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The quantum pressure correction to the excitation
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Using quantum hydrodynamic approaches, we study the quantum pressure correction to the collective excitation

spectrum of the interacting trapped superfluid Fermi gases in the BEC-BCS crossover. Based on a phenomenological

equation of state, we derive hydrodynamic equations of the system in the whole BEC-BCS crossover regime. Beyond the

Thomas—Fermi approximation, expressions of the frequency corrections of collective modes for both spherical and axial

symmetric traps excited in the BEC-BCS crossover are given explicitly. The corrections of the eigenfrequencies due

to the quantum pressure and their dependence on the inverse interaction strength, anisotropic parameter and particle

numbers of the condensate are discussed in detail.
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1. Introduction

The crossover from a Bose-Einstein conden-
sate (BEC) to a Bardeen—Cooper—Schrieffer (BCS)
superfluid has attracted considerable attention for
decades.[!] Ultracold Fermi system provides an excel-
lent opportunity for exploring the properties of the
The in-
teraction of dilute ultracold fermion atoms, charac-

BEC-BCS crossover in a controllable way.

terized by the s-wave scattering length, as., can be
tuned by Feshbach resonance,l? allowing one to ma-
nipulate the interaction strength over the range —oo <
y = 1/(kpas.) < oo, where kp = (372p)'/? is the
Fermi wave vector and p(r,t) is the superfluid local
particle density. Since the excitation spectra can be
measured with high precision, both experimentall®4
and theoretical® 14 studies have paid much attention
to the collective excitations of an interacting trapped
superfluid Fermi gases.

It is known that the BEC-BCS crossover can be
divided into three regimes. (i) BEC regime (y > 1):
Bounded molecules (or called dimers) form by two
fermions. These preformed fermionic pairs have a
small size in space and show repulsive interaction.!”!
The particular case y > 1 is called the deep BEC

regime. (ii) BCS regime (y < —1): The fermions

BEC-BCS crossover, hydrodynamic approaches, perturbation method

of the system form weakly bounded Cooper pairs.
These condensed fermionic pairs have a large size in
space and show attractive interaction.’) In particu-
lar, y <« —1 is called the deep BCS regime. (iii)
BEC-BCS crossover regime (—1 < y < 1): The con-
densed fermionic pairs have the character of both BEC
molecules and BCS Cooper pairs, or their mixing.
Passing through the BEC-BCS crossover, a smooth
transition occurs from BEC superfluid to BCS super-
fluid. Especially, the point y = 0 is called the unitar-
ity limit, corresponding to asc = f£oo. At this limit,
the average spacing of particles dy = (372Np)'/3/kp
is still a typical length with Ny the condensed particle
number of the system.

Since no thermal excitation is present at 7" = 0,
the system is a perfect superfluid and can be well de-
scribed by the local particle density p(r,t) and local
velocity v(r,t) based on the time-dependent density
functional theory."=11 It is well known that the in-
teraction between the condensate fermionic pairs in
a homogeneous system is characterized by a chemical
potential p(p) (or called equation of state), which can
be obtained by many techniques. For fermions con-
fined in a trapping potential V'(r), the density profile
p(r,t) changes slowly in space if the particle number
of the system is large enough. Under such conditions
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a local density approximation can be applied to the
equation of state and hence one can suggest a hydro-
dynamic approach to investigate the physical proper-
ties of the collective excitations at low temperatures.

On the one hand, theoretical studies of the col-
lective excitations in the BEC-BCS crossover have
conducted based on the hydrodynamic approach,
and all eigenspectra and eigenfunctions of the col-
lective modes in the harmonic trap have been ob-
tained analytically under a Thomas—Fermi (TF)
approximation.l”) However, in the usual experiments
the trapped systems are always performed with a fi-
nite number of atoms where the TF approximation
is not valid. Further attempts are necessary to go
beyond TF limit for seeking the effects of the den-
sity fluctuation on kinetic energy enhancement. This
is because the quantum press term is important es-
The study of
this effect by the numerical work has been reported

pecially for small numbers of atoms.

