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1. Introduction

In part (I), we derived the MVE solution up to
the first-order approximation.l! The solution contains
a free complex parameter 0. In accordance with that,
the tip smoothness condition has not been applied
yet and the solution involves the simple pole singu-
larity at the points ({., 1) and (0,1) in the extended
(¢,m)-space. The singular point ({., 1) is seen in the
first-order approximation, but not in the zeroth-order
approximation. The presence of the singular point
(¢, 1) plays a vital role in understanding of the selec-
tion of dendritic growth and pattern formation, which
had been unknown by all previous researchers in the
field until its discovery in 1989.2=4 In part (II) of
this work, we shall complete the derivations of 3D
global wave modes solutions and further demonstrate
the solutions of the fundamental problems: the selec-
tion mechanism of dendritic growth and the origin of
dendritic pattern formation. The paper is arranged
as follows. In Section 2, we explore the properties of
the singular point (., 1) and the Stokes phenomenon;
in Section 3, we derive the inner solution near the
singular point (., 1) in the extended (¢, n)-space; in
Section 4, we derive the inner expansion solution in

the singular point ({.,1) and apply the tip smooth-
ness condition; in Section 5, we give the quantization
conditions of global modes solutions, describe the fea-
tures of non-axi-symmetrical wave modes, yield the
stability criterion and the selection condition of den-
dritic growth. Finally, in Section 6, we summarize the
results and draw the conclusions.

2. Singular point (. of the outer

solution and Stokes phe-

nomenon

The location of the singular point ({., 1) in the ex-
tended (¢, n)-space depends on the value of og. From
ox
F c:ﬁﬁfj:a 1
€) =5 (5 1)

combining with the dispersion relationship derived in

part (I):
- o
{1_ 2k? ] -3 Czko, @)

00 = Z(<7 ]%0) = : (C)

one finds that
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No. 2
Tt 3/4
= e‘i?’”/“\/;(é’ - i) : (3)
or
o0 = %(%)3/4&3/4(92_01_”), (4)
where
Ce+i= TzeiGQ; (—i= rleiel.

From Eq.(3), one can obtain

2/3
|O,O|4/3€i49/3 _ 2

G = Cloo) =i o |- ©)
|UO|4/3614(9/34FT

The function (. = ((og) is a multiple-valued com-
plex function. One may choose its principal branch,
that describes a conformal mapping from complex oy
plane to complex plane (.. It is easy to verify that
as o0 — 0, (¢ — —i, as g9 — o0, (( — 1. Fi-

nally, as oy on the circle in the oy plane satisfying

2
77 (. is on the real axis of (. plane.

On the other hand, since we have written og in the

|00| = Omax —

form, oy = ogr —iw, (w > 0), we are interested only in
the eigenvalue o( belonging to the quarter of the disc:
(loo] < omax, R{oo} > 0;{o0} < 0). In this case, the
corresponding range of the function (. is the fourth
quadrant of {. plane, namely, (R{(.} > 0,3{{.} < 0).
So, to obtain the physically acceptable continuous so-
lution, one may choose the line in the fourth quadrant
that emanates from (. and goes to infinity without
passing through the real axis, such as the line (L)
shown in Fig.1, as the branch cut.

Im{¢} = &

\\ (L1)

Fig.1. A typical structure of Stokes lines for the sys-
tem of dendritic growth in the case: & = 0.159 and
(e = (1.5627,—0.6017), which corresponds to the eigen-
value o9 = (1.0841 x 1075, —0.2129).

From Fig.3 in part (I), it is noted that for fixed
e > 0, as & > 1, we have Im{kél)} < 0, while
Im{k(()?’)} > 0. Hence, as ¢ — oo, the solution H; in-
creases exponentially whereas Hs decreases exponen-
tially. Thus in order to satisfy the root condition in
the far field, the following asymptotic form must hold:

ho ~ DyHz(£,2) asé—oo (£>0).  (6)
As a consequence, in the far field one also has
ho ~ DyHs(€,¢) ase — 0. (7)

This asymptotic condition shows that, in the far-field,
the multiple variables asymptotic expansion (MVE)
solution obtained in part (I):

h ~ D1€UOt++i(g(+1>+m6) + D3660t++i(gf’)+m9) (8)

is approximated by a subdominant function Hs((,¢€).
As a consequence, for a fixed ¢ > 0, the asymp-
totic form (8) of the solution ho cannot be applied
to the entire complex (-plane as a good approxima-
tion for the solution ?Lo, due to the so-called Stokes
phenomenon. !

