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This paper derives new discrete integrable system based on discrete isospectral problem. It shows that the hierarchy

is completely integrable in the Liouville sense and possesses bi-Hamiltonian structure. Finally, integrable couplings of

the obtained system is given by means of semi-direct sums of Lie algebras.
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1. Introduction

It is well known that many continuous integrable

systems with physical significance and their corre-

sponding integrable coupling system have been ob-

tained by using the Tu model.[1−17] With the devel-

opment of the soliton theory, it becomes an important

topic to find discrete integrable systems and its related

properties.

Integrable coupling is a new and very important

topic in the study of integrable system. The concept

of integrable coupling and the related theories were

brought forward in Refs.[18, 19]. Recently, the idea

of semi-direct sums of Lie algebras was also used for

studying integrable couplings in Ref.[20]. A system-

atic theory between semi-direct sums of Lie algebras

and integrable couplings was developed very recently.

Let G be a Lie algebra, take a semi-direct sum of G

with another Lie algebra Gc as follows:

Ḡ = G⊕Gc. (1)

The notion of semi-direct sums means that G and Gc

satisfy

[G,Gc] ⊆ Gc, (2)

where [G,Gc] = {[A,B]|A ∈ G,B ∈ Gc}. Hence, Gc

is an ideal Lie subalgebra of the enlarged Lie algebra

Ḡ. According to Eqs.(1) and (2), if we set

Ū = U+Uc, V̄ = V +Vc, U, V ∈ G, Uc, Vc ∈ Gc, (3)

and make a pair of enlarged matrix spectral problems

φ̄x = Ū φ̄,

φ̄t = V̄ φ̄, (4)

then the resulting compatibility condition presents the

following enlarged zero curvature equation

Ūt − V̄x + [Ū , V̄ ] = 0, (5)

which is equivalent to

Ut − Vx + [U, V ] = 0,

Uc,t − Vc,x + [U, Vc] + [Uc, V ] + [Uc, Vc] = 0.

(6)

The first equation in Eq.(6) exactly presents the

known equation ut = K(u), the second one gives the

new equation vt = S(u, v). Thus, the enlarged inte-

grable system

ut = K(u),

vt = S(u, v) (7)

is just a coupling system.

In this paper, first, we construct a discrete

isospectral problem based on loop algebra G̃, then by

use of Tu scheme we obtain a hierarchy of Liouville in-

tegrable equations. Then, we work out the integrable

couplings of the obtained system by the method of

semi-direct sums of Lie algebras.
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2. Discrete integrable system

First, we set

G = span{e1, e2, e3, e4}, (8)

where

e1 =



 1 0

0 0



 , e2 =



 0 0

0 1



 ,

e3 =



 0 1

0 0



 , e4 =



 0 0

1 0



 . (9)

It is easy to see that G is closed under the follow-

ing matrix multiplication:

e1e1 = e3e4 = e1,

e2e2 = e4e3 = e2,

e1e3 = e3e2 = e3,

e2e4 = e4e1 = e4,

e1e2 = e2e1 = e3e3 = e4e4 = e2e3

=e3e1 = e1e4 = e4e2 = 0. (10)

Set ei(n) = eiλ
n, i = 1, 2, 3, 4, then span{ei(n)}4

i=1 ≡

G̃ is an obvious loop algebra, by use of loop algebra

G̃ the discrete isospectral problem is established by

Eψ =Unψ, λt = 0, u =


 p

q


 ,

Un =




1

q

p

λp λ(1 + q)





=e1(0) + (1 + q)e2(1) +
q

p
e3(0) + pe4(1).

