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This paper derives new discrete integrable system based on discrete isospectral problem. It shows that the hierarchy

is completely integrable in the Liouville sense and possesses bi-Hamiltonian structure. Finally, integrable couplings of

the obtained system is given by means of semi-direct sums of Lie algebras.
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1. Introduction

It is well known that many continuous integrable
systems with physical significance and their corre-
sponding integrable coupling system have been ob-
tained by using the Tu model.'=17) With the devel-
opment of the soliton theory, it becomes an important
topic to find discrete integrable systems and its related
properties.

Integrable coupling is a new and very important
topic in the study of integrable system. The concept
of integrable coupling and the related theories were
brought forward in Refs.[18, 19]. Recently, the idea
of semi-direct sums of Lie algebras was also used for
studying integrable couplings in Ref.[20]. A system-
atic theory between semi-direct sums of Lie algebras
and integrable couplings was developed very recently.
Let G be a Lie algebra, take a semi-direct sum of G
with another Lie algebra G, as follows:

G=GaG.. (1)

The notion of semi-direct sums means that G and G,
satisfy

G, G.] € G, (2)

where [G,G.] = {[A,B]|A € G,B € G.}. Hence, G,
is an ideal Lie subalgebra of the enlarged Lie algebra
G. According to Egs.(1) and (2), if we set

U=U+U.,V=V+V,, UV eEG, U,V, €Ge, (3)
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and make a pair of enlarged matrix spectral problems

¢t = V¢7 (4‘)

then the resulting compatibility condition presents the

following enlarged zero curvature equation
U~V + (U, V] =0, ()
which is equivalent to

Ui —V,+[U,V] =0,
Uc,t - ‘/tz,z + [U; ‘/c] + [Um V] + [Ucv ‘/C] = 0
(6)

The first equation in Eq.(6) exactly presents the
known equation u; = K(u), the second one gives the
new equation vy = S(u,v). Thus, the enlarged inte-
grable system

up = K(u),
vy = S(u,v) (7)

is just a coupling system.

In this paper, first, we construct a discrete
isospectral problem based on loop algebra G , then by
use of Tu scheme we obtain a hierarchy of Liouville in-
tegrable equations. Then, we work out the integrable
couplings of the obtained system by the method of
semi-direct sums of Lie algebras.
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2. Discrete integrable system

First, we set

G = span{ey, es, €3, €4}, (8)
where
10 00
ey = , €2 = )
00 01
01 00
es; = , €4 = . (9)
00 10

It is easy to see that G is closed under the follow-
ing matrix multiplication:

€1€] = €é3eq = €y,
€262 = €4€3 = €2,
€1€e3 = ez€ez = €3,
€2€4 = €4€] = €4,
€19 = e2€e] — e3e3 — eyey — egey
—E€3€1 — €1€4 = €yey = 0. (10)
Set e;(n) = e;A\",i = 1,2,3,4, then span{e;(n)}i_, =

G is an obvious loop algebra, by use of loop algebra
G the discrete isospectral problem is established by

By =Unp, A=0, u=|"],
q
1 4
U, = p
Ap M1+ q)
=e1(0) + (1 + q)ea(1) + 263(0) + peq(1).
p
(11)
Let
. 2
I = A
CcC —a

+ bmes(—m — 1) + ¢pea(—m)). (12)
Solving the stationary zero curvature equation

(ET')U, — U, T =0, (13)

we obtain the recursion relation
at) — a,, + pblh) — %cm =0,

LD + am) = by + (1 + @)bY =0,

p

p(a%) +am) — Cg),l + (14 q)em =0,

%cgll —pbp—1 + (14 q)(am — ag)) =0. (14)
We ch L ¢Y

€ choose ag = —5, 0o = W7CO =
% and require aj; |[u]:0 =0, b |[u]:o =0,

¢ =0 =0 (j > 1), where [u] = (u, Eu, E~'u,...).
Thus, the recursion relation (14) uniquely determines
aj,bj,c;,j > 1, and the first few quantities are given
as follows:

pq(fl)

T+ ¢ (1 4 q)

