Vol 18 No 2, February 2009
1674-1056/2009/18(02)/0757-06

Chinese Physics B

© 2009 Chin. Phys. Soc.
and IOP Publishing Ltd

Effective response of nonlinear cylindrical coated
composites under external AC and DC electric field

Shen Yu-Yan(¥£ E#), Chen Xiao-Gang(Bf/MAI)T, Cui Wei(# %),
Hao Yan-Hua(#f#i€), and Li Qian-Qian(Z=f1f)

College of Science, Inner Mongolia University of Technology, Hohhot 010051, China

(Received 12 July 2008; revised manuscript received 15 August 2008)

This paper uses the perturbation method to study effective response of nonlinear cylindrical coated composites.

Under the external AC and DC electric field Ex (14 sinwt), the local potentials of composites at all harmonic frequencies

are induced. An effective nonlinear response to composite is given for the cylindrical coated inclusions in the dilute

limit.
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1. Introduction

Recently, nonlinear responses of composites have
been widely studied because of their potential appli-
cations in engineering and theory.l!=6 The effective
response of composites is not only dependent on the
intrinsic constitutive relation, physical properties of
materials, particle shape, and volume fraction, but

7-10] In particular,

also on the applied external field.!
when an external AC electric field is applied to the
nonlinear composites, a lot of works have focused on
the effective nonlinear AC response at harmonics fre-
quencies. For example, Levy et all¥ have investigated
the nonlinear response at the higher harmonic frequen-
cies. Hui et all'® have studied the effective nonlinear
response of nonlinear inhomogeneous composites with
external AC field. Gu and Wei et al[''=14 have de-
rived the nonlinear effective response of cubic weakly
nonlinear composites at harmonic frequencies of ex-
ternal AC electric field. Chen and Wei et all'! have
investigated the effects of the applied AC electric field
on the effective response of nonlinear spherical coated
Wei et all'617 have studied the effec-

tive response of nonlinear cylindrical coated compos-

composites.

ites under AC electric field. Chen et all*®] have inves-
tigated the effective nonlinear AC response to compos-
ite with spherical particles under the action of a sinu-
soidal field E sin(wt) + E3sin(3wt). In this paper, we
will devote to the effective response of the nonlinear
cylindrical coated composites under the external AC

tCorresponding author. E-mail: xiaogang_chen@imut.edu.cn

and DC electric field E,,, = E,(1 + sinwt).

We consider homogeneous and isotropic compos-
ites, where coated cylindrical particles are randomly
embedded in a host medium. The constitutive re-
lations between electric displacement D and electric
field E are assumed in the form

Da:5QE+XQ|E\2E, in 2, a«a=ich, (1)

where the subscripts a = i, ¢, h denote the quanti-
ties in inclusion core particle (i), coated shell layer
material (c¢), and host regions (h), respectively. 2,
is the region occupied by the a-type material. Both
real linear and nonlinear dielectric constant, &, and
X, are independent of the frequency of applied field,
which is a valid assumption for the low-frequency pro-
cesses. The corresponding governing equations satisfy
V-D =0and V x E = 0. The boundary condi-
tions of the coated composites are the continuity of
the potentials and the normal components of the elec-
tric displacement on each interface of the core, coated
layer, and host. At infinity the potential must match
that of the external applied field.

2. Perturbation method for non-

linear AC and DC process

Let us take into account weakly nonlinear com-
posites with coated cylindrical inclusions randomly
embedded in a host medium, in which the nonlinear

http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn
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terms in the constitutive equations are smaller than
the linear terms. We assume that the concentric cylin-
drical particle has a radius of core a and a coated shell
radius b. The external field E.,, = FEa.(1 + sinwt)
with the finite frequency w is applied to the compos-
ites along z-direction, where E, = FEyz. The electric
potentials at a point « can be expressed in the follow-
ing form:

Do (x,w,t)
= & (x) + Pf (x) sinwt + D5 (x) cos 2wt
+ &5 () sin 3wt + Df (x) cosdwt + . ..
in 2,,a=1i,c,h. (2)

For weakly nonlinear composites, we can develop the
perturbation method to deal with the potentials.['!
The nonlinear susceptibility xy, in the host medium is
chosen as the perturbation parameter. The potentials

9, can be expanded with the parameter xy as:

P ()
= (@) + xn % (®) + X B (=) + ..
in 2,,a=1ich. (3)

