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This paper obtains the multi-component Harry—Dym (H-D) hierarchy and its integrable couplings by using two

kinds of vector loop algebras 63 and ég. The Hamiltonian structures of the above system are given by the quadratic-

form identity. The method can be used to produce the Hamiltonian structures of the other integrable couplings or

multi-component hierarchies.
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1. Introduction

A central and important topic in the study of in-
tegrable systems is searching for new Lax or Liouville
systems as many as possible and such that they are as-
sociated with certain evolution equations with physi-
cal meaning. Professor Tu once proposed a simple and
efficient method for generating soliton equation hier-
archy and Hamiltonian structure,[!! which was called
the Tu model by Professor Ma in Ref.[2]. Under the
frame of the Tu model, a lot of integrable system as-
sociated with physics backgrounds are obtained,!* =6
such as the Ablowitz—Kaup—Newell-Segur hierarchy,
Kaup—Newell hierarchy and so on. With the develop-
ment of soliton theory, integrable couplings become an
important and hot topic. By use of semi-direct sum
of Lie algebras some multi-component integrable cou-
plings such as the multi-component Burgers hierarchy,
Guo hierarchy, etc., are worked out in Refs.[4,7-10].
In this paper, we first constructed a vector loop al-
gebra and its expanding loop algebra, then obtained
multi-component Harry—Dym (H-D) hierarchy and its
couplings. Their Hamiltonian structures are presented
by quadratic-form identity.

2. Multi-component H-D hierar-

chy
Set two row vectors a = (a1,a9,...,am), b =
(b1,ba,...,b,) and assume that ¢ is constant, define
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their multiplication and division as

ab = (albl, agbg, P ,ambm),
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(ai1, aiz,-..,aim)}
The commutative operation [a, b] is defined as
[a,b]1 =(az2bs — azbs, 2(a1bs — a2by),
2((131)1 — albg))T. (1)
It is easy to test that G3 is a Lie algebra. The
following loop algebra is given as
Gs ={a\™,a € G3, [a\™, bA"];
=[a,b);\"" Va,b € G3}. (2)

Taking the following isospectral problem:

17bz = [Uv’l:b]la vav’l:b € C?37
P = [V, ], A\ =0, (3)

where
U = (—iMy, (@ — Inp)N, =M yp) 7T,

V =" (Aam, s HAG—In) @, Cone—iA@m) AT,
m>0
IM = (1717"'1)1><M7q: (QI7Q27---aCIM)T

)

Ay = (amlvamQa v aamM)
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bm = (bmh bm27 ceey bm]W)u
Cm = (leacm27 v aCmM)
and solving
Ve = [U7 V]lv (4)

we obtain

Ay = (q - I]W)Cmm + bm;Eu
1[(q - IM)aerl]I + bmzz - _2ibm+1x7

- iam-i—l;ﬂ + Cingx = 2icm+lmu

co=iq %,
1 _ 3
a; = —5(1 qz,
by = —%(f%(h7
c1 =0. (5)

For an arbitrary natural number n, denoting

Ay,

bz +1iMq — In)ay,

n

(n) _
vy
m=0 Crnz — 1AQ,

x A v = xry v
we can write Eq.(4) as

VO LU v =v® o, v ()

The terms on the left-hand side of Eq.(6) are of de-
gree > 1, while the terms on the right-hand side are
of degree < 2. Therefore,

0
v 4o,V =

_b’ﬂLELIJ

—Cnzx

Denoting V(™ = Van)—f—Anl, and A, = (—icps, (g—
Iv)en: — icn—12q, —cm)T, from the following zero-
curvature equation

U, - V™ +[U,v™) =0, (7)
we obtain the integrable system
q: = —2icn—1z0z = _Qiagcn—l = chn—lu (8)

where J; is a Hamiltonian operator.
From expression (5), we obtain a recurrence op-

erator 1
Li=—5(0q+ qd)”'o®

which meets ¢,42 = Lic,. Therefore, expression (8)
can be written as

n
JiL{ ¢y, when n is even,

qt = n—1 (9)
JiL,? co, when n is odd.

Taking M = 1, n = 1, we find that the system (9)
reduces to the H-D equation, so system (9) is called
a multi-component H-D hierarchy. Then it is easy to
verify that J; Ly = LjJy, therefore, the system (9) is
integrable in the Liouville sense.

