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This paper obtains the multi-component Harry–Dym (H–D) hierarchy and its integrable couplings by using two

kinds of vector loop algebras eG3 and eG6. The Hamiltonian structures of the above system are given by the quadratic-

form identity. The method can be used to produce the Hamiltonian structures of the other integrable couplings or

multi-component hierarchies.

Keywords: Hamiltonian structure, H–D hierarchy, quadratic-form identity

PACC: 0220, 0340K, 0365G

1. Introduction

A central and important topic in the study of in-

tegrable systems is searching for new Lax or Liouville

systems as many as possible and such that they are as-

sociated with certain evolution equations with physi-

cal meaning. Professor Tu once proposed a simple and

efficient method for generating soliton equation hier-

archy and Hamiltonian structure,[1] which was called

the Tu model by Professor Ma in Ref.[2]. Under the

frame of the Tu model, a lot of integrable system as-

sociated with physics backgrounds are obtained,[1−6]

such as the Ablowitz–Kaup–Newell–Segur hierarchy,

Kaup–Newell hierarchy and so on. With the develop-

ment of soliton theory, integrable couplings become an

important and hot topic. By use of semi-direct sum

of Lie algebras some multi-component integrable cou-

plings such as the multi-component Burgers hierarchy,

Guo hierarchy, etc., are worked out in Refs.[4,7–10].

In this paper, we first constructed a vector loop al-

gebra and its expanding loop algebra, then obtained

multi-component Harry–Dym (H–D) hierarchy and its

couplings. Their Hamiltonian structures are presented

by quadratic-form identity.

2. Multi-component H–D hierar-

chy

Set two row vectors a = (a1, a2, . . . , am), b =

(b1, b2, . . . , bm) and assume that c is constant, define

their multiplication and division as

ab = (a1b1, a2b2, . . . , ambm),

a

b
=

(
a1

b1
,
a2

b2
, . . . ,

am

bm

)
,

c

a
=

(
c

a1
,

c

a2
, . . . ,

c

am

)
,

set G3 = {a = (aij)3×M = (a1, a2, a3)
T, ai =

(ai1, ai2, . . . , aim)}.

The commutative operation [a, b] is defined as

[a, b]1 =(a2b3 − a3b2, 2(a1b2 − a2b1),

2(a3b1 − a1b3))
T. (1)

It is easy to test that G3 is a Lie algebra. The

following loop algebra is given as

G̃3 ={aλm,a ∈ G3, [aλm, bλn]1

=[a, b]1λ
m+n, ∀a, b ∈ G3}. (2)

Taking the following isospectral problem:

ψx = [U ,ψ]1, U ,V ,ψ ∈ G̃3,

ψt = [V ,ψ]1, λt = 0, (3)

where

U = (−iλIM , (q − IM )λ,−λIM )T,

V =
∑

m≥0

(λam, bmx+iλ(q−IM )am, cmx−iλam)Tλ−m,

IM = (1, 1, . . . 1)1×M , q = (q1, q2, . . . , qM )T,

am = (am1, am2, . . . , amM )
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bm = (bm1, bm2, . . . , bmM ),

cm = (cm1, cm2, . . . , cmM )

and solving

Vx = [U ,V ]1, (4)

we obtain

amx = (q − IM )cmx + bmx,

i[(q − IM )am+1]x + bmxx = −2ibm+1x,

− iam+1x + cmxx = 2icm+1x,

a0 = −2iq−
1

2 ,

b0 = i(q − IM )q−
1

2 ,

c0 = iq−
1

2 ,

a1 = −
1

2
q−

3

2 qx,

b1 = −
1

2
q−

3

2 qx,

c1 = 0. (5)

For an arbitrary natural number n, denoting

V
(n)
+ =

n∑

m=0




λam

bmx + iλ(q − IM )am

cmx − iλam




× λn−m, V
(n)
− = λnV − V

(n)
+ ,

we can write Eq.(4) as

−V
(n)
+x + [U ,V

(n)
+ ]1 = V

(n)
−x − [U ,V

(n)
− ]1. (6)

The terms on the left-hand side of Eq.(6) are of de-

gree ≥ 1, while the terms on the right-hand side are

of degree ≤ 2. Therefore,

−V
(n)
+x + [U ,V

(n)
+ ]1 =




0

−bnxx

−cnxx


 .

Denoting V (n) = V
(n)
+ +∆n1, and ∆n1 = (−icnx, (q−

IM )cnx − icn−1xx,−cnx)T, from the following zero-

curvature equation

Ut − V
(n)

x + [U ,V (n)]1 = 0, (7)

we obtain the integrable system

qt = −2icn−1xxx = −2i∂3cn−1 = J1cn−1, (8)

where J1 is a Hamiltonian operator.

From expression (5), we obtain a recurrence op-

erator

L1 = −
1

2
(∂q + q∂)

−1
∂3

which meets cn+2 = L1cn. Therefore, expression (8)

can be written as

qt =





J1L
n

2

1 c1, when n is even,

J1L
n−1

2

1 c0, when n is odd.

