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This paper discusses the conformal invariance by infinitesimal transformations of canonical Hamilton systems.

The necessary and sufficient conditions of conformal invariance being Lie symmetrical simultaneously by the action of

infinitesimal transformations are given. The determining equations of the conformal invariance are gained. Then the

Hojman conserved quantities of conformal invariance by special infinitesimal transformations are obtained. Finally an

illustrative example is given to verify the results.
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1. Introduction

Lagrange equations can be transformed into
Hamilton canonical equations by Legendre transfor-
mations. The dynamical systems are called Hamil-
ton systems which are described by Hamilton equa-
tions. And the dynamical character can be described
only by utilizing the Hamiltonian. In recent years
the generalized Hamilton systems, KAM theorems in
the approximately integral systems and the symplec-
tic arithmetic in computational mathematics are pre-
sented. The research fruits of Hamilton systems have
produced important influence on non-linear analysis,
algebraic topology, mathematical physics and differ-
ential geometry.! =3 The subject of symmetries and
conserved quantities are very important in mathe-
matics and physics, and plenty of research fruits are

[1,4-26] Recently conformal Hamiltonian sys-

obtained.
tems was discussed by geometric methods, the authors
researched into the geometric structure of conformal
systems with symmetry and pointed out the differ-
ence of conformal systems from arbitrary symmetric
systems.[2”) In 1997, Galiullin et al studied the con-

formal invariance of Birkhoff equations and their re-

lation with the Lie symmetry.?8! In this paper the
conformal invariance of canonical Hamilton equations
is discussed in detail. The conformal invariance is first
defined and the conformal factors of canonical Hamil-
ton equations are obtained by infinitesimal transfor-
mations. Finally we obtain the Hojman conserved
quantities of conformal invariance by special infinites-

imal transformations.

2. The differential equations of

dynamical systems

Lagrange equations can be transformed into
Hamilton canonical equations by Legendre transfor-
mations. The canonical equations are

o
~ Ops’

0H

S —1,...
Ps 9. (s=1,

q.s ,n). (1)
Hamilton equations are equivalent to Lagrange equa-
tions when the Lagrangian L is contacted to the
Hamiltonian H by the Legendre transformations.
Equations (1) are equivalent to

(2)

is =95 (t,q,p), ps=hs(t,q,p).
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3. The conformal

Hamilton canonical equations

The differential equations of Hamilton systems

can be written down as

F'y = ds — gs (t,q,p)
F”s = 135 - hs (ta qvp) . (3)
Discuss the conformal invariance of Hamilton sys-
tems, that is to seek the one-parameter group of in-

Con-
sidering the conformal invariance of expressions (3),

finitesimal transformations of expressions (3).

we adopt the infinitesimal transformations of ¢t and g,

as
t* =t + A,
q; (") = qs + Ags,
ps (t7) = ps (t) + Aps.

Or expand it as

t"=t+e&(t.q,p),

qs (t*) = qs + &5 (t,q,p) ,

s (t°) = ps +ens (t,q,p), (4)
where ¢ is the infinitesimal parameter, &y, &, ns are
the generators of the one-parameter group of infinites-

imal transformations.
Taking the infinitesimal generator vectors as

0
0)_50 +§k +77k8p

we obtain its first prolonged vectors
0
X0 =xO 4 (ﬁk - Qkﬁo) %0 + (nk —pkfo)

Definition 1
tions of infinitesimal generators & (¢, q, p), &s (¢, g, p),

0
Pk
In the infinitesimal transforma-
ns (t,q,p), if F; satisfy the following determining ex-
pressions:
XWF;, = dF;, (5)
then the infinitesimal transformations have conformal

invariance for the corresponding first order differential
equations.

4. The conformal factors of con-

formal invariance

In order to get the conformal factors, we need
to suppose that the Hamilton equations have confor-
mal invariance and Lie symmetry simultaneously un-
der the infinitesimal transformations.

invariance of

When Eq.(3) has Lie symmetry, namely

0=0 (i=1,....2n),  (6)

to gain the general expression of conformal factors, we
calculate the difference

XOF - XVF |50 . (7)
There exist

XUF = (& = d.o) = X (g.)

(08 O&s . Es ..
_(815 + 9 l+8—plpl—%§o)
- X (g), (8)

and

XOF" = (i = pado ) = X (hy)

ony . Ong o . .
(at +t3 lqz+a—plpz—pk§o

=X (hy). 9)
Equivalently, we have

X(l)FﬁFg:o = (Es - gséO) —X@ (g,)
o6 06 06 .
=5 + B g1+ o hy — gs(&o)

- X0 (g,), (10)

and

X(l)F;/|FS”:O = (775 - hséO) - X(O) (hs)

_Ons . Ons ons :
ot o g+ (?plhl hs(&o)

— X (h,). (11)

Substituting Eqgs.(8) and (10), (9) and (11) into Eq.(7)
separately, we obtain

X(I)FIS_X(2)F/S |F’
s . s .
== - + = —h

9 (@ —q1) a (P — )

— (d — g1) €0, (12)
and

X(l)F”S—X(z)F”S |F”s:0

ons

. ons .
= (G —g) + ==~ h
a0 (@ —a) a (pr — )
— (P — ) 67 €o- (13)
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Due to
a—-g=Fi, p—-h=F",
therefore, Eqs.(12) and(13) are transformed into
X(I)F/S—X(Q)F’S |70
O&s

then we have

XWF - XWF |p—o = a] Fj,
of = B .