in Ref.[10]. But to our best knowledge, no analyti-
cal work has been reported. On the other hand, a
very intriguing question in the study of the BCS-BEC
crossover is the presence or absence of the famous Lee—
Huang-Yang terms!!516] in the equation of state, cor-
responding to beyond-mean-field terms of composite
bosons. The experimental result reported recently by
Grimm’s group!'” demonstrated clearly that mean-
field theory is not valid and hence one should develop
BCS-BEC crossover theory beyond the mean-field ap-
proximation. The generalized quantum hydrodynamic
approach also takes into account the beyond-mean-
field corrections. Further attempts are also necessary
to construct the equation of state based on the asymp-
totic behaviour and quantum Monte Carlo simulation.
In one word, for a better understanding of the com-
petition among kinetic energy, interaction energy and
external potential, we must go beyond the TF approx-

imation and consider the quantum pressure term in

l

1+ 10 + 4
€BCS = — + ——
BOS 9ry  21xw2

5
cuL = 0.42—y — 2y + O(y")

€BEC =

61y 15v/673 \ 5y

the BEC-BCS crossover.

The goal of this paper is to study the quantum
pressure correction to the excitation spectrum and to
explain the effects of the inverse interaction strength,
anisotropic parameter and particle number on the cor-
rections for the trapped superfluid Fermi gases in the
BEC-BCS crossover. The article is arranged as fol-
lows: in Section 2 we propose a phenomenological
equation of state and obtain an analytical expression
for the ground state by use of the variational method.
In Section 3 we list the zeroth-order solution to the hy-
drodynamic equation and obtain the first-order correc-
tion for both sphere condensate (A = 1) and spheroid
condensate (A # 1) by use of the standard perturba-
tion method. We emphasize the importance of the
quantum pressure term to improve the hydrodynamic
approach. In Section 4, a conclusion is drawn.

2. Equation of state and ground

state

By use of a Gibbs—Duhem relation, the chemi-

cal potential reads u(p) = 5[pa€;p)]’ where e(p) is

the ground state energy per particle at zero temper-

3
ature, and can be written as e(p) = gépﬁ(y) with

1k h? 2 \2/3
AN AR
energy and M the mass of fermions. But €(y) is still

We first
focus on the expression for €(y), after some physical

Here ep is the Fermi

an unknown function in the general case.

consideration.

On the one hand, for the analytical treatment,
one assumes £(p) = ¢p? with ¢ the constant depen-
dent on y and 4. Here ~ as a function of y® is

_[2 2y y® Y,
1) = [2et) - e+ )|/ et - Let].
On the other hand, €(y) have been obtained in the
BEC, BCS and unitarity limits as power series of y:

1
(11 — 21112)? +0(y™?) if y< —1(y<2/3),

if |y < 1(y=2/3), (1)

1 128 [/ 3\%3
{1+ ( ) —I—O(y_Q)} if y>1(y=~1).

Here epcs and eggc are the microscopic many-body theoretical results and eyy, is the quantum Monte Carlo

simulation result('®) for the asymptotic behaviour of €(y) in the BEC, BCS, and unitarity limits. We now
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propose a phenomenological expression of ¢(y) for connecting above three limits smoothly:

2(1 — 041)

2
e = —arctan(1/y) [al — ag arctan
7r

with six parameters a1, as, ag, a4 and (81, [Bs. After
contrasting function (2) to the three limits (1) with
their values and the first-order derivatives, we obtain
the exact results for the six parameters: a; = 0.42,

2 —1/12

ar = —(a1 — 1/12), a3 = 15&(5@”%,
T

o — Qo3 7@ 1—-2In2 and By —

YT 120y /m T Thr— 18(1 — ay)? 2

81 — %(11 —2In2). So we have the simple and

3
analytical expression of (p) = ¢p? = —epe(y) with

phenomenological formula of €(y) and v(y) above in
the whole BEC-BCS crossover regime.

