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Wigner function of the thermo number states”

Hu Li-Yun(##]z)»T and Fan Hong-Yi (a3 X))
a) Department of Physics, Shanghai Jiaotong University, Shanghai 200030, China
b) Department of Material Science and Engineering, University of Science and Technology of China, Hefei 230026, China

(Received 27 June 2008; revised manuscript received 27 July 2008)

Based on thermo field dynamics (TFD) and using the thermo Wigner operator in the thermo entangled state
representation we derive the Wigner function of number states at finite temperature (named thermo number states).
The figure of Wigner function shows that its shape gets smoothed as the temperature rises, implying that the quantum
noise becomes larger.
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1. Introduction W (p,q) in phase space has its physical meaning that

its marginal distribution gives probability of measure-

Wigner distribution function!l of quantum states ot i coordinate space and momentum space. This

is an important topic in quantum mechanics, quan-  ap he clearly seen from the explicit normally ordered

tum statistics and quantum optics. In Ref.[2], Vo- ¢ . of A(p,q)

gel and Risken pointed out that the Wigner distri-

bution can be obtained by tomographic inversion of A (p,q) :l; e (1-Q)*—(@-P)*,

a set of measured probability distributions Py (z4) of 71T

the quadrature amplitude. Later, Smithey et all®! also = : exp[—2(aT —a’)(a—a)]:, (4)
pointed out that once the distribution Py (x4) are ob- 1

tained, one can use the inverse Radon transformation, ~ Wwhere a = 7 (g+1ip), : : denotes normal order-

familiar in tomographic imaging to obtain the Wigner

5 ing, a' and a are Bose creation and annihilation op-
3

distribution and density matrix.'”! For a very good

erators, respectively, which satisfy [a,al] = 1 and
reading material about Wigner function in quantum .14 related to Q and P by Q = (a + af) /\/g and
optics theory we cite Schleich’s book ‘Quantum Optics  p _ (a — a')/(iv/2). Equation (4) can be directly de-

in Phase Space’.[* Tt has been known that for a den-

s rived by performing the integration in Eq.(3) by virtue
1,4,5
s[4,

sity operator p the Wigner function is defined a of the technique of integration within an ordered prod-
uct (IWOP) of operators/®” and the vacuum projec-
tor |0) (0] =: exp (—a'a) : . The Wigner function of

number state is well known,

W (p,q) = Tr [pA (p, q)] , (1)

where A (p,q) is the Wigner operator. For one free-

dom case, the Wigner function is defined as Wi (q,p) = (] A (p, q) [n)
1 [ v v\ s (-1)" 2 2
= — — —_ — 1pv = —
Wia:p) = o /_Oo <q+ 2Mq 2>e dv,  (2) - exp[ 2lal }Ln (4|0<| ) 5

where |g) is the coordinate eigenvector of Q, Q |g) = where L, (z) is the Laguerre polynomials, whose def-

qlg) . Correspondingly, the Wigner operator is ex- 8]

d inition isl
pressed as

- g+ e @) L (2) =3 (-1)" ’Z = (6)

2 k=0
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In nature, most systems are not isolated, but
are immersed in a ‘thermal reservoir’; excitation and
de-excitation processes of a system are influenced by
its energy exchange with reservoirs. For an excita-
tion process, a question arises naturally: what is the
Wigner function of number state at finite tempera-
ture? So far as we know, this question has not been
clearly reported in the literature before. In order to
clearly understand the effect of temperature on the
Wigner function of number state, we introduce thermo
Wigner operator, expressed in terms of the thermo en-
tangled state representation, into thermo field dynam-
ics (TFD) theory of Umezawa-Takahashi.["!