Let us first use the singular point (. to replace the
lower limit of the integral £; = 0 in the definition of
&+ and consider the pair of zeroth-order fundamental

i[C-
Hi(¢,e) = exp (5/4 ,1{;(()1)(10)7

Hs(C,€) = exp (g / C ké3>d<'). (9)

(C

solutions:

Such a pair of fundamental solutions is that used in
Eq.(8) multiplied by the reciprocals of the following
constant factors

Ce
xi(e) = = / O (¢)ac,

€Jo

o
we =1 [CRCw. o

respectively. The two fundamental solutions Eq.(9) in
the complex (-plane are exponential functions of 1/e.
As € — 0, they are of different orders of magnitude
in the complex (-plane, except at some isolated lines
known as the Stokes lines. The Stokes lines are defined
by the integral

3{ /C (K" =k )ac} =o. (11)

c
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On the other hand, the anti-Stokes lines are defined
by

5}%{ /C (;;gn - 1553))d<'} —0. (12)
¢

A sketch of the Stokes lines (L1), (L2), (L3) and anti-
Stokes lines (A1), (A2), (As) of our system are shown
in Fig.1. The anti-Stokes line (As) divides the entire
complex (-plane into the sector (S7) and sector (Sz).
The far field { = oo belongs to sector (Ss), while the
tip of the dendrite, ¢ = 0, belongs to sector (S7).

Note that when ( is located on the right side of
(La), H1((,e) > H3(¢,€) exponentially as € — 0. As
a result, the function H;((,¢) is dominant while the
function H3((,e) is subdominant. When (¢ is located
on the left side of (Ls), H5(¢,€) > H1((, &) exponen-
tially as € — 0. In this case, the function H3((,¢) is
dominant while the function H;((,¢) is subdominant.
Right on the Stokes lines, H1(¢,¢) = O(Hg(g, 5)), the
two functions have the same order of magnitudes as
e — 0. When ¢ moves across the Stokes line, the
former subdominant of these two functions becomes
dominant.

According to the turning point theory, the pair
of coefficients of the solution (8) will be different in
different sectors (S1) and (S2). Let us denote the co-
efficients of the solution (8) in (S2) by { D}, D4} and by
{D1, D3} in (S;). From the far field condition, we de-
rive D} = 0, and we also have D3 = Dj. The connec-
tion condition between the coeflicients { D1, D3 = D4}
in sector (S1) and {D} = 0, D5} in sector (S2) is to be
derived by matching the outer solution (8) with the
inner solution near the singular point (..

T(C,n,0,t) = T (Cay s, 0, 1);

3. The inner solutions near the

singular point (.

In the previous section, we find that the MVE
solution fails to be valid at the point ((., 1) in the ex-
tended (¢, n)-space. This implies that the solutions
in the vicinity of the point ({., 1) in the ({,n)-space:
¢ — ¢ < 15 | — 1] < 1, no longer have a multiple
scale structure. Thus, to derive the inner asymptotic
form of solutions we must start with the perturbed
system (24)(30) given in part (I)[!) and construct a
different asymptotic expansion. For this purpose, we
introduce the inner variables

C*:C_Cc’

et (13)

With the inner
variables, the interface shape function is

where « is to be determined later.

h
775(C7 eat) =1+ -5 = 1+ 5a77*s- (14)
Un)
For
ﬁ(c*a 0, t)
Thes = s 15
0 (1%)
we have
h(¢,0,t) = eh(C., 0,1). (16)
Accordingly, we put
Ts(¢,n,0,t) = eT5(Cy, 14, 0, ). (17)