We then turn to analyse the ground state based
on the equation of state u(p) = (v + 1)cp?. We
write down the time-dependent nonlinear Schrodinger

equation/®10:11]
ihd(rt)=| — h—2v2 +V(r)+ p(p(r,t))
U) = oM piptT,
x @(r,t). (3)
By taking &(r,t) = /p(r,t)el?(™t) Eq.(3) is trans-

ferred into the following hydrodynamic equations!*l

/')(T’t) + V[p(r,t)v(r,t)] =0, (4)
Mo(r,t) + V[T + V(r) + p(p(r,t))

1 2
+ o O =0, (5)

h
where v(r,t) = ——Vfb(r t) is the superfluid velocity

and Ty, = —h? 2VM \/7'

term. For the ground state of the system, one has
v(r,t) = 0 and p(r,t) = po(r). So Egs. (4) and (5)
reduce to

is the quantum pressure

po(r) + [V (r) + ppo(r)]v/ po(r)

=HGV PO(T)v (6)

arctan {

9(1_”)&_‘”} if y<0

5y By -

32 (2)
L T
arctan(ou./y) -

where pg is the chemical potential in the ground
state. The trapping potential in the usual experi-

ments*2:12-14,18,19] {5 the harmonic one

Vr) = %Mwi(ﬁ +A2:2), (7)

2 = 22 492, w, is the harmonic oscillator fre-

where s
quency in the z and y directions, and A = w,/w, is
the anisotropic parameter (w, is the frequency in the
z direction). Since it is difficult to solve Eq.(6) for the
ground state exactly, we adopt a variational solution

po(r) = po(0)(1 — 5% — A?2%)7, (8)

where 5 = s/Ry, Z = z/R, and 8 = (1 + ¢)/7.
In Eq.(8) we have introduced three dimensionless
R, = Ri/ap, > 1 and
R, =R, /ano > 1 are respectively the radial and ax-

variational parameters:

ial TF radius of the fermionic cloud in the ground
state scaled in ap, = \/m, the characteristic
length of the harmonic oscillator, and ¢ (0 < ¢ <
00) is the sign of departure of the system from the
TF limit.

po(0)2rR2 R B(

The normalization condition gives Ny =
1+6> where B(vy, v2) is the Beta

function with arguments vy and vs.
From Eqgs.(3) and (8), the ground state energy
functional reads

Noea —/\/Po {— 7V2+5( )
+ §Mwi(32 + )\2z2)} po(r)d3r. (9)

Using the approximate relationship asc =

(24)\7\/'% for the trapped system, we obtain the
hz 2 ho 3y—2

constant ¢ = 10Me(y)(37r )7 [(24/\]\70)1/6} in the

equation of state. Substituting ¢ = ¢p” into Eq.(9),
the ground state energy functional 5(;(]:ZL, R., q) has

the form
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T2 U B(3/2,1+ B) 5(24ANo) 2713\ 27 R2 R.B(3/2,1 + B)
24+ ARL/R. =, (1+A2/2)6(6+1/2)]
wes TR "o

According to the variational principle, we can obtain
the values of variational parameters R, R, and 3 by
finding the minimum of the energy Eg(]:h_, R., q),
and they can describe well the properties of the ground
state of the system.

3. The quantum pressure correc-
tion to the collective excitation

spectrum

To study the linear excitations from the ground
state, we write p(r,t) = po(r) + dp(r,t) and v(r,t) =
dv(r,t), where dp(r,t) and dv(r,t) are small quanti-
ties. Differentiating Eq.(4) with respect to time yields

9?p(r,t) dp(r,t)
92 V[ 5 dv(r,t)
+ p(r,t)a(sva(:’t)] =0. (11)

Using Eq.(6) and neglecting small quantities of all
higher orders, Eq.(11) becomes

0%5p(r,t)