Using the electric field equation E,(x,w,t) =
—V&,(x,w,t) and substituting the Egs.(2) and (3)
into Eq.(1), we get the perturbation expansions for
the electric displacement D in inclusion, coated layer
and host regions,

D,(x,w,t)

= D{(x) + Df(x) sinwt + D5 (x) cos 2wt
+Dg (x) sin 3wt + DY () cosdwt + . ..
a=1ich. (4)

The local electric displacement Dy is written as

Dy (x)
= Dp*(x) + xn Dy (@) + xi Di (@) + . ..,
in ;a=1i,¢c,h; k=0,1,2,..., (5)

where D;%(x) is a function of the potentials &;(x).
If each term of Eq.(5) satisfies its correspond-
ing governing equation, the governing equation V -
D(z,w,t) = 0, is satisfied. Therefore we obtain a set
of equations

V- D;%(x) =0,
§=0,1,2,3,...:k=0,1,2,3,.... (6)

a =1i,c,h;

The corresponding boundary conditions of each
term in the perturbation potential and electric dis-
placement are, respectively, as follows.

At the interfaces between the inclusion core and
inside layer of the coated shell, 02,

o (x) = (),
on 0f%,5=0,1,2,3,...;

n - D}(z) = n - D (),
k=0,1,2,3,..., (7)

where n is the surface normal of the core.
At the interface between the outside layer of the
coated shell and host medium, 92,

() = o' (z), n-Dif(x)=n- Di'(z)
on 802,k=0,1,2,3,..;s=0,1,2,3,....  (8)

At infinity the potentials satisfy

00 ()

Ox 0,

r— 00

—FEy, if k=0 and s=1,
if k#0 and s# 1.
(9)

3. Potentials in coated cylindrical

composites

For convenience, we only consider the two-
dimensional nonlinear composite of coated cylinder
inclusion embedded in a host. The inclusions are ran-
dom and their axes are aligned in the 2-direction. We
will derive the zero and first potential at harmonic
because it is enough to calculate the effective cubic
nonlinear response of Kerr composites.

The governing equations of the zero-order poten-
tial at the zero frequency in the media regions are

Laplace equations:
eaV2O)*(x) =0, in ,a=1ich  (10)

With the boundary conditions we get the zero-order
potentials at the zero frequency:

% () = Ao(ap + 1)rEgcosd (r < a), (11)
B (x) = Ag(aor +a’r~')Egcosd (a <1 <b),
(12)
égh(w) =(—-r+ Bob2r_1)E0 cosf (r>0b), (13)
where
Ap = 2(ei — ec)en -
(61 +ec)(ec +en) + (61 — ec)(ec — €n) (5)
(14)
ag = m, (15)

€c —E&i
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a\2 _ : . .
— A, ( a0 + (g) ) ey (16) of the first-order potentials at different frequencies,

5
ea V2D + oV - 2v¢8“|v¢8a|2} =0, (17)

-, " ) 15
. In addlt%on7 the boundary condltlons: and the gov e V2 @11& R v¢8a|v¢8a|2] — 0, (18)
erning equations of the zero-order potential at first fre- 4

i [ 3
quency w are the same as the zero-order potential at e V2 @21a R —V@S‘IW@S“} —0,(19)
zero frequency. Hence, we have ®J* = &%, For the | 2
_ [ 1
Z(?ro order pote.ntlals of tbe second, the third, and the e, V2 @%O‘ 4RV v¢>8“|v¢8“} — 0, (20)
higher harmonics, as their boundary-value problems | 4

3 he Lapl i ith S . .
cErrespolnd. to the lap ace equations without source, where B = Xa/Xn, @ = i, ¢, h. The solutions of the
these solutions equal zeto. first order potential at zero frequency in three regions

At zero frequency, we get the governing equations  are, respectively,

l

il (x) = (Ad'rcosf + Adrd cos30)ES  (r < a), (21)
B5¢(x) = (AJr + Cfr™t + C3a*r3 + C3¢a®r—°)E cos 0

+(AZr3 + D§r® 4+ DEr M E3 cos30  (a <r <b), (22)
P (x) = (CPr~t + C2r 73 £ O3 ) ES cos O + (D™ + D" r 1 ES cos 30 (r > b), (23)