3. The Hamiltonian structure of
system (9)
Introduce a quadratic-form identity functional
{a,b}; = a" Fb, a,beV,, (10)

and consider a functional

W ={V,U\}+{A4,V, - [U,V]},

UV, AeV, (11)
which has the following variation constraint condi-
tions:

ViaW =V, —[U,V] =0, (12)
VvW =Uy,—- A, +[U,A] =0. (13)

From expressions (1), (2) and (3), we obtain

A, V] -V, = %V, ~ = const., (14)

then we obtain

0 0 ou
= - - <1<
{VvU)\} A I\ </\ {Vv aui }> ) (1 St Z)a

(15)

6’U,i

where v is a constant to be determined.
From [a, b];, we have

0 2by —2bs
[a,b]f =a™ | by —2b1 0 =a’R(b). (16)
-by 0 2by

Solving the matrix equation Fi' = F; and R(b)F, =
—(R(b)F1)T we obtain

2y 0 0
=) 0o o 1,|. (17)
0 Iy 0
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Then
{a,b}1 = aTF1b= 2a1b; + asbsz + asbs. (18)
Hence, by using the quadratic-form identity we obtain

)
—[—2igha — b, + (q — Ip)c,]

ou
:A*V%Xy [(=iX*a + Ac,)] - (19)
Comparing the coefficients of A™"*2 we obtain
)
5—u[21(q — I]w)cn_l + 2ibn_1 - 2ian_1]
=2i(—n+3+7y)cn-1.
Taking n = 2 in the above equation we obtain v = —1.

Thus, the Hamiltonian structure of expression (9) is
derived as follows:

0H,
ou

Uy = q¢ = Jl (20)

where

(q - IM)cnfl + bnfl —Qnp—1

H, =
—n+2

4. Integrable coupling of the
multi-component H—D hierar-
chy and its Hamiltonian struc-

ture

Consider a linear space
Ge = {a = (a1,a2,a3,a4,as,a6)",
a; = (aila Ai2y -0y aiM)}
with the commuting relations
[a, bl =(a2bs — azbz,2(a1by — asby),2(aszb; — a1bs),
asxbg — agbs + asbsz — aszbs,

2(asby — azbs + a1bs — asby),

2(a3b4 — aybs + agb; — albg))T. (21)
|
Ay = (ul - 1)cmm + bm;Eu
1[('“/1 - 1)am+1]x + bmmm - _2ibm+1x7

- iam-{-lw + Cmgr = 2icm+lm7

It is easy to verify that Gg is a Lie algebra, which
derives the resulting loop algebra

Gs = {a()) =aX™,a € Gg, [aA™,bA"]2

=la, b]g)\Qm”",a,b € Gg}. (22)
Take the following isospectral problem
,‘/Jw = [Ua"/)]Qu U7V7¢ S é67
17bt = [V,'l,b]Q, At = Oa (23)
where
U :(—i/\IM, (u1 — IM))\, —)\IM,
— 1M, (w2 — In)A, =M )T,
V= (A, by + iX(u1 — Ins)@m,
m>0
Cmaz — i/\ama )\dmu fmw + 1/\(U2 - I]W)dma
Gz — M) TAT™,
wy = (ur1,wa, ... uinm) '
U2 = (qu, U222y -+ - UZM)Tv
am = (amlu am27 s 7amM)7
bm - (bmla bm27 ey bml\l);
Cm = (leu Cm2y -+, cm]W)u
dm - dmh dm2; ceey de)a
fm = (fmlafm?a .. '7me)7
gm = (9m1,9m27 v 7gm1\l)-
Solving
V. =[U, V], (24)
we obtain

dmm = (’LL1 - 1)gmm + fmz + 1(u2 - ul)derl + 1(u1 - u2)am+1 + (u2 — 1)sz + bmg;,

meELIJ + 1[(”2 - 1)dm+1]w = _2ifm+1w - Qibm-i-lm + 2(’LL2 - ul)dm+2 - 2(”2 - ul)am+27