(17)

When Eq.(3) has conformal invariance and Lie sym-

(955 S ¢ ! 5 "
= (3_111 -4 fo) F+ 3_plF 1y (14) metry simultaneously by the action of the infinitesi-
and mal transformations of one-parameter group (4), we
can get
X(l)F”S—X(z)F”S |F“ o
s . ans I o F = XOF | _0=0.
= ( Ul _51550) F”l + ip/l. (15) &F] azFJ XWE; |F¢—0 0 (18)
o oq
Let That is
o€ : gj _ . J
/S _ S — 58 , P — Q. (19)
l 8ql l 50
ns _ & Thus, from the above discussion there exists a crite-
L™ ap’ rion.
B; Zﬁlls &3] 5”157 Proposition 1 For the canonical equations (3),
s Ons 50 5 the necessary and sufficient conditions of its conformal
T = o 150 invariance which has Lie symmetry simultaneously by
41 = s the action of the one-parameter group of infinitesimal
T oq) transformations are there exist the following confor-
v =1 o4, (16)  mal factors:
|
0&s o O0&s
(S-w0) (5
j qi Dl L.
bl = , (i,j=1,...,2n). (20)
(8775) (8775 555 )
oq om0
|
5. The conformal invariance and imal generators fulfil the following expressions:
Hojman conserved quantities .
d ¢ 0*H € + 0*H
~,Ss — k 77]@7
By the action of special infinitesimal transforma- Clt OpsOqx OpsOp,
tions, there exist the conformal factors which make i Ne = — 0?H - O*H . (22)
the canonical equations conformally invariant and Lie ™ 9q50qy, 9qs0py,
symmetrical simultaneously. The Hojman conserved
quantities can be educed. Assume the special infinites-  where
imal transformations with time invariance _
d 9 n OH 0 0H 0
tt=t, dt — ot = OpsOqs  Oqs Ops
0 (1) = 4. + 6 (1,0.p), . . -
P () = ps +ens (1, p). (21) And there exist the Hojman conserved quantities
?roposition 2 For .the Hamilt.oni&?n ca.unor.lical I — 0&s  0ns  const. (23)
equations (1), by the action of special infinitesimal 0qs  Ops

transformations which are conformally invariant and
Lie symmetrical simultaneously, besides the infinites-

The proof can consult Ref.[1].
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6. Illustrative example When the infinitesimal generators are
51 = 07
Consider the following Hamilton system with two 1,
degrees of freedom: §2=(p2+1) (‘D + §t ) J
= 07
1 2
H =3 (p} +93) + 2. (24) e = (p2+1)°, (26)
then
The differential equations are o o . . o
xW =&s T Nsm— + (55 - q'sﬁo) Y
aQS 8])5 8q5
.. 0
¢1—p1=0 +(775_ps§0)8—ps
i — o = 0 0 0 . 0 . 0
F= 2= bz ) (25) 2528— +7723— +§28—. + 25—,
=0 2 P2 G2 Op2
p2+1=0 accordingly, we can obtain
|
Fir=q¢ —m
0 0 . 0 0 Fy =gy —
X<1)F—<§2—+772—+§2—. +772—.> 2ok
9q2 Op2 o Op2 Fy=py
Fy=p2+1
0 0 0 0 ) Fi=q¢—p1
B 0(p2+t)0<Q2+§t2> Fy =G2—p2
0 0 0 0 Fs =p
0 0 0 2(p2+4t) Fyo=p2+1

So we obtain the conformal factors
0 0 0 0
0(p2+1)0 < + 1t2)

0 0 0 0
0 0 0 2(p2+t)

Utilizing Proposition 1, we can also obtain

0 0 0

o

655 S ¢ ) (ags)
_5 YSs
_ (3(11 o om _ 0 (p2+1t)0 (qg + %t2> (28)
—— — 9%
(3‘” o 0 0 0 2(p2+t)

To all appearances, the result is equivalent to Eq.(27). Therefore, the determining equations of conformal

invariance of Eq.(25) by the action of special infinitesimal transformations are
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0 0 0 0

Fi=q—p
0(p2+1t)0 +lt2 Fy =
X(l)F: p2 qz 2 2 = (2 _p2 (29)
0 0 0 0 I3 =p
0 0 0 2(p2+1) Fy=p2+1

So Eq.(25) by the action of Eq.(26) are conformal invariant and Lie symmetrical simultaneously. When we
utilize Proposition 2, the Hojman conserved quantities are gained

_ 0%  Om

I =
t 0q2 Opa

= 3 (p2 + t) = const. (30)
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