such that the state

of the k-th qubit is stored in the transmission line.

Then let this qubit be largely detuned with the TLR

while make the frequency of another qubit to satisfy

E
(k′)
z = ω for another t = π/(2gk′). This process can

be explicitly illustrated as
(

α |1〉(k)
+ β |0〉(k)

)

⊗ |0〉TLR ⊗ |0〉(k′)

→|0〉(k) ⊗
(

βeiξ |0〉TLR − iαe−iξ |1〉TLR

)

⊗ |0〉(k′)

→|0〉(k) ⊗ |0〉TLR ⊗
(

α |1〉(k′) + β |0〉(k′)
)

.

In this way the information is transferred from the kth

qubit to the k′th qubit.

We now consider the implementation of our pro-

tocol in realistic experiments. To see the experimen-

tal feasibility, we now examine the used conditions

and approximations based on the possible experimen-

tal parameters. For example, based on the parame-

ters in Ref.[8], if we take L ∼ 0.2mm, S ∼ 200µm2,

d ∼ 1µm and n0 = 5, then gk ∼ 0.1EJk.[19] With

these parameters and the cavity QED parameters for

the 1D superconducting system, the Lamb–Dicke ap-

proximation is justified. Besides, the operation time

is estimated to be ∼ 10−10 s for one CNOT operation

process and ∼ 10−9 s for one information transferring

process, being much shorter than the coherence time

for charge qubits at the degeneracy point (∼800ns

currently). Therefore this process can be completed

before the quantum decoherence happens.
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In conclusion, we have presented an efficient

scheme to implement one-qubit rotation operation, a

quantum controlled phase gate as well as quantum in-

formation transfer process by dc-SQUID charge qubits

coupling to a 1D TLR. The 1D transmission line has

several practical advantages including strong coupling

strength, reproducibility, immunity to 1/f noise, and

suppressed spontaneous emission. From the experi-

mental point of view, our protocol seems feasible and

advantageous as it only needs the control of one sys-

tem parameter, that is the external applied magnetic

field or controlled gate voltage vg.
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