We seek the mode solutions and make the inner expansions

T(C*’ 50, t) = [ﬁO(E)TO(C*v 77*) + 1 (E)Tl(C*a 77*) + .. _:|e<7t/8n§+im9’

TS(C*) UEe 0’ t) = [ﬁo(&)Tgo(C*, 77*) + 1 (5)T81(C*7 77*) +.. i| eUt/5n§+im0’

W(Cor0,1) = [ao(s)ﬁo(g*) i ()hi(C) .. .}eat/enéﬂmf’. (18)

To find the inner solution, we need further to apply the transformation first introduced in Ref.[2] and

transform the solution Bo(g ) into a new unknown function Wy((),

ho(¢) = Wo(C) exp

L /< C kel61) da] , (19)
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where the reference wave number function k.(¢) is to
be chosen later. It will be seen that

Re{k$¥} < Re{k.} < Re{k{"}. (20)

In the outer region we have

=W Qe [Thienaa]

and
: Cx

Hs =W (¢) eXp[;/

hel61) dgl} (22)
Ce

The general outer solutions for Wy may be written in
the form

Wo = DyW " + Dswi™) (23)

Then the wave number function for the WO(Jr) wave 1s

k(()ﬂ = k‘(()l) = kél)—kzc. Since Re{kéH} > 0, the phase
velocity of the WO(JF) wave is positive and, as such, it
On the other hand, the wave
number function for the W (=) wave is k((f) = kéB) =
k:(()s) — ke, and Re{k((f)} < 0. Hence, the W) wave
is an incoming wave with a negative phase velocity.

is an outgoing wave.

One can draw the following diagram of the relation
between the H waves and the W waves:

H, wave — W

(short-wave branch) (outgoing wave) ;

Hj wave — W)

(long-wave branch) (incoming wave).

In accordance with the above, in the inner region we

can set
R . i [
hofc) = Wtcren{ [ ke da}. @)
Ce
We also set
; S
ke(¢) =75 (C+1)  (Refke} >0) (25)
and
— 2 _ (C B g(')
a=g, C*—Wy (26)
then the leading-order approximation of the inner
equation is found to be the Airy equation(®6]
2w, 2T
e + A°GW, =0, (27)

where

1/2 .\ 1/4
(G
6]43(; 3C ¢=Ce 6 Cc —1
3
(g < arg{A} < Z”) (28)

This can be written as the standard Airy equation

Wy -
a2 +GWo =0, (29)
by introducing the new inner variable
R A2/3
C* = EQT(C - Cc) (30)

The general solution of the above Airy equation is

Wo = Du?H0)(0) + Dal?HEL ). (31)

(c=2em),

where HY (2) is v*h-order Hankel function of the first
kind, while H5,2)(z) is the Hankel function of the sec-
ond kind. In order to match with the outer solution,
which satisfies the downstream far-field condition (7)
as é* — 00, the inner solution must be

Wo = D.CHE)(©). (32)

By matching the inner solution with the outer so-
lution in the sectors (S1) and (S3), we verify

i

ki ~—+0(1), R1(¢.) =0, 33
oo e B (33)
and obtain the connection condition

Dl i

Dy =° /2 Ds=Dj. (34)

4. Tip inner solution in the tip re-
gion

As indicated in the previous section, the MVE
solution is also invalid in the vicinity of the point
(¢ =0,n7=1) in the (¢, n)-space, which may be called
the tip region. So, one needs to find the new asymp-
totic form of solution in this region. In doing so, we

define the tip inner variables

ézkﬁ, é.:%a
e e
. (n=1 .t
77— e 9 t_T](Q)E’ (35)

where |(| < ¢, and |n — 1| < 1. The tip solution can
be expressed as a function of these inner variables and
expanded in the following asymptotic form as € — 0:
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T(f, 7)7 0, t) = {Iuo(g)TO + ﬂl(g)Tl + } imé-+4ot
TS (éa 7,0, t) = {ILLO(&‘)TSO + i1 (5)TSI 4 } imf+tot
]Al(ga 0,t) = {ﬂO(E)iLO + ,ul(g)le + }eim9+0t
]% = l;O + 5];}1 -+ (36)

