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In this paper, we propose a scheme for implementing quantum game (QG) in cavity quantum electrodynam-

ics(QED). In the scheme, the cavity is only virtually excited and thus the proposal is insensitive to the cavity fields

states and cavity decay. So our proposal can be experimentally realized in the range of current cavity QED techniques.
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1. Introduction

Game theory has been widely used in economics,
biology and social sciences to model decision made in
conflict situation. Recent development in quantum
computation and quantum information theory!? al-
lows to extend the scope of game theory to quan-
tum world. Quantum games (QGs) were intro-
duced in 1999 in the two seminal works of Meyer!"!
and Eisert et al!¥) Then the properties in differ-
ent entanglement degrees of QG are presented in
Ref.[5], and the investigations on multi-player quan-

tum games, (6]

multi-player and multi-choice quan-
tum games,!”8) continuous-variable QGs[® have been
presented. Recently, decoherence in QGs has been
investigated.!'=12] The reason why QGs have become
so popular is their relation with quantum algorithms,
quantum communication and quantum cryptography.

Since QGs are in fact small algorithms, finding
efficient ways of implementing them in different phys-
ical system is important for the development of im-
proving quantum computation schemes. The prisoner
dilemma game has first been realized on a nuclear

magnetic resonance quantum computer.['3] Then two

entanglement, quantum game, cavity QED

proposals of optically realizing QG'4*%! are presented.
However, in their optical proposal, the Kerr medium
and the technology of single photon are all very dif-
Recently, QG in ion
traps has been discussed.!'®! In this scheme, the deco-

ficult in practical experiment.

herence is also a big problem in practical experiment.

As is well known, cavity QED is one of the im-
portant candidates for quantum information process-
ing. Recently, Zheng and Guo proposed two atoms
interacting with a nonresonant cavity, which is only
virtually excited, and thus the proposal is insensi-
tive to the cavity fields states and cavity decay.!”]
Then various schemes have been proposed for imple-
menting several quantum algorithms for cavity QED,
for example quantum Fourier transform,"®! Deutsch—
Jozsa algorithm,!'® quantum dense coding,!?! Grover
search algorithm,?! quantum clock synchronization
algorithm®? and so on. However, QG in cavity QED
is little investigated. In this paper, we propose a
scheme for implementing two player QG in cavity
QED. So far as we know, up to now, this is the first
scheme for the implementation of QG in cavity QED,
and therefore, by proposing an cavity QED implemen-

tation scheme for QG, we fill an important gap in the
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list of possible physical realization of QG.

2. Quantum prisoner dilemma

We first briefly recall the scheme of the quan-
tum game presented in Ref.[4]. There are two players
and each player can choose two possible strategies:
cooperate(C) and defect(D).
nant strategy for both players is to defect(the Nash

Classically the domi-

equilibrium) since no player can improve his payoff by
unilaterally changing his own strategy, even though
the Pareto optimal is for both players to cooperate.
This is the dilemma. In quantum version, each player
possesses a qubit |C) (|D)). The qubits firstly are pre-
pared in the initial state |C) |C), then the entangling
gate J acts on it (see Fig.1).

cy— Up &)

€)Y Ua o

Fig.1. The setup of a two-player quantum game.

The initial state of the quantum game is [¢);) =
J|CCY, here J is exp(iyD ® D/2), with v € [0,7/2]
measuring the entanglement of the state |1);):

) = cos (3 ) 10)|C) +isin () (D)D) (1)

Then the unitary U 4 and UB are chosen from 2-
parameter set of unitary 2 ® 2 matrices :

el? cos(/2) sin(0/2)

VD=1 _in6/2) o9 cos(9)2)

(2)
for all 0 < 6 < 7 and 0 < ¢ < 7/2; indeed, the
strategies C' and D can be associated with U(0,0)
and U(m,0) respectively. Finally, the disentangling
gate J*t is carried out and the system is measured
in the computational basis, giving rise to one of the
four outcomes |CC), |CD), |DC), |DD). Alice’s
and Bob’s payoffs are $4 = 3Pcc + 5Ppc + Ppp
and $5 = 3Pcc + 5Pcp + Ppp respectively, where
P,o = (0d’| p|oo’) is the probability of finding the
state |oo’) (with 0,0’ € {C, D}).

3. Scheme for implementing QG
in cavity QED

Cavity QED has been extensively studied as a

candidate system for realizing an efficient quantum in-

formation processor (QIP). In order to implement QG,
we encode the qubits |C) (| D)) in the form |C) = |g),
and |D) = |e). Firstly, we consider how to realize
CNOT gate and controlled phase gate(CZ gate).

Consider two identical two-level atoms simultane-
ously interacting with a single-mode cavity field. In
the case § > g, there is no energy exchange between
the atomic system and the cavity, where ¢ is the detun-
ing between the atomic transition frequency wp and
the cavity frequency w, and g is the atom—cavity cou-
pling strength. Consider that the cavity field is in the
vacuum state. In the interaction picture, the effective
interaction Hamiltonian for the system is(!”]