12 — %V “[po(r)V (6 + 0T4p)] =0, (12)

where oy = p — pg and 0Tgy = Tqp — Tég) =
L£v? -V = are the deviations
po VPo

4M \/po [ po
of the chemical potential and quantum pressure from

those in the ground state, respectively. Let the den-
sity fluctuation have the oscillation solution dp(r,t) =

l

0w

JER Ay
L, -1

dp(r)el“t, then Eq.(12) becomes

(Ho + H,)dp = w?dp, (13)

where Hy = —%V . [po(r)V]g—’Z and H,6p = %V~
(poVTyp). In the TF limit (i.e., Ng — oo when we
can neglect the quantum pressure term, Hy x 0Ty =
0), the exactly analytical solutions of eigenfunction
§p and eigenvalue w? in Eq.(13) have been obtained
explicitly.[”! Notice that the zero-order solutions of
Eq.(13) are sensitive to the expression for the equa-
tion of state. Therefore the solutions are already be-
yond mean-field approximation when c(v,y) and ~(y)
include the quantum many-body effects. In the case
of large but finite Ng,?2"! fflép < ]%5;) and the per-
turbation method is valid. The first-order quantum
pressure correction to the collective excitation spec-

trum is

0 .
502 / 8—/;d37‘5p V- (poVoTyp)

2 B
Mw? / a—pd37°|6p|2

. (14)
wi

where % = ey(y+1)(1—5% = X22%)P0~ is the inte-
gral Weigpht. The mode n = n,.Im is for the spherical
symmetry trap A = 1 and n = n,nysm for the axial
symmetry trap A # 1. By introducing dimensionless
V=R, V,7=7/R,, 0 =w/wi, po = po/po(0) and
0p =3dp/po(0), Eq.(14) becomes

= 1 [0hes =2 0P
V—o|=V*/po - V"—
m[po 0 Vo

From Eq.(15), we can obtain the first-order quan-
tum pressure correction to the entire modes n with the
known variational ground state solution py and cor-

" 4R /

7yt ropl”

responding exact zero-order excitation eigenfunctions
dpn and eigenvalues @2. We next give the analytical
expressions and numerical results for the corrections
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of Eq.(15) in the spherical case A = 1 and axial case
A # 1, separately.

3.1. Correction to 0/ and 1/ modes in the
spherical symmetry trap A =1

For the entire modes of n,! (the spectrum is in-
dependent of m), the zero-order spectra are G)ZTZ =
I+ n.v(2n,. + 20 + 1) + 2n,. We have the expres-
sions for py and 6p asl”l po(7) = (1 — 7#2)% and
6p = (1 — #)P0=(1 — n2)7'Yy, for the special
modes, where 77 = 0 for 0/ modes (I =1,2,3,...) and

n=1+ I+ 3/2 for 1 modes (I =0,1,2,...). Substi-
tuting these expressions of po(7) and dp into Eq.(15),
we obtain P
Swp = = (16)
4R7 Q
0 = F==
—_—— A -
—0.02
Tgo
-0.04
~0.06f (a)
71..0 70..5 0 0..5 1?0

with n, = 0,1. The detail of notations P and @ have
been provided in the Appendix A. Since the Beta func-
—2,..., the re-
quired 0 < ¢ < 1/2 ensures the perturbation theory

tion B(vy,vq) diverges at vo = 0,—1,

to be valid. We may choose Ny large enough in order
to adjust g into this range. Figure 1 shows the quan-
tum pressure corrections 5<wa v.s. the inverse inter-
action strength y for surface 02 mode [Fig.1(a)] and
monopole 10 mode [Fig.1(b)]. In the figure, the solid
lines, long-dashed lines and short-dashed lines are our
calculated results for Ng = 2 x 10°, Ny = 2 x 10% and
Ny = 2 x 107, respectively. From Fig.1, we see that
the quantum pressure correction enhances either with
the decrease of Ny or with the increase of y especially
in the BEC side. The monopole mode has similar be-
haviour to the surface mode.

—-0.02
_ —0.04
s
 —0.06
—0.08
-0.10 (b)
-1.0 -0.5 0 0.5 1.0

Fig.1. The quantum pressure corrections vs. the dimensionless interaction parameter y with A = 1

for (a) 02 mode and (b) 10 mode. The solid lines, long-dashed lines and short-dashed lines are for
No =2 x 10%, Ng =2 x 10% and Ny = 2 x 107, respectively.