At the zeroth-order approximation in the tip re-
gion, the system (24)—(30) given in part (I)[!l can be

reduced to
A282T0 82T0 ];'8 8T0 mglzzg
0 ~ 24 ~5 -~ = — TO = O
gz 0N I3 %
LTy 02Tso  k2OTsoy  m2k2 .
2= 50 0 NN 0 =0 (37)
08> a1 § 0§ &2

with the boundary conditions at 7 =0

Ty = Tso + ho, (38)
~ 2 ~
Tsok3<6 ho  10ho —m” 0)7 (39)
10/ S ) S
9 - . .
(T() — TSO) 4+ oohg = 0. (40)

on

This system admits the inner solutions
To = agHY (€)o7,
Tio = asoHY (€)ekor,

ho = doHY (€), (41)

m

where H{Y (€) is the m-order Hankel function of the
first kind.

From the boundary conditions (38)—(40), one ob-
tains

ao =1 —kddo, aso=—kido, (42)

hONdO

and the local dispersion relation in the tip region

gg = /%0(1 — 2];’(2)) (43)

For fixed g, Eq.(43) has three roots for ky. Compar-
ing the local dispersion relation in the tip region (43)
with the local dispersion relation in the outer region
(2), one can evidently write

ke =k (0). (44)
The root 1%82) must be ruled out due to the fact

that Re{l%(()z)} < 0. Therefore, the general solution of
ho in the tip region is

L e ) ®)
ho = dSVHL) (06 5) +dPHD (05 5). (45)

The above tip inner solution must match with the
outer solution. By setting

dAgl) = d07 (3) - _QOdOa (46)

we can express the tip inner solution as

7.(1) 7.(3)
ho = do {HIS}) (’“‘f) — QoH{) <k°f) } . (47)

As £ — oo, one has

+1)z k(”(ms k(3)<0>s (48)
(m+3)% )
k(l) k(3

Now we need to match the tip inner solution (47) with the outer solution derived in the last section, namely,
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. [2¢ 1w 1 age
fio(e) do{ —yze = _ 0o e 0
T ko "€ ko€
(i

: 13 : 13
- 1 - 1 -
fio(€) (D1 exp{g/ kg”dg'} Dy exp{E/C k[(ﬁ)dg’})
CC c

. N ) e
= fio(e) [Dle_lx1 exp {é / kél)dfl} + D3e X3 exp {é / kég)df’}} )
0 0

Hereby, we have used the previously defined no-
tations (10):

In order to satisfy the above matching con-
dition, the
function of e,

_——
two functions, exp {—iX1 +1 / k(()l)df/} and
€Jo

parameter oy must be a proper

such that as ¢ — 0, the

. E _
exp q —ixs + é/ k:(()?’)df’ are of the same order of
0

magnitude. Therefore, the origin ( = 0 will not on a
Stokes line, unless |/_c(()1)(0)| = |l_c(()3) (0)].

Thus it follows from the matching condition that

fro(e)e!? = fio (o), (49)
and
. _ 1/2
Dge™™ fel(x1—x3) 3 k(()l)(o)
2 jeiba—xa) — 50
Dyea —° @o 0 ) (50)

™ 9

(see p360 in Ref.[6]).

To examine the tip smoothness condition ho(0) =
O(1),h}(0) = 0, one needs to investigate the be-
haviour of the function ho(€) as € — 0 for each of
the cases m = 0,1,2, ..., respectively.

_i(m — 1! ( 2e )’" N
H(1)<i€0§> N ™ ot

21 (’“05> +1+i%(771n2)+0 ("“) (m = 0),

or,

R R , 7(3) 1/2
Qono<oo,s>=ie‘<>“‘x3>(ZEUEg;) e

Up to this point, the first-order asymptotic solu-
tion contains a free parameter, og.