This paper is arranged as follows. In Section
2 after briefly reviewing the TFD formalism['%) we
introduce the thermo squeezing operator in the co-
herent thermal state representation (thermo entan-
gled state representation). In Section 3 we introduce
the thermo Wigner operator in the same representa-
tion, which brings great convenience for calculating
the thermo Wigner functions. In Section 4 we cal-
culate the Wigner function of thermo number state;
by thermo number state we mean the number states
at finite temperature, for different particle numbers,
and analyse the effect of temperature. By drawing fig-
ures of Wigner function we see that their shapes get
smoothed with rising temperature, implying that the
quantum noise becomes larger. The quantum fluctua-
tion of quadrature amplitudes in thermo number state
is derived in Section 5.

2. Thermo squeezing operator in
thermo entangled state repre-

sentation

The TFD theory was invented by Takahashi and
Umezawa to describe the thermal communication be-
tween systems and reservoirs more conveniently. In
order to calculate the thermal reservoir effect in a nat-
ural way, Takahashi and Umezawa proposed the TFD
theory, which can convert the calculations of ensemble
averages at finite temperature in equivalent expecta-
tion values with a pure state, i.e.

(4) = 271 (B) Tr (Ae™?H) (7)
into the pure state average[g]

(4) = (0B Al0(B)) , (8)

where Z () is the partition function, H is the sys-
tem’s Hamiltonian. The worthwhile convenience is at
the expense of introducing a fictitious field (or called
a tilde-conjugate field, denoted as operator a') in the
extending Hilbert space, thus the original optical field
state |n) in the Hilbert space H is accompanied by
a tilde state |7) in M. A similar rule holds for oper-
ators: every annihilation operator a acting on H has
an image @ acting on H. For a harmonic oscillator

system,
|0(3)) = exp [aa’ tanh 6] |0,0) = 5(6)[0,0), (9)
where
S(0) =exp [0 (aq — a'd')] (10)

is the thermo squeezing operator which transforms the
zero-temperature vacuum ’O, ()> into the thermo vac-
uum state |0(5)), and 8 = 1/kT, k is the Boltzmann
constant, T is the system temperature; 6 is related to
the Bose distribution by

tanh 6 = exp (—%) . (11)

At finite temperature, according to TFD, the number
state |n) is replaced by |n,n). In Ref.[10] we proposed
the coherent thermo state representation

1 ~
|7) = exp {—5 I7)? + ot — 7af + CLTZLT:| |0,0). (12)

The completeness and orthogonality of |7) are, respec-
tively,

dQT / 4 * =
— ) rl=1, ([ 7) =7b(r —7)o(r" —77),
™
(13)
where |7) obeys the eigenvector equations

(a—dT) |7) =7|7), (d—aT) |7y =7"|7). (14)

Comparing the form of Eq.(14) with the bipartite en-
tangled state of EPR[' =13l we can also name |7) the
thermo entangled state. With use of |7) the thermo

squeezing operator is neatly expressed asl!%15]

d?r 1+ tanh 6
)= [ — S 1
5(6) / T I/l w 1 —tanh@’ (15)

which leads naturally to
1
SO)Ir) = Zlr/u), (16)

and |0(8)) is the thermo vacuum state,

0(8)) = / i—u 7/} ¢ [0,3)
= [ irwet
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Equation (15) brings convenience for calculating
the Wigner function of the thermo number state
S (0) |n,n) (number states at finite temperature).

3. Thermo Wigner operator in
thermo entangled state repre-

sentation

Recall that the explicit normally ordered form of
Wigner operator A (p, q) is

A(p,q) = %: exp[—2(aJf —a")(a—a)]:. (18)

By virtue of the coherent thermo state representation
we can introduce the thermo Wigner operator

d?r
Ar (0. = [ Slo =) o+ rlexp(ry” =),
(19)
*. By using the IWOP
technique, from Eq.(19), we can obtain

where y =a+¢*, c=a—¢

Arp(o,7) = exp[QaJf a”

2( —ea-e):, (20)

from which we see that Ar (0,7) includes the ficti-

)a— )

tious part, so we have to take the trace for ‘tilde’ field,
denoted as Tr;. By virtue of the coherent state repre-
sentation in the ‘tilde’ mode, we have