3.2. Correction to breathing modes in
the axial symmetry trap \ # 1

For the usually measured breathing modes in ex-
periment, the zero-order spectra are ©3 = (1+)(1+

Iml) + <1+ ;)V + AY? with A= (147 +~|m|)? +

[—2 =3y +72+(=2+7)y|m[]\2 + <1+g)x4. We give
the expressions for o and §5 asl” gy = (1—52—\2z2)8
and 0p = (1 +b12% 4+ b25%)(1 — 52 — X\222)=87 where
1
the coefficients in 0p are by = [2 4 2|m|+ —(2+ |m| —
Y
N L —|m| + @}
g7 I E—
2+ |m|— i 2+ |m| — @3
ing these expressions of po(7) and dp into Eq.(15), we

and by = . Substitut-

obtain
R

—  ~ .~ . 17
ANR? R2F an

—2
5wi——

The detail of notations of R and F' has been provided
in Appendix B. Figure 2 shows the quantum pressure
corrections dw? v.s. the inverse interaction strength
0.20[Fig.2(a)]
0.05
In the figure, the solid lines, long-dashed

y for breathing mode w, with A =
and for axial breathing model w_ with A =
[Fig.2(b)].
lines and short-dashed lines are our calculating results
for No = 2 x 10°, Ny = 2 x 10% and Ny = 2 x 107, re-
spectively. From Fig.2, we see that there are several
interesting features in the quantum pressure correc-
tions. (i) dwl enhances either with the decrease of
Ny or with the increase of y especially in the BEC
side. (ii) 602 varies non-monotonically around y > 0
for the smaller Ny ~ 10%, which is a reflection of the
transition near the unitarity limit. (iii) The quantum
pressure correction to the eigenfrequency is negative
(positive) for the wy mode (w_ mode).
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Fig.2. The quantum pressure corrections vs. the dimensionless interaction parameter y for (a) @+ mode
(A =0.20) and (b) @— mode (A = 0.05). The solid lines, long-dashed lines and short-dashed lines are

for Ng =2 x 105, Ny = 2 x 10% and Ny = 2 x 107, respectively.

and short-dashed lines are our calculating results for

Since the anisotropic parameter A is tunable in
y=—1,y =0and y = 1, respectively. From Fig.3, we

the usual experiments, we discuss the effect of A on
the corrections dw?. Figure 3 shows the quantum
pressure corrections (5wi v.s. the anisotropic ratio A
with Ng = 2 x 107 for w; mode [Fig.3(a)] and for w_
mode [Fig.3(b)]. Notice that the unit of w? is w? for
A <1 and wz = Azwf_ for A > 1. This is because A\
determines the shape of the condensate. For A < 1
the condensate is a cigar type, w) (< w,) dominates
the dynamic process; while for A > 1 the condensate is
a disc type, w,(< w, ) delineates the dynamic process
better. In the figure, the solid lines, long-dashed lines

see that the quantum pressure corrections have obvi-
ous effects when y > 0. The physical reason is that
for y < 0, the correction is very small so the solid lines
and long-dashed lines are essential indistinguishable.
In the BEC side (y > 1) the curve shows the non-
monotonic behaviour for wy mode around A = 1 and
shows divergence for w_ mode at A ~ 1.5. This is a
reflection of the change of the symmetry of the sys-
tem for wy (M) at A = 1, and there exists a condensate

resonance for w_(A) at A = 1.5.

T T 0.20 T v
/‘\\ el l,' “\
o b \ g I \\
\ e ] \
1 1 \
\ / \
“ o | ," \
ot \ I3 0.10 f \
B —o.10} \ © / \
\ / '
‘\ l' 'I/
(a) \_" )
l'—-/§_
020k L=, . . . 0 : , : - - -
05 10 15 20 25 30 05 10 15 20 25 30

A

Fig.3. The quantum pressure corrections vs. the anisotropic parameter A with No = 2 x 107 for (a) w4
mode and (b) w_ mode. Notice that the unit of w} is w? for A <1 and is w? = A2w? for A > 1. The
solid lines, long-dashed lines and short-dashed lines are for y = —1,0, 1, respectively.

