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For a black hole with two horizons, the effective entropy is assumed to be a linear combination of the two entropies

of the outer and inner horizons. In terms of the effective thermodynamic quantities the effective Bekenstein-Smarr

formula and the effective first law of thermodynamics are derived.
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Black hole is a thermodynamic system, which
obeys the four laws of thermodynamics.[' =5 The tem-
perature of black hole is defined by the surface gravity
on event horizon.?! The Bekenstein-Hawking entropy
of event horizon is equal to one quarter of the hori-
zon area.[l"2 The entropy proportional to the event
horizon area of the black hole may be checked by the
quantum statistical method.l®) The Arnowitt-Deser—
Misner (ADM) mass of a black hole may be given by
the Bekenstein—Smarr formula expressed in terms of
the thermodynamical quantities defined on the event
horizon, and the differential Bekenstein—Smarr for-
mula for 6 M is the first law of thermodynamics. For
a black hole spacetime with two horizons, M and d M
may be given in terms of the thermodynamic quan-
tities defined on the outer horizon or those on the

[7-10] Since the Bekenstein-Smarr for-

inner horizon.
mula and the first law of thermodynamics may also
given in terms of the thermodynamic quantities as-
sociated with the inner horizon, it is always possible
to express the Bekenstein—-Smarr formula and the first
law of thermodynamics in terms of the effective ther-
modynamic quantities. As is shown in Ref.[10], the
effective temperature may be taken as the harmonic
mean of the temperatures of the inner and outer hori-
ZOns.

In this paper, we will approach the expressions for
the effective Bekenstein—Smarr formula and the effec-
tive first law of thermodynamics for the black holes
with two horizons. Assuming that the effective en-
tropy is a linear combination of the entropies of the
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outer and inner horizons, then we obtain the effective
temperature and other effective thermodynamic quan-
tities. In terms of the effective thermodynamic quan-
tities the effective Bekenstein—Smarr formula and first
law of thermodynamics are derived.

Consider a black hole with two horizons, for which
the set of thermodynamic quantities takes (Z%') =
{XAHAYAY) = (84, Ty {X ) {Y{}) with the in-
dices A =1,2, ...
respectively the entropy and temperature of the outer

and a = 2, ..., where Sy and T} are

horizon, and {Y{} denote the values of the intensive
quantities {Y*} taken on the outer horizon. For such
a system, the first law of thermodynamics is given by

SM =T8Sy +» Y{6X, (1)
where M is the ADM mass of the black hole. The

first law of thermodynamics may also be expressed in
terms of (Z4) = (S_,T_; {X*},{Y?}) as

SM =T_6S_+» Y*X°, (2)

where S_ and T_ are respectively the entropy and
temperature of the inner horizon, and {Y%} are the

values of {Y*} on the inner horizon. Combining
Egs.(1) and (2) gives
SM =x(T} 08y + Y  YI6X*?)
+ (1= x)(T_65_ +Y6X9), (3)

where y is a parameter to be determined.
For the Kerr-Newmann (KN) black hole space-
time, the ADM mass M may be given by the
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Bekenstein-Smarr formula asl* 79 with T

X= (14)

M=2T 5.+ &.:Q + 20+ J, (5) T_+aoTy
. . . K

where Q and J denote the electric charge and angu-  Defining the effective surface gravity by Teg = 2f7
lar momentum, @4 and (24 are the electric potentials then one can have
and angular velocities of the outer and inner horizons, ) ) .
respectively. Generically, the Bekenstein—Smarr for- Kef =Ky tok_, (15)

mula may be generalized to the following form

M =nrTeSe+ Y naYEX, (5)

where np and 7, are some constant coeflicients asso-
ciated with the number of the spacetime dimensions
and the quantities {X“}.

From Eq.(5) we have

M =x(nrT Sy + Y naY{X")
+ (=) rT-S- +> 1Y X").  (6)

Equations (3) and (6) can be reduced to the ef-
fective forms by introducing the effective quantities
{Z43} = (Ser, Tor; { X}, {Y.%}). Defining the effec-
tive quantities by

TemrSet = XT4S4 4+ (1 —x)T-S-, (7)
TegdSer = XT1654 + (1 = x)T-0S-, (8)
Yesr = xY4 4 (1= x)Y-, (9)

then Eqgs.(6) and (3) are rearranged as

M = nTTeﬁ'Seff + Z naYe?:fXaa (10)

SM = TegdSeqr + »_ Yo X", (11)
We call Egs.(10) and (11) the effective Bekenstein-
Smarr formula and the effective first law of thermo-
dynamics of the black hole with two horizons, respec-
tively.