(9)

Taking M = 1, n = 1, we find that the system (9)

reduces to the H–D equation, so system (9) is called

a multi-component H–D hierarchy. Then it is easy to

verify that J1L1 = L∗
1J1, therefore, the system (9) is

integrable in the Liouville sense.

3. The Hamiltonian structure of

system (9)

Introduce a quadratic-form identity functional

{a, b}1 = aTFb, a, b ∈ Ṽs, (10)

and consider a functional

W = {V ,Uλ} + {Λ,Vx − [U ,V ]},

U ,V ,Λ ∈ Ṽs, (11)

which has the following variation constraint condi-

tions:

∇ΛW = Vx − [U ,V ] = 0, (12)

∇VW = Uλ −Λx + [U ,Λ] = 0. (13)

From expressions (1), (2) and (3), we obtain

[Λ,V ] − Vλ =
γ

λ
V , γ = const., (14)

then we obtain

δ

δui

{V ,Uλ} = λ−γ ∂

∂λ

(
λ−γ{V ,

∂U

∂ui

}

)
, (1 ≤ i ≤ l),

(15)

where γ is a constant to be determined.

From [a, b]1, we have

[a, b]T1 = aT




0 2b2 −2b3

b3 −2b1 0

−b2 0 2b1


 = aTR(b). (16)

Solving the matrix equation FT
1 = F1 and R(b)F1 =

−(R(b)F1)
T we obtain

F1 =




2IM 0 0

0 0 IM

0 IM 0


 . (17)
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Then

{a, b}1 = aTF1b = 2a1b1 + a2b3 + a3b2. (18)

Hence, by using the quadratic-form identity we obtain

δ

δu
[−2iqλa− bx + (q − IM )cx]

=λ−γ ∂

∂λ
λγ

[
(−iλ2a+ λcx)

]
. (19)

Comparing the coefficients of λ−n+2 we obtain

δ

δu
[2i(q − IM )cn−1 + 2ibn−1 − 2ian−1]

=2i(−n + 3 + γ)cn−1.

Taking n = 2 in the above equation we obtain γ = −1.

Thus, the Hamiltonian structure of expression (9) is

derived as follows:

ut = qt = J1
δHn

δu
, (20)

where

Hn =
(q − IM )cn−1 + bn−1 − an−1

−n + 2
.

4. Integrable coupling of the

multi-component H–D hierar-

chy and its Hamiltonian struc-

ture

Consider a linear space

G6 = {a = (a1,a2,a3,a4,a5,a6)
T,

ai = (ai1, ai2, . . . , aiM )}

with the commuting relations

[a, b]2 =(a2b3 − a3b2, 2(a1b2 − a2b1), 2(a3b1 − a1b3),

a2b6 − a6b2 + a5b3 − a3b5,

2(a4b2 − a2b4 + a1b5 − a5b1),

2(a3b4 − a4b3 + a6b1 − a1b6))
T. (21)

It is easy to verify that G6 is a Lie algebra, which

derives the resulting loop algebra

G̃6 = {a(λ) =aλm,a ∈ G6, [aλm, bλn]2

=[a, b]2λ
2m+2n,a, b ∈ G6}. (22)

Take the following isospectral problem

ψx = [U ,ψ]2, U ,V ,ψ ∈ G̃6,

ψt = [V ,ψ]2, λt = 0, (23)

where

U =(−iλIM , (u1 − IM )λ,−λIM ,

− iλIM , (u2 − IM )λ,−λIM )T,

V =
∑

m≥0

(λam, bmx + iλ(u1 − IM )am,

cmx − iλam, λdm,fmx + iλ(u2 − IM )dm,

gmx − iλdm)Tλ−m,

u1 = (u11, u12, . . . , u1M )T,

u2 = (u21, u22, . . . , u2M )T,

am = (am1, am2, . . . , amM ),

bm = (bm1, bm2, . . . , bmM ),

cm = (cm1, cm2, . . . , cmM ),

dm = (dm1, dm2, . . . , dmM ),

fm = (fm1, fm2, . . . , fmM ),

gm = (gm1, gm2, . . . , gmM ).

Solving

Vx = [U ,V ]2, (24)

we obtain

amx = (u1 − 1)cmx + bmx,

i[(u1 − 1)am+1]x + bmxx = −2ibm+1x,

− iam+1x + cmxx = 2icm+1x,

dmx = (u1 − 1)gmx + fmx + i(u2 − u1)dm+1 + i(u1 − u2)am+1 + (u2 − 1)cmx + bmx,

fmxx + i[(u2 − 1)dm+1]x = −2ifm+1x − 2ibm+1x + 2(u2 − u1)dm+2 − 2(u2 − u1)am+2,

gmxx − idm+1x = 2igm+1x + 2icm+1x,
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a0 = −2iu
−1

2

1 , b0 = i(u1 − 1)u
− 1

2

1 , c0 = iu
− 1

2

1 , d0 = iu
1

2

1 ,

f0 = −iu
1

2

1 , g0 = −2iu
− 1

2

1 +α, a1 = −
1

2
u
− 3

2

1 u1x, b1 = −
1

2
u
− 3

2

1 u1x,

c1 = β, d1 = 0, f1 = u
− 1

2

1 u1x + u
1

2

2 u2x, g1 = −2u
− 3

2

1 u1x, (25)

where α = (α1, α2, ..., αM ) and β = (β1, β2, ..., βM ) are constants.