—2)

by = d
P (1 +q2) (1 +4¢00)
. gD
P +q2) (L+qCD)°
p(¢=1)?
(¢=1)* () (1+g0)"

p p?qY
_l’_
(1+9?%  pEH(1 4921 +¢Y)
(T+q2(1+q¢m)

c1 =

For any integer m > 0, we choose

n

r,= Z (amei(n —m) — amea(n —m)

m=0
+bmes(n —m — 1) + cpeq(n —m)),

(15)
then direct computation gives
(ET.)U, —U, Iy = (gc,@ —pbn) es(1) — bnes(0)
p
+cMey(1). (16)

Take I' = I' ., then the discrete zero curvature equa-
tion admits the following Lax integrable system:
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(1) _ 1
Cn 0 Ep n 5 Cn
U, = i =1 49 0 = 1 49 -14 cnp : (17)
q —Cy,’ — Pbn —-pE~" —-Ep—pE™ - s
tn b D D

From Eq.(14) the recurrence operator L satisfies

1) 4q L 49
brf1 = —5Cn+1 b’ = —5cn Ly Ly
Cnfl =L Cnp ) L= ) (18)
— Loy Loo
p p
where
In=—F" Lp=——p 2l L gy =L mryE-1)t g,
1+g¢q 1+¢q p p2(l+4q) 1+¢ 14+4¢
1 1 _ q 1 -1 D —149
Lyp= —— Ep— —(E+1)(E—1)"" Ep+ ——(E+1)(E-1)"'—L_p19
p(1+q) 1+q( ) ) p(1+q) 1+q( ) ) l+q p
Then the system (17) can be rewritten as
p bél) — %Co 0
ug, = —JL" e =Jr" | 1 |. (19)
7, 3 1+4q

Taking n = 0,q = 0,p = u, we find that the system (19) reduces to the discrete equation u; = w41, it is an
important equation in mathematical physics.

3. The Hamiltonian structure of <V 3_U> €
) 8p 27
the system (19) < 8U> .
V, 8_ = —.
Define q p
) From the trace identity
V=ru'-= ((1 +q)a — p_) el
A ki S (v, UN my = a=Zae (v, 20N | oy
1 b ou oA oA Ju
qc qa nez
g (o)
A p A Ap we have
+ (¢4 gc+ pa) ey, (20) qc
) a® 9] bt — 2
= (== ) () = AT p
and < A, B >= Tr(AB), where A, B are the same Su b\ O\ [
order square matrices. ez p
It is easy to calculate that Tr(eje;) = Tr(egez) = (22)

. . _n_l .
Tr(eseq) = Tr(eses) = 1, the rest are zero, and Comparing the coefficients of A we obtain

(1) q
oU s bn” —

—26n
o5 = (1 +a)e2+pes, 5 > (=af)(n) = (e—n) e, ? . (23)
nez ?
oU q
8_p = )ley — ﬁe?ﬂ set n = 0, then e = 0. Therefore, we obtain
1 - Le,
%—U = ez + —es. pQC _ 0Hy,
q p En ou ’
So, we obtain p

D

<V78_U>__ﬁ H, = (—) (n), n>1, Hy=1In(1+gq). (24)

) n
A nez



No. 3 Discrete integrable system and its integrable coupling 853
So, the system (19) possesses the bi-Hamiltonian where the Hamiltonian operator K is given by
structure
Ki1 Ko
SH. SH. K=JL= . (26)
w, =J—" = K—"— (25) Ky K
ou ou
|
In Eq.(26)

p -1 P -1
Khw=F—((FE+1)(EF—-1)""—FE ",
1 1+q( ) ) 1+¢

Kip =E— Ep—EL_(E+1)(E-1)"

e e mEerEﬁ(EH)(E—n—ll%qE—l%,
Ko :%E]L%J(E +1)(E - 1)—1%13—1 —pE_lﬁE_l - pE_lp(lq_’_ S(E+1(E - 1)—11%13—1,
Koo :%EﬁEp +pE*1p(1‘fF SE+1(E- 1)*1p(1‘i SEP - pE*lp(li SE+D(E- 1)*11%13*1%
—pE—lﬁqE—lg + %El%q(E +1)(E - 1)‘1ﬁE‘1% - %El%q(E +1)(E - 1)—1p(1q+ B

It is easy to verify that the Hamiltonian operator K is skew-symmetric, so the system (19) is integrable in the
Liouville sense.