In this paper, we study the effective response of nonlinear cylindrical coated composites under external
AC and DC electric field, so we only give the coefficients of the potentials, which are useful for estimating the
effective response:

- A2 Ec — €L /a\2 5 2
o 0 c aNe 2, 3 3
Al = {QECFl — ( b) 1} {2@(%“) +/36F3} oL PR+ AAYR), (24)
215
A(l)c = F {FQ + e +e ahAg <%) {2/63((10 + 1)3 + BCF3:| } + FlﬂCA8F4, (25)
5[3 A3CL0 55 A3
2c c410 3c — _ c410
Co” = 2. “ 12¢. (26)
where
—(&1 + €c
o (et <o) -
(i +ec)(ec +en) + (ei —ec)(ec — €n) (7)

5 . 5 5
F2:6B3+5Bo+§, F3:f§a8+5a3+6
5 a\b Eh 5 a\4 €h 5 a\ 2 €h
Fe 5 (02) -3 (- 2) ) (-2
ST AN < +gc> 2 \% =) T2%\% e
5 ra\? €h g (aN? 5 4
—=(3) (1) —5ad (3) +2ad.
12 (b) ( gc) “w\3) T3%
As the above procedure for dealing with the first potentials at zero frequency, the first potentials at the

basic frequency, the second, and the third harmonic frequencies are, respectively, as follows.
At the first potentials at the basic frequency,

b1 (x) = (Aj'rcosf + ATrP cos30)Ey (1 < a), 27
B1°(x) = (A{°r + CLr~ ! + Cia*r ™ + C3°a®r ™) E§ cos 0
(AgCTB + ch -3 4 ch )ES cos30 (a<r<bh), (28)

oM (x) = (CPr=t + O3 + O D) E3 cos 6 + (D2 + Dy M ES cos30  (r > b). (29)
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At the second harmonic frequency,
&3l (x) = (Alrcosf + ASr3 cos30)ES  (r < a), (30)
@21(:(3:) (AIC’I“—I—Clc -1 +C2C 4 -3 +030 6 )EO cos 6
+(A5r3 + D33 4 D2r M E3 cos 30 (a <r <D), (31)
P (x) = (CIr~ 1 4 O3 4 C3M ) ES cos O 4 (DAPr 3 + D21 E3 cos 30 (r > b). (32)
At the third harmonic frequency,
di(x) = (Alrcosf + A3 cos SG)EO (r <a), (33)
P3°(x) = (Asr + O3~ + C3%*r ™ + C3°aSr~5)E cos 0
(Agcr?’ + Dir 3 + D NE3cos30  (a <1 <b), (34)
oM (x) = (C3Pr~ 1 + O3 £ OO ES cos O + (DiPr 3 + DM~ ES cos 30 (r > b). (35)
The coeflicients are
CPo= 3C8, Clo= 3CF, Al =3AY, Al =34 (30

4. Effective response

In the dilute limit, we derive the effective nonlin-
ear response of cylindrical coated nonlinear compos-
ites under external AC and DC electric field by using
the effective response method previously proposed for
DC and AC response, =19

%/V[D(sc,w,t) — (enE(@,w,1)
+xu| E(x,w, ) E(z,w,t))]dv
= D(w,t) — [enE(w,t)

+Xh|E(w7t)|2E(w7t)]7 (37)

where V' denotes the whole region, i.e. V = 2+ 2. +
2. D and E are the spatial averages of electric dis-
placement and electric field, respectively. Because the
integration on the left-hand side of Eq.(37) is zero in
the host region, equation (37) is simplified as
% oo [D(x,w,t) —
+xu| E(x,w,t) 2 E(z,w,t))]dv

= D(w,t) — [enE(w,t) + x| E(w, )P E(w,t)]. (38)

(enE(x,w,t)

For external AC and DC electric field, because
of cubic nonlinearity of the constitutive relation, the
electric displacement includes many harmonic compo-

nents. Thus we can define the effective response of

l

€0 = en — fi(ei — en)Ao(ao + 1) — felec

the composites by regarding nonlinear composites as

an effective homogeneous medium,

D(w,t) = Dy + D; sinwt + D5 cos 2wt
+Dssin3wt + ..., (39)
where D,y = &.uE. + XowlBal?Ea + ..., n =
0,1,2,3,...; €nw and Xn are the linear and the non-

linear effective dielectric response at the m-th har-
monic frequency nw, respectively. The electric fields
at position x are generally given by using Eq.(2),

E,(z,w,t)
= E§(x) + Ef(x) sinwt + E3 (x) cos 2wt
+E$(x)sin 3wt + . ..
= — [V () + xu VO (x) + .. ]
[proa(w) +xun V&% (x) + .. ]sinwt
—[V®9*(x) + xnV $3*(x) + . . .| cos 2wt
—[V & (x) + X,V D3%(x) + .. .]sin 3wt + .