5. Global trapped-wave (GTW)
modes and the quantization

condition

We now turn to the second step: constructing the
global eigen-modes and deriving the quantization con-
dition for the eigenvalues by applying the tip smooth-
ness condition

O (F. T, b} =0 (52)
s sy LSy =
23
to the asymptotic solutions obtained above. Note that
as é — 0,

kot \ "
o[5)

e For the case m = 0, we have

n (B26) -0, 2 ()
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To ensure ho(0) = O(1), one must set Qo = 1.
Meanwhile, the tip smoothness condition is sat-
isfied, since

h((0) = 0.

e For the case m = 1, we have

. EPe 2
ho(§) = do {( %5 _IK;‘{)
0

(3
QoM 2 )
%¢ 71_%3)5 .

To ensure flo(O) = O(1), one must set Qo =
i
Aok

However, in the meantime, one has

A doh® [FD E®

/ _ 0 0o _ ™

o (0) = 2 3 ) #0
0 0

It is seen that the tip smoothness condition can-
not be satisfied, as /2:(()1) # 1563).

e For the case m > 1, we have
L 1 ]%(1)5 m
ho(§) = do{{m!( gg )
(m—=1l/ 26 \m
T (,;(()1)5) ]
R 1 ]%(3)5 m
Qo [m!( 5=)
(m =1/ 2e \m
- s (];(()3)£> ]}

To ensure 710(0) = O(1), one must set Qo =
/\(3) m
]fo—l . In the meantime, one has

k)

hence the tip smoothness condition is satisfied.

In summary, in order for tip solution (47) to satisfy
the tip condition, one must set

R AN P 0)\"
w-() () o

and the modes m = 0 and m = 2,3, ... are allowable.

The m = 0 mode gives an axi-symmetric interfacial
travelling wave, while m = 2,3,... modes give multi-

arms spiral interfacial wave.

Formula (53) is the quantization condition for the
eigenvalues. Combining with Eq.(51), one may re-
write Eq.(53) in the form

[

1 2m—1
(2n+1+ m 90)7r

2 2
2m—1
+i In o
2
(m=0,2,3,...; n=0,1,2...), (54)
where
ag €T = 7_‘33)( )| (55)
ko (0)

This quantization condition gives a discrete set of com-
plex eigenvalues

(m,n)

o (m:O,2,3,...; n:O,l,Q,...)

as functions of the parameters €. For the special axi-
symmetric case (m = 0), we have

FRCEN

1 1 1
= <2n+1—|—2+290>7r—i21na0. (56)
This quantization condition gives a discrete set of

complex eigenvalues
o™ (n=0,1,2,...).

Here, it should be emphasized that as a necessary con-
dition, for a physically acceptable mode, the location
of the singular point (. must be in the fourth quad-
rant, satisfying R{¢.} > 0 and ${¢.} < 0.

We find that the system allows the following
(m,n) global eigen-modes:

e The axi-symmetric modes:

(0,0),(0,1),(0,2),(0,3),...;

e The multi-arms spiral modes:
(2,1),(2,2):(3,2),(3,3): (4,2), (4,3), (4,4); ...

In the zeroth-order approximation, the variations of
the real part and imaginary part of eigenvalues, oy
and wg with e, are shown in Figs.2 and 3, respectively.
The distribution of the eigenvalues og with different e

is shown in Fig.4. Our numerical results show that
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—g— m=0n=0
_ A m=2n=1
A m=0n=1
—¢— m=3n=2
4+— m=2,n=2
—t— m=0,n=2

O0R

0 0.05 0.10 0.15 0.20 0.25 0.30
€

Fig.2. The variations of the real part of the zeroth-order
approximation of eigenvalues, ogr with £ of the modes
(0,0),(0,1),(0,2); (2,1), (2,2); (3,2), (3,3) for the case
ng =0.01.