And for an arbitrary natural number n, denoting

V
(n)
+ =

n∑

m=0




λam

bmx + iλ(u1 − IM )am

cmx − iλam

λdm

fmx + iλ(u2 − IM )dm

gmx − iλdm




λ2n−2m, V
(n)
− = λnV − V

(n)
+ ,

we can write Eq.(4) as

−V
(n)
+x + [U ,V

(n)
+ ]2 = V

(n)
−x − [U ,V

(n)
− ]2, (26)

where the terms on the left-hand side of Eq.(26) are of degree ≥ 1, while the terms on the right-hand side are

of degree ≤ 2. Therefore,

−V
(n)
+x + [U ,V

(n)
+ ]2 =




0

−λbnxx

−λcnxx

iλ2(u1 − u2)(dn+1 − an+1)

2λ2(u1 − u2)(dn+1 − an+1) − fn−1xx

−λgnxx




.

Denoting V (n) = V
(n)
+ +∆n2, and ∆n2 = (−iλcnx, λ[(u1−IM )cnx−icn−1xx], −λcnx, −iλgnx, λ[(u2−u1)(gnx−

2ign+1) + i(cn−1xx − gn−1xx) + (u1 − IM )gnx],−λgnx)T, from the following zero-curvature equation

Ut − V
(n)

x + [U ,V (n)]2 = 0, (27)

we obtain an integrable system

Ut =



u1

u2





t

=



 −2icn−1xx

k + 2gnx + fnx





x

=



 0 −2iIM∂3

−2iIM∂3 6iIM∂3







 gn−1 + 2cn−1

cn−1





=J2



 gn−1 + 2cn−1

cn−1



 , (28)

where k = (u2 − u1)(gnx − 2ign+1) + i(cn−1xx − gn−1xx) + (u1 − IM )gnx.

From expression (25), we obtain a recurrence operator

L2 =




−(2∂u1 + u1∂)−1
∂

3 A

0 −(2∂u1 + u1∂)−1
∂

3


,

where A = (2∂u1 + 4u1∂)−1(2∂u2 + 4u2∂)(2∂u1 + 4u1∂)−1∂3 + (2∂u1 + u1∂)−1∂3, which meets



 gn+2 + 2cn+2

cn+2



 = L2



 gn + 2cn

cn



 .
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Therefore, expression (28) can be written as

ut =


u1

u2




t

=






JL
n

2
−1


 g1 + 2c1

c1


 , when n is oven,

JL
n−1

2



 g0 + 2c0

c0



 , when n is odd .

(29)

From the expression (21), we have

[a, b]T2 =aT




0 2b2 −2b3 0 2b5 −2b6

b3 −2b1 0 b6 −2b4 0

−b2 0 2b1 −b5 0 2b4

0 0 0 0 0 −2b3

0 0 0 −b3 2b2 0

0 0 0 −b2 −2b1 2b1




=aTR(b). (30)

Solving the matrix equation FT = F and R(b)F =

−(R(b)F )T we obtain

F =




2IM 0 0 2IM 0 0

0 0 IM 0 0 IM

0 IM 0 0 IM 0

2IM 0 0 0 0 0

0 0 IM 0 0 0

0 IM 0 0 0 0




, (31)

{a, b}2 =2(a1 + a4)b1 + (a3 + a6)b2 + (a2 + a5)b3

+ 2a1b4 + a3b5 + a2b6. (32)

Hence, by using the quadratic-form identity we obtain

δ

δu
(−4iaλ − 2idλ + (u1 + u2 − 2IM )cx

− 3i(u1 − IM )gx − i(u1 + u2 − 2IM )λd

− 2bx − fx − i(u2 − IM )λa)

=λ−γ ∂

∂λ
λγ


 λcx − iλ2a+ λgx − iλ2d

λcx − iλ2a


 .

Comparing the coefficients of λ−n+2 we obtain

δ

δu
(−i(3u1 + u2)an−1 + (u1 + u2 − 2IM )cn−2x

− i(u1 + u2)dn−1 + (u1 − IM )gn−2x

− 2bn−2x − fn−2x)

=2i(3 + γ − n)


 gn−1 + 2cn−1

cn−1


 .

Taking n = 2 in above equation we obtain γ = −1.

Thus, the Hamiltonian structure of expression (28) is

derived as follows:

ut =


 u1t

u2t


 = J

δHn

δu
, (33)

where

Hn =
1

2i(n − 2)
[i(3u1 + u2)an−1

− (u1 + u2 − 2IM )cn−2x + i(u1 + u2)dn−1

− (u1 − IM )gn−2x + 2bn−2x − fn−2x].

It is easy to verify that J2L2 = L∗
2J2, so the system

(29) is Liouville integrable.

Taking u2 = 0 in system (29), we find that the

system reduces to system (9), thus we can conclude

that system (29) is the integrable coupling of system

(9) according to the definition of integrable coupling.
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