(11)

Let

Γ =


 a

b

λ

c −a




=
∑

m≥0

(ame1(−m) − ame2(−m)

+ bme3(−m− 1) + cme4(−m)). (12)

Solving the stationary zero curvature equation

(EΓ )Un − UnΓ = 0, (13)

we obtain the recursion relation

a(1)
m − am + pb(1)m −

q

p
cm = 0,

q

p
(a(1)

m + am) − bm−1 + (1 + q)b(1)m = 0,

p(a(1)
m + am) − c

(1)
m−1 + (1 + q)cm = 0,

q

p
c
(1)
m−1 − pbm−1 + (1 + q)(am − a(1)

m ) = 0. (14)

We choose a0 = −
1

2
, b0 =

q(−1)

p(−1)(1 + q(−1))
, c0 =

p

1 + q
and require aj

∣∣
[u]=0 = 0, bj

∣∣
[u]=0 = 0,

cj
∣∣
[u]=0 = 0 (j ≥ 1), where [u] = (u,Eu,E−1u, . . .).

Thus, the recursion relation (14) uniquely determines

aj , bj, cj , j ≥ 1, and the first few quantities are given

as follows:

a1 = −
pq(−1)

p(−1)(1 + q(−1))(1 + q)
,

b1 =
q(−2)

p(−2)(1 + q(−2))(1 + q(−1))

+
q(−1)q(−2)

p(−2)(1 + q(−2))
(
1 + q(−1)

)2

+
p
(
q(−1)

)2
(
q(−1)

)2
(1 + q)

(
1 + q(−1)

)2 ,

c1 =
p

(1 + q)2
+

p2q(−1)

p(−1)(1 + q)2(1 + q(−1))

+
qp(1)

(1 + q)2(1 + q(1))
, . . . .

For any integer m ≥ 0, we choose

Γ+ =
n∑

m=0

(ame1(n−m) − ame2(n−m)

+ bme3(n−m− 1) + cme4(n−m)),

(15)

then direct computation gives

(EΓ+)Un − UnΓ+ =

(
q

p
c(1)n − pbn

)
e2(1) − bne3(0)

+ c(1)n e4(1). (16)

Take Γ = Γ+, then the discrete zero curvature equa-

tion admits the following Lax integrable system:
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utn
=


 p

q




tn

=




c
(1)
n

q

p
c(1)n − pbn


 =




0 Ep

−pE−1 q

p
Ep− pE−1 q

p






b
(1)
n −

q

p2
cn

cn

p


 . (17)

From Eq.(14) the recurrence operator L satisfies



b
(1)
n+1 −

q

p2
cn+1

cn+1

p


 = L



b
(1)
n −

q

p2
cn

cn

p


 , L =


L11 L12

L21 L22


 , (18)

where

L11 =
1

1 + q
E−1, L12 =

1

1 + q
E−1 q

p
−

q

p2(1 + q)
Ep, L21 =

1

1 + q
(E + 1)(E − 1)−1 p

1 + q
E−1,

L22 =
1

p(1 + q)
Ep−

1

1 + q
(E + 1)(E − 1)−1 q

p(1 + q)
Ep+

1

1 + q
(E + 1)(E − 1)−1 p

1 + q
E−1 q

p
.

Then the system (17) can be rewritten as

utn
=


 p

q




tn

= JLn



b
(1)
0 −

q

p2
c0

c0

p


 = JLn




0
1

1 + q


 . (19)

Taking n = 0, q = 0, p = u, we find that the system (19) reduces to the discrete equation ut = un+1, it is an

important equation in mathematical physics.

3. The Hamiltonian structure of

the system (19)

Define

V =ΓU−1 =

(
(1 + q)a−

pb

λ

)
e1

−
1

λ

(
a+

qc

p

)
e2 +

(
b

λ2
−
qa

λp

)
e3

+ (c+ qc+ pa)e4, (20)

and < A,B >= Tr(AB), where A,B are the same

order square matrices.

It is easy to calculate that Tr(e1e1) = Tr(e2e2) =

Tr(e3e4) = Tr(e4e3) = 1, the rest are zero, and

∂U

∂λ
= (1 + q)e2 + pe4,

∂U

∂p
= λe4 −

q

p2
e3,

∂U

∂q
= λe2 +

1

p
e3.

So, we obtain

〈
V ,

∂U

∂λ

〉
= −

a(1)

λ
,

〈
V ,

∂U

∂p

〉
= b(1) −

qc

p2
,

〈
V ,

∂U

∂q

〉
=
c

p
.