9mzr — iderlac - 2igm+lz + 2icm+lz;
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ap = —2iu1_%, bo = i(u; — 1)u1_%, co= iul_%, dy = iu%,
1 _1 1 _3 1 _s
fo=—tuf, go=-2iu,’ ta, a1 =—gu; U, b= —gu Pus,
_1 1 _3
cr=0, di=0, fi=u; u; +tujuz, g1 =—2u; U, (25)
where a = (a1, ag, ...,aps) and B = (01, B2, ..., Bar) are constants.
And for an arbitrary natural number n, denoting
Aam,
bz +iA(ur — In)ag,
" n Crnz — 1Aap, n—om n n n
viv=3%" a=zm oy () — \ny oy,
m=0 )‘dm
Fma + N ua — Ing)d,y,
we can write Eq.(4) as

where the terms on the left-hand side of Eq.(26) are of degree > 1, while the terms on the right-hand side are
of degree < 2. Therefore,

0
n n _/\cnww
_VJEI) + U, VJ£ )]2 = 12
IN (w1 — u2)(dnt1 — @ny1)

2/\2(“’1 - uQ)(dnJrl - an+1) - fnflxx

_)\g’ﬂLI)LE

Denoting V(") = V_é")—i—Ang, and A,z = (—idens, \[(u1—Inr)ene—iCn—12z], —ACnzy, —iAGna, N[(U2—u1)(Gns —
2ign+1) +i(Crn122 — Gn-122) + (U1 — In1)Gnz), —AGnz) T, from the following zero-curvature equation

U=V + U,V =0, (27)
we obtain an integrable system
U Uy _2icn—1LIJLE 0 _21-[1\4(93 gn—1+ 2cn—1
t = = =
U2 ' k+ 2g’ﬂ:1) + fnw _211'M(93 61[]\463 Cpn—1
n—1+ 2Cp—
g, [ g e ) (28)
Cpn—1

where k = (u2 - ul)(gnx - 2lgn+1) + i(cnflzz - gnflzz) + (’LL1 - IM)gnx
From expression (25), we obtain a recurrence operator

—(20u;1 + u10)719° A
L2 = )
0 —(28’&1 +u18)’183

where A = (20u1 + 4u10) 71 (20us + 4u20)(20u1 + 4u19) 103 + (20u1 + ©19) 7193, which meets

gn+2 + 2Cn+2 dn + 2Cn

Cp+2 Cp,
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Therefore, expression (28) can be written as
n +2c
JLz! 9 ! , when n is oven,
ul Ci1
u . + 2¢
o gt [T when nis odd
Co
|

From the expression (21), we have Comparing the coefficients of A~"*2 we obtain

0 2by —2b3 0 2bs —2bg

é .
by —2b; 0 bg —2by O @(—1(3% +uz)an—1+ (ur +uz — 21y )cn—2;
r_ | b2 0 26y =bs 0 204 —i(uy +ug)dp—1 + (ur — Inr)gn—2s
[a,bly; =a

0 0 0 0 0 _2b3 - 2bn72z - fn72z)

0 0 0 —=bs 2by O . Gn-1+2Cn_1

0 0 0 —by—2b 2b =23+~ —n) o

=a"R(b). (30)

Solving the matrix equation F* = F and R(b)F =  Taking n = 2 in above equation we obtain v = —1.

—(R(b)F)T we obtain

2Ipy 0 0 2In O O
0 0 Iny O 0 Iy
Fe 0 Iy O 0 Ipn O 7 (31)
2Ipy 0 0 O O O
0 0 Iy 0 0 O
0 I, O 0 O O

{a,b}2 =2(a1 + a4)b1 + (a3 + ag)bz + (a2 + as)bs
+ 2a1by + asbs + asbg. (32)

Hence, by using the quadratic-form identity we obtain

)
5—u(—4ia)\ — 2idA + (w1 +ug — 2IM)CI

- 3i(u1 — IM)gm — i(ul —+ U — 2IM))\d
—2b, — fo —i(ua — Ing)Aa)
9 e —iX2a + M\g, —iN2d

AT\
O\ e, —iNa

Thus, the Hamiltonian structure of expression (28) is
derived as follows:

Uit
Uy =

(33)

U2t
where

Hn = [1(3’1,L1 + u2)an,1

2i(n — 2)
— (w1 +ug — 2Iy)Cp—2p +i(ur +u2)d,—1
- (ul - IM)gn72z + 2bn72z - fn72z]-

It is easy to verify that JyLo = L3J3, so the system
(29) is Liouville integrable.

Taking uz = 0 in system (29), we find that the
system reduces to system (9), thus we can conclude
that system (29) is the integrable coupling of system
(9) according to the definition of integrable coupling.
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