0.3
i 2 2Rt A AL,
oo Si8: 515 S
024y i
Q \“ﬂ//’ /f 5 m=0n=0
3 108 / s m=2n=1
/;{ o m=0n=1
0.1-# e m=3n=2
/ —t— m=2,n=2
-,‘" —%— m=0n=2
] —» - m=3n=3
0 T T T T T T

0 0.1 0.2 0.3 04 0.5 0.6
€

Fig.3. The variations of the imaginary part of the zeroth-
order approximation of eigenvalues, wg with e, of the
modes (0,0),(0,1),(0,2); (2,1), (2,2); (3,2), (3,3) for the
case 77(2) = 0.01.

0 ‘\‘ —o0—m=0,n=0
| —A--m=2,n=1
1 \\ —y—m=0n=1 ‘q‘
\ — e -m=3n=2 /
\ /
—0.1 A \ —4—m=2n=2 /
A\ —p>—m=0n=2
Qé B \ —%—m=3n=23
)
702,
_0-3 T T T T

-03 -02 -0.1 0 0.1 0.2 0.3
wo

Fig.4. The distribution of the zeroth-order approximate
eigenvalues, 09 = ogr — iwo, on the complex oo plane for

various €.

there is a unique neutral mode with op = 0 for
each of these acceptable (m,n) modes, corresponding
The most important

to the critical number 5%“’“

conclusion can be drawn from these results is that

the most dangerous global mode is the axi-symmetric

mode (0,0), which yields the largest critical number
00 — 0.1590.

Once the zeroth-order approximation of eigen-
value o is obtained, the first-order approximation of
the eigenvalue o can be determined by using the for-
mula (115) given in part (I).I'/ Then, one can calculate
the eigenvalue approximately by o ~ ¢ + €07;.

The variations of the first-order approximation
eigenvalues with ¢ for the case 73 = 0.01 are shown
in Figs.5, 6 and 7. The numerical results again show
that the axi-symmetric mode (0,0) is the most dan-
gerous mode, which yields the largest critical number

ilo) among all the acceptable global modes. The
mode (0,0), therefore, is selected, and determines the
grand interfacial pattern at the late stage of dendritic

growth.

0 0.02 0.04 0.06 0.08 0.10 0.12 0.14
€
Fig.5. The variations of the real part of the first-order

approximation of eigenvalues, or with e, of the modes
(0,0), (0,1),(0,2); (2,1),(2,2); (3,2),(3,3) for the case

ng = 0.01.
0.3
| fﬁﬁsﬁs A A A
i Wﬁ@gﬂ%’*ﬁﬁ%@ e &%«;
0217 o-m=0n=0

—e—m=3,n=1
—A—m=2n=1
——m=0,n=1
—4¢—m=3,n=2
—t—m=2,n=2
—>—m=0,n=2
0 —%—m=3,n=3
0 0.1 0.2 0.3 0.4 0.5 0.6

€

Fig.6. The variations of the imaginary part of the first-
order approximation of eigenvalues, w with &, of the modes
(0,0),(0,1),(0,2); (2,1),(2,2); (3,2),(3,3) for the case
ng = 0.01.
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0 —0—m=0n=0

—e—m=3n=1

1 —A-—m=2n=1

—p—m=0n=1

—0.1 1 —<4—m=3n=2

—t—m=2,n=2

x 1 >—m=0n=2

g *—m=3n=23

_02_

-0.3 T T t T T

wo

Fig.7. The distribution of the first-order approximation
eigenvalues, 0 = oR — iw, on the complex o plane for var-
10us €.

Note that in the zeroth-order approximation
eigenvalue oy is independent of the Peclet number 73,
while the eigenvalue ¢ in the first-order approxima-
tion, is a function of Peclet number. The numerical
values of the critical numbers "™ for the special
case ng = 0.01 are given in Table 1. Our numerical

results show that

Table 1. The critical numbers 55:1”’")

modes for the case of ng = 0.01.

(0,1)

G0 > e > 3 > 50 >
sf{’m > 55?1’2) > 5,(3’3) > sfﬁ’z) > ...

The largest critical number is calculated to be ai(i’o) =

0.1107. It is deduced that the stability criterion is
(0,0) 6(0’0)'
* ~ %l

Ex=¢€ under this condition

as € >4, the system is globally stable;

as 0 < e < g, the system is unstable.