2Tr; [Ar (0,7)]
ot [ar o) [ 1z

:7r_22/ % (2]t exp [-2(a’ — a*)(a — @)
—2@" —e*)@-e)]: |2)

:% : exp[—?(a]L — a*)(a - O‘)]:

=A(p,q) = 2/d2aAT (0,7). (21)

From Eq.(4) we know that the relationship of
Ar (o,7) with A (p,q) is

A (p.q) = 2Tr, [Ar (0,7)] = 2 / ey (0,7), (22)

SO
W (p,q) :2/d25WT (0,7),

[pAr (,7)] - (23)

We name W (0, ) the thermo Wigner function whose

WT (Uu 7) =Tr

trace over the ‘tilde’ component leads to the Wigner
function of quantum states of the system.

4. Wigner function of the thermo

number state

Wigner function of quantum states in phase space
is an important topic in quantum mechanics, quantum
statistics and quantum optics. Recently, Wigner func-
tions of some quantum states have been calculated by
using the coherent (entangled) state representation of
Wigner operator.['6:27 In this section, using the coher-
ent thermo state representation Eq.(22), we calculate
the Wigner function of thermo excited state (thermo
number state). For this purpose, we begin with ex-
panding the coherent thermo state |7) as

) = o m/zz

s,t=0

) |s,t), (24)

atsgtt

where ’s,f> = ‘Of)> is the two-mode number

state and H ¢ (7, T*j is the two-variable Hermite poly-
nomial, defined as

min(m,n) k m—k n—k
(=1)" mlnlem ke
Honn ) = ) 25
m (&:€) kZ:O Hom— k=g ()
whose generating function is
, , & tmt/n
exp [—tt' + et +et'] = Z WHmn (e,e), (26)
m,n=0

or
8m+n
Hipn (6,€) = Simgpm OP [—tt' + et + et']|,_p g
(27)
From Eq.(24), we find
e (51D Hy (7,7Y)
(T In,n) =e " . (28)
On the other hand, from Egs.(13), (15) and (19), it is
easy to see that
57 0)Ar (0.9) 50) = (o 7).
2
pue—1

Then using Egs.(26) and (29), and the integral for-

mula,

2
/d B slpl+eptns _ _

™

o[%

%', Rec <0, (30)

N | =
]
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we can calculate the thermo Wigner function

WT (Ua ’Y)
= <TL, ﬁ| SilAT (Uv FY) S |n7ﬁ>

={(n,n| Ar (uo, 1) [n, 72)
1

67#2‘0‘2,\:7\22 6271 6211
i ! !
=l omar gumaym P LTt

1
X exp |:T <—”y* + ,ua*> +t (1 + a,u>
[ 7
* 1 *
+t| po* — —v
I
+ 7 (U,u - 1) ] )
H t'=r'=t=r=0

Employing the generation function of two-variable

(31)

Hermite polynomial (26) we obtain

2
—Plol? =T

e . L . «
Wr (0,7) = il Hy <;”Y + po ” + 0’#)
1
x Hyp (;w* — =", ou— 1) . (32)
1 [

Then noting the relationship between H,, ,, and the
Laguerre polynomials Ly,

Hon (r,7) = md (<)) L (I*) . (33)
we can further rewrite Eq.(32) as

Wr (U, ’7) = <7’L, f”l S_lAT (07 7) S |’I7,,77L>

—p?lo|?—

e 123
———L» <‘1 +ou
™ ju

><Ln<

From another point of view, using v = «a + &*,

72
; ) (34)

o — —

g =
a — e*, we can also rewrite Eq.(32) as (Wr(o,7)
Wr(a,€))

—

Wr (ay€)
B 1 8271 8271
 m2nln! Orn ot Orm ot

-2 (|oz|2 + |€|2) cosh(20) + 2 (ae + a”e”) sinh(26)

exp [—rt — 't/

+2{t'a* +1'a—re —te*)sinh 0
+2 (ra +ta —t'e —1'e*)cosh b, _._,_._o,
(35)
where we have set yu = e?,
2 _ 1 2 1
sinh 0 = 2= cosho = £ 1 (36)