4. Integrable coupling of the system (19)

We construct the extending Lie algebra G of G as

Gl:spa’n{flaf27f37f47f57f65f73f8}7 (27)
where
1000 0000 0100
0000 0100 0000
flz 7f2: 7f3: )
0010 0000 0001
0000 0001 0000
0000 0010 0000
1000 0000 0001
f4: 7f5: 7f6: )
0000 0000 0000
0010 0000 0000
0001 0000
0000 0010
- af8: (28)
0000 0000
0000 0000

It is easy to see that (i1 is closed under the following matrix multiplication:

ffi=ffa=fi.fofo=fafs = o, fifs = f3fo = f3, fofa = faf1 = fa,
Nfs=ffs=h=Ffa=F 5 fofe = fafr = fefo = f3fs = fs,
fift=Fffe=Fff=Ff=Ffrfofs=fafs = fefo= fsf1 = fs. (29)

Denote Gy = span{fi, fa, f3, fa}, Gs = span{fs, fs, f7, fs}, then we find G5, G5 are isomorphic to G, and
G1 = G2 ® G3, [G2,G3] C Gs, Go is an ideal of the Lie algebra Gy. Set fi(n) = fi\", i = 1,2,...,8, then
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span{ fi(n)}5_; = G1 is an obvious loop algebra, by use of loop algebra G1 the discrete isospectral problem is
established by

E¢n :Und)ny /\t = 07
U, =£1(0) + £5(0) + (1 + q) f2(1) + ]%f?,(m +pfi(l)
+ (14 9)fo(1) + = £2(0) + rfs(1). (30)
Let

=Y (amfi(=m) = apmfo(=m) + by fa(—=m = 1) + ey fa(—m)

m>0
+ din f5(—=m) = dm fs(=m) + gm fr(=m — 1) + hm fs(—m)). (31)
Solving the stationary zero curvature equation
(ENU, - U, T =0, (32)
we obtain the recursion relation
ag) — Qm —I—pb%) — gcm =0,
p

%(a;? + @) — b1 + (1 + q)b() =0,

plald) + ap) — b))+ (14 q)en =0,
A = pb1 + (14 q)(am —all)) =0,

'UI'-Q

A = a4 D) = o+ pglD) b = — e =0,
T

Sl Ly = by = pgm o+ (1 5) (am — af) + (1 + ) — d)) =0
g(dﬁ) +dp) + ;(a;i) 4 am) — b1 — gm-1+ (1 + )b + (1 + q)glM) =0,
r(al) + am) + p(dY + dm) — )y = hE) )+ (L4 @) + (1 + 8)em = 0. (33)
(=1) (=1) (=1) (=1)

We choose ag = —%, by = m, co = ﬁ’ do =0, go = r(—l)(sl-i-q(—l)) B ];1(_1)((11:;(_1)))27
ho = - j_q El + S;Z; and require a; ’[u]:O =0,b; ’[u]:O =0, ¢ ’[u]zo =0,d; ‘[u]:O =0, g9; ’[u]:O =0, hjl=o =
0, (j > 1), where [u] = (u, Eu, E~'u,...). Thus, the recursion relation (33) uniquely determines a;, b;, ¢;, d;,
9i» hj, j = 1.

For any integer m > 0, we choose

r= Z(amfl(n—m)—amfg(n—m)—i—bmfg(n—m—1)+cmf4(n—m)

m>0

+dnfs(n—m) —dnfs(n —m) + gmfr(n —m —1) + hy, fs(n —m)), (34)

then direct computation gives
(ET)U, —UpT'y = (%c;” - pbn) Fo(1) = baf3(0) + i) f1(1) = (bn + g0) £2(0)
S
+ (e + hiD) (1) + (%hﬁf’ + ;Cgll) — PYn — Tbn> Jo(1). (35)

Take I' = I' 4, then the discrete zero curvature equation admits the following equations:
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(p);,, = b, When we take r = s = 0, the system (36) re-
_ 9 duces to the system (19). Therefore, in term of the
(q)t = —Cy pb’ﬂu .. . .
" definition of integrable coupling, we conclude that the
(r),, = Sy IO system (36) is an integrable coupling of the system
(), = 200 + 260 —pg, = (30) 1)
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