In what follows, let us determine y, Teg and Seg
by using Eqs.(7) and (8). Define the effective entropy
as

Se = Sy + aS_, (12)

where « is a constant. Substituting the effective en-
tropy into Egs.(7) and (8), then we obtain the effective

temperature
Lo T »
CYT+ + T
"M may be expressed as M = % + é(&]z +Q4) n %2 1/2
by T4+ = 87M

asi“Q'

where k4 denote the surface gravity of the outer and
inner horizons, respectively. For a = £1, Eq.(15) will
give the right and left temperatures of the black hole
in the string theory.l''=161 We have given a general
proof that, for a black hole with two horizons, the
thermodynamic quantities associated with the outer
and inner horizons may be mapped into those of the
left-moving and right-moving systems.

As an example, let us discuss the case of the KN
black hole. For the KN black hole, the ADM mass M
and the electric charge @ are given by

Mz%(?g—&—?:), Q*+a®=ryr_, (16)
where a is rotating angular momentum per unit mass,
r4+ are radii of the outer and inner horizons, respec-
tively. The temperatures,’ entropies, electric poten-
tials and the angular velocities of the outer and inner

horizons arel!0]

rj:_r:':

T, =—=
* dr Ay

St =nmAL (17)

Qrs _a
A 24 = (18)

oy =

with Ay =73 +a?

The Bekenstein-Smarr formula for the KN black
hole is given by Eq.(4), and the first law of thermody-
namics reads

OMy =T10S1 + D40Q + 210J. (19)

Noting that for the KN black hole, {Y*} = {®, 2},
then according to Eqs.(9), (12) and (13) the effective
quantities are

(ry —ar )@ (I -a)a
dseff - ./44,_ — OZA_ ) \Qeff - .A+ — Oé.A_’ (20)
o o ry —Tr—
Seﬁ—']T(A++OéA7), Teﬁ_—47T(A+—OZA_)'
(21)

. The temperatures of the outer and inner horizons may be given
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Consequently, for the KN black hole the effective
Bekenstein—Smarr formula and the effective first law
of thermodynamics are obtained as

M = 2Teﬂ‘Seﬂ‘ + @efo + Q.QEHJ, (22)
OM = Teg0Sest + PerdQ + PegdJ. (23)

For o = 1, the effective electric potential, angular ve-
locity, temperature and entropy are given by

Q

Do = e g =0, (24)

Tos = m Set = w( Ay +AL).  (25)
For a = —1, they are

Do = W, off = ﬁ, (26)

nH:Lfii%ET Ser =m(Ap —AL). (27)

One can see that the thermodynamic quantities in
the two above cases correspond to those of the right-
moving and left-moving systems. %)

As another example, we consider the Banados—
Teitelboim-Zanelli (BTZ) black hole.['71%:13] For the

rotating BTZ black hole, radii of the outer and inner

, P N

where [ is the characteristic BTZ length scale, M and
J are the mass and angular momentum of the BTZ

horizon are

spacetime, respectively. The mass of the BTZ space-
time may be expressed in terms of S and J as!'”
S22

L S 2
1672]2 sz (29)

2ryr_
l
the outer horizon and the angular momentum,!

where S; = 4nry and J = are the entropy of

17,18,13)]
respectively. It can be seen that under the transforma-
tion S4 — S_ = 4mr_, the form of M holds invariant.
This implies that S_ = 47r_ may be defined as the

M
entropy of the inner horizon.%) With T, = W' Tl
+
oM oM
0Ny = Wbi’l and Oy = E\gi,b one can have
2 2 2
ry—r T 2ri
+ 27T?":|:l2 ) + Tilv + 13 ( )

where Oy is the generalized BTZ forces on the outer
and inner horizons associated with 1,19 Ty and 24
are the temperatures and angular velocities of them,
respectively.

For the BTZ black hole, there is {Y*} = {£2, 6}.
According to Egs.(12), (13) and (9), the effective en-
tropy, temperature, angular momentum and general-
ized force associated with [ of the BTZ black hole are
given by
r2 —r?

T = —F——— (31)

Seff = 47T(7"+ + OéT,), 27T(’/‘+ — Oz’l“_)l27

r_ —ar, 2(r3 —ar?)
Dg=+———""—"—, Og=—7—"7"—"—"5. (32
ff (ro —ar_)l ff (ro —ar_)3 (32)
For @ = 1, Egs.(31) and (32) reduce to
Ty +r_
Soff = 47T(T+ -+ T_), ch-f = BT, (33)
1 2(r2 +ryr_ +1r2
Q=1 Ou= DI ET) )
and for a = —1 they give
Ty —Tr_
Se =4m(ry —r-), Teg = +27r12 ’ (35)
1 2(r2 —ror_ 412
\Qcﬁ' - 7; chf - — ( + 2:3 ) (36)
The effective quantities for a = +1 correspond to

those of the right-moving and left-moving systems, "]

respectively.

For a black hole with two horizons, assuming that
the Bekenstein-Smarr formula and the first law of
thermodynamics may be expressed in terms of the
thermodynamic quantities associated with the outer
and inner horizons, then one can obtain the effec-
tive forms of the Bekenstein—Smarr formula and the
first law of thermodynamics. For a number of other
black holes with two horizons the effective Bekenstein—
Smarr formula and the first law of thermodynamics
can be valid.
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