From Eq.(23) we obtain the Wigner function of

S|TL,77L>, (a = (Q+ip) /\/5)

W («) :2/d25WT (o, €)

_sech(20) 5 92n
T ool P [—2 || sech(%‘)} Bmae
6211 . )
X Smgpn X (7 + tt') tanh(26)]

x exp {sech(20) [r't' —rt
+ 2 (ra™ 4 ta) cosh§
—2{t'a* +r'a)sinh 0]}, _ g
(37)
Expanding the exponential item exp [(rr’ + ¢t') tanh(26)]

by series and then using the formula

itk minHy, ik (€, 1)

Hmn 5 = y 38
aeTgn e (61) = =T (38)
we can finally obtain
(—=1)" nin! 2
W(a) =————~-———exp | —2 |a|” sech(26
() ﬁcosh2"+1(29) P o (26)
"1 (—isinh(260))"*
" Z o (—1sinh(26)) i
im0 U [(n—=D!(n—Ek)
X anl,nfk (IE; IE*) ank,nfl (F7 F*) )
(39)
where we have set
_ 2 sinh 0 , _ 2cvcosh 0 ' (40)
cosh(26) cosh(26)
When n = 0, noticing that tanhf = e_%hwﬁ,
1 e—Bhw
20 h2p
COSh 9 = m, Slnh 9 = m, Eq(39)
reduces to
1— —Bhw Zola _e—Bhw
W (a) o (§] 2| ‘2414&75&“) , (41)

T
which is just the Wigner function of thermo vacuum
state |0(0)) .

In particular, when T — 0, e 7% — e~ — (,
sinhf — 0,coshf — 1, E — 0, F — 2a, we see

1
W (a)r_g = —e 1" H,, (20, 207)

n
- %e*‘é"“'in (4 |a|2) , (42)
which is just the Wigner function of number state |n)
at zero temperature Eq.(5).

Next, we discuss the changes in the Wigner func-
tion (WF) with variation of the parameters n and 6,
(see Figs.1-3). We plot the Wigner function of single-
mode number states in the phase space in Fig.1 for
different values of n, which corresponds to zero tem-
perature case T = 0 (f = 0). It is obvious that there
is some negative region of the WF in the phase space,

an evidence of the nonclassicality of the state.
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Fig.2. Wigner function of the thermo number states for n = 5 and different values of 0. (a) 6=0.2, (b) 6=0.5, (c) 6=0.8.

The case is true for Figs.2 and 3. From Fig.1 one can  conspicuous with the increasing temperature. Espe-
see that the ‘oscillating frequency’ of WF becomes  cially, when 8 = 0.8, a ‘flat nappy’ shape appears.
larger with the increase of n. We plot the WF of  For § = 0.5 and different values of n, we can draw a
thermo number states in the phase space in Fig.2 for ~ similar conclusion, see Fig.3 similar to Fig.1. These
n = 5 and different values of 6, from which one can  imply that the quantum noise becomes larger with the
see that the ‘oscillating action’ of WF becomes in-  increase of T' and n.
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Fig.3. Wigner function of the thermo number states for § = 0.5 and different values of n. (a) n=2, (b) n=5, (c) n=8.

5. Quantum fluctuation of

quadrature amplitudes in
S |n,n)

For the thermo excited system, we can introduce
the quadrature phase amplitudes

qg=(a+a')/V2, p=i(a —a)/V2,
i=(a+a")/v2, p=i(al —a)/v2. (43)
Noticing the transform relation
S'aS =acosh 6 + a' sinh 6,
STaS =acoshf + af sinh 6, (44)

we see that

SWq—QS:%w—é%

§@+ms:%@+@. (45)

Thus the fluctuations of (¢ — ¢) and (p + p) in thermo
excited number state S |n,n) are

[A(q— )] = (n,7] ST (¢ — @) S|n, i)