2
H=A(Z|ej><ej|+sfsg+sls2+), 3)

Jj=1

where A\ = ¢%/6, s7 = lej)(g;l, 57 = lgj){e;l, (G =
1,2), |e;) and |g;) are the excited and ground states
of the jth atom, respectively.

Assume that two atoms are initially in the state
le1)|g2) and the cavity field is in the vacuum state. As
the two atoms interact simultaneously with a cavity,
the state evolution of the system is

|9) = e Mcos(At)[e)1]g)2 — isin(At)[g)1le)o].  (4)

We use ladder-type three-level atoms, whose
states are denoted by |g), |e), |i). The transition fre-
quency between the states |e) and [i) is highly de-
tuned from the cavity frequency and thus the state
i) is not affected during the atom—cavity interaction.
The quantum information is stored in the states |g)
and |e). Assume that atom 1 acts as the control bit
and atom 2 acts as the controlled bit. First, we let
atom 2 cross two classical fields tuned to the transi-
tions |g) — |e) and |e) — |i), respectively. Choose the
amplitudes and phases of the classical fields appro-

priately so that this atom undergoes the transition:

lea) — %ae» +lg2)) — %am + 192)), lgw) —

Z5(192) = fea) — —(la) + [i)). Then we let
atoms 1 and 2 simultaneously enter a single mode
cavity. The interaction Hamiltonian has no effect on
states |g1)|g2) and |g1)|iz), but induces a phase fac-
tor of Eq.(4).
tain |e1)|iz) — —le1)]iz), |e1)]g2) — le1)[g2). Then if

. . . ™
After an interaction time —, we ob-

atom 2 crosses one classical field tuned to the transi-
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tion |i) — |e), we obtain the transformation

l91)|g2) — 191)|g2),
lg1)]e2) — |g1)le2),
le1)|g2) — lex)lgz),

)e2) — —le1)le2). (5)

This is CS gate operation.

le1)]ea

If atom 2 crosses two
classical field tuned to the transition |e) — |¢) and
lg) — |e), respectively. Choose the amplitudes and
phases of the classical fields appropriately so that this

atom undergoes the transition |g2) — —=(|g2) +|e2)),

V2
1
lia) — |ea) — E(|62> —1g2)). Thus we obtain CNOT

gate:

le)|e2) — [e1)g2)- (6)

The unitary transformations of the form U (6, ¢),
which is the QG player’s strategy, can be simply im-
plemented by passing the atom through a classical
laser field. The Hamiltonian, in the rotating-wave ap-
proximation and interaction picture, is given by

2 . .
H =" (e le)gl +elg)e),  (7)
where {2 is the Rabi frequency. The corresponding

time evaluating unitary operator is given by

U;(t) =exp(—iHt)

cos——  isin—e
2 2
- , )
isin ——e 1% Lrt
2
If we set ¢ = —, then
Rt pt
ST 2
UI (t) = ) \QRt \QRt )
—sin —— cos —
2
which is R,(—6) operation. If we set ¢ = 0, then we
have
Nrt . . gt
COS T 1811 T
UI (t) = .QRt QRt )

isin —— cos
2

2

gt
which is R, (—6) operation <0 is TR

In order to realize the operation of Rz (6), we can
let the atom cross three classical laser fields. Let the
atom interact with the first classical field, choosing the

amplitude and phase of the classical field appropri-
ately, 2t = w/2,¢ = 3w/2. Then, let the atom cross
the second classical field, choosing 2t = 6,¢ = 0.
Finally, let the atom cross the third classical field,
choosing 2t = 7/2,¢ = w/2. After completing the
above three steps, we obtain the transitions: Uj(t) =

ei0

0 e—i0

gle 6. So the unitary operator of the player’s strategy

, which is the rotation around z by an an-

can be realized by using the following identity:

U (0,¢) = Rz(¢)Ry (—0)Rz(9), 9)

which can be easily realized in cavity QED.

The entangling J gate is the most important op-
eration in QG since it introduces quantum entangle-
ment. The transformation to realize the J gate can
be expressed as the product of controlled-Z gate(CZ
gate) transformation and controlled-NOT gate trans-
formation and unitary transformation, which is shown
in Fig.2.

Fig.2. A circuit notation for J gate.

CZ gate and CNOT gate have been discussed as
above. As a direct test of the entangling J gate, let
us consider the setup. First, the state |CC) passes
through, when the first CZ gate and CNOT gate are
applied, and the state is unchanged. Then R,(—6)
Finally, CZ gate
So the state
evolves into a superposition state: cos (v/2)|C)|C) +

operation acts on the first qubit.
and CNOT gate are applied again.

isin (v/2)|D)|D), where the parameter vy measures the
entanglement in the game’s initial state. With the re-
alization of J+ gate, the only difference from Fig.2 is

the R, (6), which is a rotation around x by an angle
6.

4. Conclusion

In summary, we have proposed a scheme to realize
QG in cavity QED. During the operation, the cavity
is only virtually excited and thus the proposal is in-
sensitive to the cavity field states and cavity decay.
So the proposal can be experimentally realized in the
range of current cavity QED techniques.
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