More specifically, from Figs.2 and 5 one can conclude

that when 653’1) <e< siol’o), the system has one
axi-symmetric growing mode and infinitely many de-

(0,2)

. 0,1
caying modes; when e, (

< e < gy ), the system
has two axi-symmetric growing modes and, in gen-
eral, when é‘i(i’k) <e< eiol’k_l)

axi-symmetric growing modes. As ¢ — 0, the eigen-

, the system has k

values of these growing modes apparently tend to the
limit o¢ = (0.2722,0.0).

and the corresponding eigenvalues of the global neutral

(m,n) siT’n) o= (oRr — iws) Ce

(0,0) 0.1107 (2 x 1076, -0.2181) (1.1547, —0.5074)
(0,1) 6.4700 x 1072 (1 x 107%,-0.2231) (1.3990, —0.4924)
(0,2) 4.5153 x 1072 (1 x 1076, -0.2245) (1.4787, —0.4835)
(2,1) 8.8970 x 10~2 (1 x 10, -0.2500) (1.4394, —0.2068)
(2,2) 5.6130 x 1072 (1 x 1076, -0.2420) (1.5220, —0.3008)
(3,2) 6.2901 x 102 (1 x 1079, -0.2530) (1.5346, —0.1863)
(3,3) 4.4457 x 102 (1 x 1076, -0.2457) (1.5717, —0.2647)

The shape of dendritic interface corresponding to
a global neutral mode can be written in the form:

ns(€,0,t)
~ 1 +€2’I71(§,(9) + BO(E)e—i(w*t/ngs*)-&-imO
(as € —0), (57)

where 71(£,0) is the leading term in the reg-

while

ular perturbation expansion (RPE) part;

fzo(f)e’i(“’*t/"gs*)“me is the global neutral mode

(m,n) in the SPE part. The parameter 0 = —iw,

is the eigenvalue corresponding to the critical number
(m,n)

Ex =Ex .

The shape of the eigen-function of the selected
global neutral mode (0,0) is shown in Fig.8. The in-
terface shape of the selected global mode (0, 0) and its
projection on the (z,y) plane are shown in Fig.9.

Fig.8. A typical GTW neutral mode: (a) the graphs of the eigenfunction; (b) the interface shapes in a time

sequence.
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(b)

Fig.9. (a) The projection of the shape of interface global neutral mode (0,0) on (z,y)-plane; (b) The shape

of interface of the selected global neutral mode (0,0).

The projections of the interface on the (z,y) plane
and 3D graph of the interface shapes for the non-
axisymmeric global neutral mode (2,1) and (3,2) are
respectively shown in Figs.10 and 11, which describe
the multi-arms spiral interfacial waves propagation
along the Ivantsov’s paraboloid. These spiral wave

modes are decaying, as it was demonstrated before,

when the selection condition ¢ = 5&0’0)

was satisfied.
The presence of the global spiral wave modes explored
in this paper does not affect the stability mechanism
and selection criterion ¢ = ESFO’O) derived by the IFW
theory. Especially, the wave diagram for the axi-
symmetric global wave modes as sketched in Fig.12

still remain.[3:4l

(b)

Fig.10. The shape of interface of dendrite for the global neutral mode (2,1): (a) the projection of the
interface on the (z,y) plane; (b) the 3D graph of the interface.

-6 -4 -2 0 2 4 6
(@)

(b)
Fig.11. The shape of interface of dendrite for the global neutral mode (3,2): (a) the projection of the

interface on the (z,y) plane; (b) the 3D graph of the interface.
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Fig.12. Wave diagram of the GTW mechanism.
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Fig.13. The variation of the critical number 00

Numerical computations show that in the regime
of small undercooling, the critical number EiT’n) is
approximately a constant. FEspecially, for the axi-
symmetric mode (0,0) we have &(g,o) ~ 0.1107. How-
ever, for large undercooling, say, Pey > 1.0, the sit-
uation is changed. The critical number 553’0) de-
creases significantly as the undercooling temperature

increases (see Fig.13).