y = 1, respectively. From Fig.4, we also see that the

We have also calculated the relationship between
quantum pressure corrections enhance either with the

the quantum pressure correction and particle number
Njy. Figure 4 shows the quantum pressure corrections
dw? v.s. the particle number Ny with A = 0.20 for w
mode [Fig.4(a)] and w_ mode [Fig.4(b)]. In the fig-
ure, the solid lines, long-dashed lines and short-dashed

lines are our calculating results for y = —1, y = 0 and

decrease of Ny or with the increase of y on the BEC
side. In summary, for the system particle number N
not large enough, the correction can not be neglected
for an accurate calculation, especially on the BEC side

of y > 1.
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Fig.4. The quantum pressure corrections vs. the particle number Ny with A = 0.20 for (a) w4+ mode and

(b) w— mode. The solid lines, long-dashed lines and short-dashed lines are for y = —1, 0, 1, respectively.

4. Conclusion

We have investigated the quantum pressure cor-
rection to the collective excitation of the interacting
harmonically trapped superfluid Fermi gases in the
BEC-BCS crossover.
cal equation of state we have derived the hydrody-

Based on the phenomenologi-

namic equations including the quantum pressure term
in the TF kinetic energy. Beyond the TF approx-
imation, we have calculated the quantum pressure
corrections to the collective excitation spectrum and
discuses the correction dependence on the inverse in-

teraction strength, anisotropic parameter and parti-
cle numbers in the condensate in the whole BEC-BCS
crossover regime. Our results agree well with the spec-
trum calculation for the finite particle numbers.2! We
have shown that the calculated correction to the hy-
drodynamic approximation is very important and has
considerable improvement, even for the systems with
rather large atom numbers. The prediction for the
spectrum corrections’ non-monotonic dependence on
the anisotropic parameter (especially in the resonance

region) needs to be confirmed in further experiments.

Appendix A: The notations of P and () for the modes of 0/ and 1/

In Eq.(16), P and @ have the following form:

7
chlB(l+§,$1> -I-CQB(l-l-g,ZL'l) +03B<l+2,

QB(Z+;,IE2) 2nB(l+g,x2) +n23<l+;1’2>

151) +C4B<l+g,x1> +C5B<l+121,$1>, (A].)

(A2)

with x1 = =8y + 0 — 3 and xo = —3v + 0 + 1. Here the coefficients C; — C5 in P are

C1 = (=38 =3B+ 387 + 2By — 3n — 2In) (1B + 3By + 213y — 3n — 2ln),

Cy =(—38 — 316 + 367 + 2By — 3n — 2In) (15 — By — 21y — 26%y + 262~ + 61 + 4in
+ 280 4101 — T06yn — 206yn) + (=16 + 38y + 213y — 3n — 2In) (8 + 318 + 45° — By
— 208y — 68%y + 2627 + 61 + 4l + 981 + 318y — T8y — 216yn),

Cs =(18 — By — 2By — 26%y + 268>y + 6n + 4ln + 26y + 18y — T3yn — 21Byn)
X (B + 313 + 467 — By — 21y — 637y + 26>y + 61 + 4ln + 98n + 318n — T8yn — 206yn)
+ (=38 = 3IB + 38y + 21By — 3n — 2In)(—3n — 2ln — 28y — 1Bn + 561
+ 20Byn + 23%yn — 26%7%n) + (—1B + 387 + 213~ — 3n — 2in)
x (—3n — 2In — 36n — 314y — 43°n + Byn + 206y + 66°yn — 23°7*n),
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Cy =(B+3IB 443 — By — 216y — 65>y + 26°7* + 61 + 4ln + 98y + 3180 — 7Byn — 20Bn)
x (=30 — 2l — 2Bn — 1B + 56yn + 218yn + 2620 — 26°4°n)
+ (I8 — By — 206y — 26y + 26°y* + 61 + 4ln + 26y + 180 — TByn — 20Bn)
x (=30 — 2l — 3Bn — 31Bn — 46°n + Byn + 21Byn + 66°yn — 26°v°n),
Cs =(—3n — 2In — 281 — 1Bn + 5Byn + 20Byn + 260 — 2°+*n)
(—3n — 2In — 360 — 3180 — 48%n + Byn + 21Byn + 637y — 267+°n).
Appendix B: The notations of F' and R for the breathing modes
In Eq.(17), after a lengthy and careful calculation F' and R have the following form:
1 2
F:B(1,$3)|:B(27.’L‘3+1)+ ;)213( ,r3 + >+?\4B( $3+1>:|
+ 20, B(2,23) | B 1,:c3+1 + b—§—1 B §,x3+1 —b—zB 5 ,x3 + 2
2 A2 2 A2
) 1 3 5
+b5B(3,z3) | B §,x3+1 — 2B 5,3;34-1 +B 5,a:g,+1 ) (B1)