(40)

Substituting Eqgs.(40) and (39) into Eq.(38), we
can derive the effective responses of the nonlinear com-

posites,

- 5h)A0a07
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o 5 5 3 3_ 9 3(.3 a’ 1i
Xo = 5Xn — ifi(Xi — xn)Ap(ao +1)° — §fc(XC —xn)4p | ap + 20047 | — xnfi(gi — en)Ap
o a? . a2 a2
7thC(€C - 6h) (A b72 bQ (1 + b2> C )
Ew = €nh — fi(si — €h)A0(a0 + 1) - fc(é‘c — Ejh)Aan,
. 15 15 15 a? ;
Xo = —pxn = - FilG = xn)Af(ao + 1)° = = felxe = xn) A7 (a3 + anbQ) — xufile —en)A;
C a2 a2 C
e =) (Al - ok - 1+ D) ).
Eow = Ou
- 3 3 3,3 3 a’ 1i
Xow = —5Xn+ ifi( — xn)Af(ao +1)% + §fc( ¢ — xn)Ad (af + 200 b2 )~ Xufi(ei —en)A;
.oa® . a? a2
—xnfc(gc —€n) (A% e 2 ) <1 + > O ) ,
€30 = 0,
o 1 1 3 3, 1 3 a’ 1i
X3o = —7Xn+ Zfi(Xi — xn)Ap(ao +1)° + ifc( e = xn) A3 ad + 200 )~ xnfi(ei —en)A3
L a? : a2 a2
—Xn/fc(€c — €n) (AC 70 (H’ )C ),
\
where f; and f. are the volume fraction of the in-  posites are
clusion core and the coated shell, respectively. The
quantity a?/b? can be expressed by the volume frac- g0 = en — filei —en)Ao(ao + 1),
: - 5 5
tion, a®/0% = fi/(fi + fo). Xo = 5Xn — gfi(X xn)Ag(ag +1)3
Considering the coeflicients appearing in the ef- i
. . . N - —xn/fi(ei — en)Ag,
fective response, we obtain these relations, &, = &, ~
. 3 1. €w = en — filei —en)Ao(ao + 1),
&0 = 53w7 Xw = X07 X2w = 5X07 XSw = 15 15
- 3 3
Clearly, with these relations we can get a compre%en— Xw = 1 —Xh f i(xi — xn)Ap(ao + 1)
sive understanding of the effective nonlinear response —xufi(ei — en) A}l7
of the nonlinear composites. B
Eow = Oa
< 3 3 3 3
X2w = —5Xn+ §fi(Xi —xn)Ap(ao + 1)
. —xnfi(ei —en) A3,
5. Conclusion )
€3, = 0,
o 1 1 3 3
Xsw = —7Xn+ ifi(Xi — Xn)Ap(ao + 1)
In this paper, an effective response of nonlin- y
ear coated composites, which randomly embedded in —xnfi(ei —en) Ay, (41)
a host medium, is .analysed un(.ier the external ﬁfald where Ag(a + 1) = —c, By = —bo, Al = Ail’lmAli _
E.pp = Ea(l + sinwt) by using the perturbation g 3 1
. 71411 All _ —*All d Ali — _71411 if
method, and the formulae of the effective responses at 0> = 0 AN = T1p%0 1t Ee = en

harmonic frequencies are obtained in the dilute limit.
In addition, we can derive the effective nonlinear re-
sponse of the cylinder nonlinear composites without
the coated shell from our results. In this case we as-
sume that €. = e}, and x. = xn. Under this condition,

the effective responses of the cylinder nonlinear com-

and Xc¢ = Xh- The coefficients ¢, bo,A1 0 are given in
Ref.[19].
our work. Moreover, we can use the method to deal

So the result of Ref.[19] is a special case of

with the effective responses of the nonlinear spherical
coated composites under external AC and DC electric
field.
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