From the trace identity

δ

δu

∑

n∈Z

〈
V ,

∂U

∂λ

〉
(n) = λ−ǫ ∂

∂λ
λǫ

〈
V ,

∂U

∂u

〉
, (21)

we have

δ

δu

∑

n∈Z

(
−
a(1)

λ

)
(n) = λ−ǫ ∂

∂λ
λǫ



b(1) −

qc

p2

c

p


 .

(22)

Comparing the coefficients of λ−n−1 we obtain

δ

δu

∑

n∈Z

(−a(1)
n )(n) = (ǫ− n)



b
(1)
n −

q

p2
cn

cn

p


 , (23)

set n = 0, then ǫ = 0. Therefore, we obtain


b
(1)
n −

q

p2
cn

cn

p


 =

δHn

δu
,

Hn =
∑

n∈Z

(
a
(1)
n

n

)
(n), n ≥ 1, H0 = ln(1 + q). (24)
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So, the system (19) possesses the bi-Hamiltonian

structure

utn
= J

δHn

δu
= K

δHn−1

δu
, (25)

where the Hamiltonian operator K is given by

K = JL =



K11 K12

K21 K22



 . (26)

In Eq.(26)

K11 =E
p

1 + q
(E + 1)(E − 1)−1 p

1 + q
E−1,

K12 =E
1

1 + q
Ep− E

p

1 + q
(E + 1)(E − 1)−1 q

p(1 + q)
Ep+ E

p

1 + q
(E + 1)(E − 1)−1 p

1 + q
E−1 q

p
,

K21 =
q

p
E

p

1 + q
(E + 1)(E − 1)−1 p

1 + q
E−1 − pE−1 1

1 + q
E−1 − pE−1 q

p(1 + q)
(E + 1)(E − 1)−1 p

1 + q
E−1,

K22 =
q

p
E

1

1 + q
Ep+ pE−1 q

p(1 + q)
(E + 1)(E − 1)−1 q

p(1 + q)
Ep− pE−1 q

p(1 + q)
(E + 1)(E − 1)−1 p

1 + q
E−1 q

p

− pE−1 1

1 + q
E−1 q

p
+
q

p
E

p

1 + q
(E + 1)(E − 1)−1 p

1 + q
E−1 q

p
−
q

p
E

p

1 + q
(E + 1)(E − 1)−1 q

p(1 + q)
Ep.

It is easy to verify that the Hamiltonian operator K is skew-symmetric, so the system (19) is integrable in the

Liouville sense.

4. Integrable coupling of the system (19)

We construct the extending Lie algebra G1 of G as

G1 = span{f1,f2,f3,f4,f5,f6,f7,f8}, (27)

where

f1 =




1 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0



, f2 =




0 0 0 0

0 1 0 0

0 0 0 0

0 0 0 1



, f3 =




0 1 0 0

0 0 0 0

0 0 0 1

0 0 0 0



,

f4 =




0 0 0 0

1 0 0 0

0 0 0 0

0 0 1 0



, f5 =




0 0 1 0

0 0 0 0

0 0 0 0

0 0 0 0



, f6 =




0 0 0 0

0 0 0 1

0 0 0 0

0 0 0 0



,

f7 =




0 0 0 1

0 0 0 0

0 0 0 0

0 0 0 0



, f8 =




0 0 0 0

0 0 1 0

0 0 0 0

0 0 0 0



. (28)

It is easy to see that G1 is closed under the following matrix multiplication:

f1f1 = f3f4 = f1,f2f2 = f4f3 = f2,f1f3 = f3f2 = f3,f2f4 = f4f1 = f4,

f1f5 = f3f8 = f5f1 = f7f4 = f5,f2f6 = f4f7 = f6f2 = f8f3 = f6,

f1f7 = f3f6 = f5f3 = f7f2 = f7,f2f8 = f4f5 = f6f4 = f8f1 = f8. (29)

Denote G2 = span{f1,f2,f3,f4}, G3 = span{f5,f6,f7,f8}, then we find G2, G3 are isomorphic to G, and