1 1 3
R :moB(17l’4 + 4)B<2,I4 +4> +m1B(1,fE4 + 3)3(2,1'4 + 3> + mgB(l,I4 + 3)B<2,QZ4 + 3)

=+ mgB(Q

71‘4+3)|:B
B 3

2

1
27

3 1
$4+3) —B<2,$4—|—3>:| —|—m4B(1,x4—|—2>B<2,x4+2>

5 1
+ m5B(l,$4 + 2) <,.7,‘4 + 2) + mgB(l,x4 —|— 2)3(275(}4 —|— 2) —|— m7B(2,$4 —|— 2>B(2,ZL‘4 + 2)

3 5 1
+mgB(2, 24 —|—2)B<2 Ty +2> +myB(2,x4 +2)B<2,x4 —|—2> +m10B(3, x4 +2)B<
B

+m11B3 SC4+2

5
—|—m14B 1 $4+1 3(2

+m1732 x4+ 1 3(2

2’

7
2’
)|B

1
+ mooB(3, x4 + 1 B(

+m2333 £C4+1

3 5
—|—TTL25B4ZC4+1 |: <2 .I4+1> —B<2,1‘4+1)

)
)
)
)
)

5134+2 +m1233$4+2 x4+2>+m133(1 ’JJ4+1)

g4+ 1 g+ 1

,LIJ4+1 —l—m1932x4+1)B

cxg+1

2
1
—|—m163 2 $4+1)B<2 x4 +1
+m2133x4+1B (

sxq+ 1 +m24B4x4+1B Ty +1

()

l\D\H l\D\OO N | Ot

4+1>+m223 3, $4+1)B
4

o
e
s B2+ 05 (
;
o



No. 2 The quantum pressure correction to the excitation spectrum of the ... 723

7 9
+ m4lB(4, I4)B (2, 1‘4) + m4gB(4, J)4)B (2, 1‘4)

cottseafn(h) von(Ln) +5() - a8(hn) an(Le)]

with 23 = =y + 08+ 1, A1 = RL/RZ and z4 = —f3y + 8 — 3. Here by taking ag = v(2 + \?), a; =
[(24+5X%)y = 2X%by, ag = bo[(6 + X))y — 2], w = 4y(By — B+ 1), and I' = 1 + (=1 + B — 37)(8 — B7), the
coefficients mqg — my3 in R are
mo = (b + 2b%)2,
my = (b1 + 2b2)Blag + (2 + A\ (y — 1)],

mg(b1+2b2){4b1+ /\f+b1ﬂ<5+)\22>( 1)],

mg = (b1 + 2bs)[asf — 4by + baB(6 + A2)(y — 1)),
my = a2+ A7) (y — 1),

2 2a0b 1
ms = —4aoh1 3 + 3 (Ch + 5agby + % + C;\OQ 1)(7 — 1) + (b1 + 2b2) (211)5 + 2F> A7
1 1

me = al)l\)%ﬁ[ﬁ()ﬁ +59)(7 - ) — 4+ G+ 20 (éwﬁ i 2F>7

mr = a2+ )0 1) + aabaf{(6 + X9 — 1) — 4+ (0 + 2a) (it + 27 ),

4
mg = — 4a2b1ﬁ + 4a0b25 + 5&2[)152(’}/2 — 1) — a1b2ﬁ (ﬁ + )\2) + 52 |: - a0b2(6 + )\?) + a2(2 — )\%)
2 L h 2\ (1
)\2 (a2b1 + 3a1b2) ( ) + (b1 + 2b2) - )\2 + bg)\ 5’(1)5 + 4r y