1 - )
=E<n,nl(q—q)

n,7)

1— e—hw/(2k:T)

=(2n+1)

and

AGp+p) = @n+ 1)1

1+ e—hw/(2kT)’

“hw/(2KT)

—hw/(2KT)

On the other hand, we notice that

(n, 71| STqgsS |n,7)
1
2
(

o—hw/(2KT)

1 _ o—hw/(kT)’

2n+1)
and

(n, 7| STppS |n,n) = — (2n + 1)

(n, 71| ST (a +a') (@+a') S|n,n)

o—hew/(2KT)

1 _ o hw/(RD)" (49)
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From Eqs.(46) and (47), it then follows that

(n,n| ST¢*S |n,n) = (n,7| STG*S |n, n)
2n + 11+ e~/ (TH)

2 1 — e—wh/(Tk)’

and

. o 2n4 114 e @M/(TH)
<n7 7’L| STpQS |7’L, n> = 21— e wh/(Tk)" (51)

Thus
2n+ 11+ e wh/(Tk)

ApAq = 91— e—wh/(Tk)’

(52)

which arises with the increase of n and T'. In particu-
larly, when |n,n) = |O,()>, S |n, ) reduces to |0 (5)),
and Eq.(52) gives the fluctuation of thermo vacuum
state.

On the other hand, using Eq.(44) we have

(n,7| STa'asS |n,n) = ncosh® §4(1 + n)sinh?® 6, (53)

and
(n,n| ST (aTa)2 S |n, n)
=n? cosh® 0 + (1 +n)”sinh* ¢
+ (2n + 1) sinh?  cosh? 6, (54)
then

A (aTa) =+/2n2 + 2n + 1sinh 6 cosh @

wh

e 2kT
=———/2n2 4+ 2n+1. (55)
1—e7%T
It is easy to see that the fluctuation of particle number
becomes larger when n and 1" are increased.

In fact, using the relation p?>+¢? = 2afa+1, from
Eqgs.(50) and (51) we can also derive Eq.(53). In par-
ticular, when n = 0, Egs.(54) and (55) reduce to the
case of thermo vacuum state. On the other hand, it is
interesting to notice that the average value in Eq.(53)
is similar in form to that in single-mode squeezed num-

ber state Sp |n) = exp {% (CL2 - CLT?)] In),

(n| STa’aS) |n) = ncosh? A+ (n+1)sinh? A,  (56)

but Eq.(54) is different from

(n| ST (aTa)Q Sy |n)
=n? cosh* A\ + (n + 1)*sinh? A

¥ ((2n +1)2 4 1) sith® Acosh? ),  (57)
it follows
A (aTa) = v/2n? + 2n + 2sinh A cosh \. (58)

which is different from the number fluctuation in (55).
In addition, the fluctuation of quadrature phase am-
plitudes in S7 |n) can be calculated as

1
(@) = (nl S[S11n) = — (nl* |n)

1241
_1/2 2 ’ - ’
2n+1
2\ .2
<p>_1/ 2
2 1
ApAg ==, (59)

which is also different from Eq.(52). It is obvious that,
as expected, the fluctuation of quadrature phase am-
plitudes in the thermo number state is larger than
that in the single-mode squeezed number state due to
temperature effect.

In summary, in the context of TFD, by using
the neat expression of the thermo Wigner operator
in thermo entangled state representation, we have de-
rived the Wigner function of thermo number states.
This could be the easiest method in treating the
thermo effect. We also found that the oscillating fre-
quency of the shape of Wigner function rises with
the increase of number n and that the oscillating ac-
tion of WF becomes inconspicuous with the increase
of temperature 7. In addition, we have calculated
the quantum fluctuation of quadrature amplitudes in
S|n,n). A similar conclusion can be drawn for the
fluctuation of particle number. These indicate that
the quantum noise becomes larger accompanying the
increase of T'(f) and n. For an operational definition
of Wigner function and the discussion about quantum
decoherence we refer to Refs.[18] and [19].
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