G1 = G2 ⊕ G3, [G2, G3] ⊆ G3, G2 is an ideal of the Lie algebra G1. Set fi(n) = fiλ
n, i = 1, 2, . . . , 8, then
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span{fi(n)}8
i=1 ≡ G̃1 is an obvious loop algebra, by use of loop algebra G̃1 the discrete isospectral problem is

established by

Eψn =Unψn, λt = 0,

Un =f1(0) + f5(0) + (1 + q)f2(1) +
q

p
f3(0) + pf4(1)

+ (1 + s)f6(1) +
s

r
f7(0) + rf8(1). (30)

Let

Γ =
∑

m≥0

(amf1(−m) − amf2(−m) + bmf3(−m− 1) + cmf4(−m)

+ dmf5(−m) − dmf6(−m) + gmf7(−m− 1) + hmf8(−m)). (31)

Solving the stationary zero curvature equation

(EΓ )Un − UnΓ = 0, (32)

we obtain the recursion relation

a(1)
m − am + pb(1)m −

q

p
cm = 0,

q

p
(a(1)

m + am) − bm−1 + (1 + q)b(1)m = 0,

p(a(1)
m + am) − c

(1)
m−1 + (1 + q)cm = 0,

q

p
c
(1)
m−1 − pbm−1 + (1 + q)(am − a(1)

m ) = 0,

a(1)
m − am + d(1)

m − dm + pg(1)
m + rb(1)m −

q

p
hm −

s

r
cm = 0,

q

p
h

(1)
m−1 +

s

r
c
(1)
m−1 − rbm−1 − pgm−1 + (1 + s)(am − a(1)

m ) + (1 + q)(dm − d(1)
m ) = 0,

q

p
(d(1)

m + dm) +
s

r
(a(1)

m + am) − bm−1 − gm−1 + (1 + s)b(1)m + (1 + q)g(1)
m = 0,

r(a(1)
m + am) + p(d(1)

m + dm) − c
(1)
m−1 − h

(1)
m−1 + (1 + q)hm + (1 + s)cm = 0. (33)

We choose a0 = −
1

2
, b0 =

q(−1)

p(−1)(1 + q(−1))
, c0 =

p

1 + q
, d0 = 0, g0 =

s(−1)

r(−1)(1 + q(−1))
−

q(−1)(1 + s(−1))

p(−1)(1 + q(−1))2
,

h0 =
r

1 + q
−

(1 + s)p

(1 + q)2
and require aj

∣∣
[u]=0 = 0, bj

∣∣
[u]=0 = 0, cj

∣∣
[u]=0 = 0, dj

∣∣
[u]=0 = 0, gj

∣∣
[u]=0 = 0, hj |[u]=0 =

0, (j ≥ 1), where [u] = (u,Eu,E−1u, . . .). Thus, the recursion relation (33) uniquely determines aj , bj, cj , dj ,

gj , hj , j ≥ 1.

For any integer m ≥ 0, we choose

Γ =
∑

m≥0

(amf1(n−m) − amf2(n−m) + bmf3(n−m− 1) + cmf4(n−m)

+ dmf5(n−m) − dmf6(n−m) + gmf7(n−m− 1) + hmf8(n−m)), (34)

then direct computation gives

(EΓ+)Un − UnΓ+ =

(
q

p
c(1)n − pbn

)
f2(1) − bnf3(0) + c(1)n f4(1) − (bn + gn)f7(0)

+ (c(1)n + h(1)
n )f8(1) +

(
q

p
h(1)

n +
s

r
c(1)n − pgn − rbn

)
f6(1). (35)

Take Γ = Γ+, then the discrete zero curvature equation admits the following equations:
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(p)tm

= c(1)n ,

(q)tm

=
q

p
c(1)n − pbn,

(r)tm

= c(1)n + h(1)
n ,

(s)tm

=
q

p
h(1)

n +
s

r
c(1)n − pgn − rbn. (36)

When we take r = s = 0, the system (36) re-

duces to the system (19). Therefore, in term of the

definition of integrable coupling, we conclude that the

system (36) is an integrable coupling of the system

(19).
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