mo = azw[zx - (55 + ;)w - 1)} + 04 56— N~ D]+ 20) (i n w) <;wﬁ ; 2p>,
1 1

may = 2azby 3[4 — B(6 + A7) (y — 1)] — ba (b1 + 2b2) (w3 + 41),

1
myg = wiA} (1 + 2)\%> (v — 1) +2a08T A,

mis = blwﬂ2(2 + 3)\%)(7 -1) - 2b1wﬂ)\§ + 281 (a1 + apb1),

2a1b,
r
7]

1
2 Lo
mie :2a0ﬂr+06 1+§>‘1 (771)7

b
miy =2ﬂF< ap + )\2 + af)\zl + AT + aghp AT ) — 2wB(by + boAT)

by
+w62{ by +

by
v +3boA7 + bg/\4 < 143 +bzA2)(1 + Af)} (v=1),
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mis _Zﬂf (agbl + a1b2 + — albl - ﬂ - aoibl — a2/\§ — aobg)\%>
bo(by — A2 L2 b LA
+ wfby(by — 1)534‘51 (v—1) —2| —2wfb —1+>\?+21

+ wf? [( )\2) <>\12 + bg)\Q) by — 3b1 — )\21 boAT — 2b2X11] (v—1),

a1by b
mig = — Qﬂf <a2b1 + CL1b2 + )\ ) + 2w 5()1 <)\12 —+ b2 + bQ)\%)
1 1
5 1\bh
+usth | (5 - 57 ) 55+ 208 - 20| - )
mao = 2f(az + aob2) I" + wfba[—2 + B4+ A])(y — 1)),
B asby | aiby 2
mo1 =216 — 2as — 2a0bs + )\2 + )\2 + agba A7

b
+w5b2{2—2b1 —5(5 - gbl ;2 + 3A2>( —1)

)

moo :2F6(a2 + aon —_—— — —Q5 — 2&2[)2)\%)

+wﬂb2{4b1 — 2+ﬂ<2 —5b; — 2;72 >(’y— 1)+ (i? +b2>\2) [4— B(6 4+ \3)(y — 1)]},

asb arb 1 3 2
ma3 —2Fﬁ< )2\21 + )1\22 + agba ] ) —2w5b1b2{1+>\% —ﬁ<2+ )\%>(V— 1):|a
1
moyg = —Zb%wﬁ + b%’LUﬁQ (3 + 2)\%) (’}/ — 1) + 2a2b2ﬁf,

1
Mas = 6b3w s — 6agba BT — 3b3w > (3 + 2A§) (y—1),

[

by

b2
M3g = 2w52f‘< — 4b1by — )\4 + /\2

Mo — wﬁp/\i
mar = 2bywBIA2,
maog = b%wﬁF,
maog = QU}ﬁFA%, msg = 2b2wﬁ2f,
mao = 2wBI(2b1 — AT + b2 A}),

by
mar = wf3 F<4b2+ )bh

b
; m39:2w52r<—3+A;+bgA§)b2,
by 1
msy = 2wﬂF< 201 + b b2)\‘11>, b
" Mag = 6wﬁ2F< v bQ/\2>b2,
mao = —Qwﬁfbl ()\2 + bg)\%), !
1

3by
_ 2 2
mag = wBl, my1 = 2wf F<—1+)\%+3b2)\1>b2,
b1 5
=2wlIl'(—1+ — + 2bx)\), by
mgq = 2wBI(—1+ A2 + 2b2A\%) Mas = —2wGT (/\2 _’_1)2)\2)b27

b2 A

mss = wﬂf(l+4b1b2+ )\4 — )\2

2 1244
— 8ba AT + b3\ ) mas = b2w T

+ 2bo A7 — ng‘f),
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