0.20
0.15
S
S5 0.10
0.05
0
0 0.2 0.4 0.6 0.8
[Toc|
(b)

+1  for the cases: (a) symmetric model; (b) one-sided model.

The shaded region is the linearly unstable region of steady solutions.

With the selection criterion € = &, and using
the capillary length /. as the length scale, the dimen-
sionless tip velocity, dimensionless tip radius and fre-
quency of oscillation can be uniquely determined by
the given growth condition and material thermody-
namic properties as follows:

Ut. L.
Utlp = T = E =&:Mo> (58)
Et - ét ET Pe
B =4 "t = g (%)
Wi
Q, 60
Moes (60

The above theoretical predictions free of adjustable
parameter are in excellent agreement with all avail-
able experimental data. Figure 14 shows the variation
of tip velocity Uiip with undercooling temperature 7o
and the comparison of the theoretical curve with ex-
perimental data; Figure 15 shows the variation of tip
radius Rijp with undercooling temperature T, and
the comparison of the theoretical curve with experi-
mental data. For more details, the reader can refer to

Ref.[7].

102

10!

100

Utip / 106

10-1

0.002 0.005 0.010 0.020

[Tool

0.050

Fig.14. The variation of Up with |Too|. The solid line
is given by the IFW theory with zero anisotropy, a4 = 0.
The dotted line is the modified IFW theory’s results with
the inclusion of the axial anisotropy of surface tension
ag = 0.075. The dots are the micro-gravity experimen-
tal data.
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Fig.15. The variation of R, with Tis. The solid line is
given by the IFW theory with zero anisotropy, a4 = 0.
The dotted line is the modified IFW theory’s results with
the inclusion of the axial anisotropy of surface tension
ag = 0.075. The dots are the micro-gravity experimen-
tal data.

It should be emphasized that there is a significant
difference between the selection criterion e, given by
the IFW theory and the selection criterion,

: (61)
O = ——5—
: UtiPR%ip
used by the MSC theory. The connection between
these two parameters is

Peo 2
=22 =) . 62
5. =222 (32) (62)

The parameter Pey = 72 is just a function of Ty,
while Pe may be affected by all physical parame-
ters involved in the system, such as surface tension,
anisotropy, flow effects, etc. It is found that only for

the case of small undercooling and small anisotropy of
surface tension, Pe = Pey, so that, as an approxima-
tion one has o, ~ 253. However, when the parameter
of anisotropy of surface tension «y is large, the ra-

P
tio (];e?) may be quite large (refer to Refs.[8], [9]

and [10]. Therefore, it is not surprising, that there is
the case for dendritic growth, in which the e,-criterion
may be significantly different from the o,-criterion.

6. Conclusions

Based on the investigations carried out in the
present work, the following main conclusions can be
drawn:

(i) In addition to a discrete set of axi-symmetrical
global wave modes corresponding to the infinite num-
ber of index n = 0,1,2,... that has been found by
the original IFW theory, it is confirmed that the sys-
tem also allows some non-axi-symmetrical global wave
modes.

(ii) The physically acceptable unstable non-axi-
symmetrical global modes of dendritic growth are
identified to be (2,1), (2,2), (3,2), (3,3), etc., which
describe the multiple-arms spiral waves propagating
along the Ivantsov’s paraboloid.

(iii) However, these unstable spiral waves are less
dangerous, compared with the axi-symmetric mode
(m =n = 0), explored previously in the IFW theory.
As a consequence, the global stability criterion and se-
lection condition ¢ = e, = £{"* discovered originally
by the IFW theory remains valid.

(iv) The selection criterion e, is significant dif-
ferent from the selection criterion o, historically pro-
posed by the MSC theory. The numerical value of
€4 varies significantly with the undercooling temper-
ature, especially in the high undercooling regime.
The relation between these two criterion parameters,

Peg \ > p
oy = 262 (;0> contains the factor (;0> , which is
e e

not always negligible and may be a factor much larger
than one. For instance, dendritic growth with large
anisotropic surface tension may be just the case.
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