
Vol 18 No 2, February 2009 c© 2009 Chin. Phys. Soc.

1674-1056/2009/18(02)/0636-10 Chinese Physics B and IOP Publishing Ltd

Study on random and coherence states
using a family of CML models
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A family of coupled map lattice (CML) models has been developed to simulate the interaction of convection,

diffusion and dispersion in both weakly and strongly coupled cases. With variation of parameters, the models can

simulate those systems of convection dominating, diffusion dominating, and dispersion dominating states. Not only

coherent and turbulent properties as well as their interrelations, but also the transitional state between any modes with

local coupling and global coupling are analysed to demonstrate the essential characteristics of any state. Numerical

results show that the models are capable of simulating both layered coupling and stochastic mechanism, and thus can

be conveniently used to analyse an initiative and driven coupled system. Results of numerical simulation also lead us to

understand whether or not turbulence coherent structure is formed by modulation of wave packet. Finally, the duality

of wave and particle characters of turbulence is illustrated in the numerical simulation.
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1. Introduction

The study of large assemblies of chaotic elements
that can spontaneously evolve to a state of large scale
synchronization and form different patterns is of im-
portance in understanding nonlinear dynamical sys-
tems with many degrees of freedom and their potential
applications in evolutionary dynamics, fluid dynam-
ics and chemical reaction, etc. The relatively simple
coupled map lattice (CML) model – a discrete space
and discrete time system of interacting elements whose
states vary continuously according to specific func-
tions – is often taken as a convenient tool to study the
characteristics of spatiotemporal systems. Starting
with the work of Kaneko,[1] spatially extended systems
are commonly described using CML models which ex-
hibit a wide variety of complex spatiotemporal be-
haviours including spatiotemporal chaos, spatiotem-
poral coherence and various spatiotemporal patterns
depending on parameters of CML model.[2−15] A gen-
eral scenario for the occurrence of turbulence is spa-
tiotemporal intermittency, i.e., a sustained regime
characterized by the coexistence of coherent-laminar
and disordered-chaotic domains in space and time.[3,4]

Recently, there have been many research results ob-
tained not only for discrete dynamical system (here-
after dynamical system) itself but also for dynami-

cal system with turbulence.[2−4] These results have
been used to explain other natural phenomena, such
as collective cooperative behaviour,[4−6] synchroniza-
tion, time-delay and phase relation,[7−9] turbulent
phenomenon of dynamical system,[10−12] etc. There
are also many research results about mathemati-
cal properties of dynamical systems. The early re-
sults were comprehensively described by Cross and
Hohenberg,[13] while recent representative methods
and suggestions for future work about synchroniza-
tion phenomena were reviewed by Acebron et al.[14]

Some results about patterns can be found in Ref.[15].
All the research activities so far can be summarized
as follows: (a) to establish some representative and
simple models, and analyse their general properties;
and (b) to develop diverse and complicated models
to validate the study of the properties so as to draw
fundamental laws. The following model correspond-
ing to one-dimensional diffusive mechanism has been
extensively used in most of research activities:

x(n+1)(i) =(1− ε)f(xn(i)) +
ε

2
[f(xn(i− 1))

+ f(xn(i + 1))] + pn(i), (1)

where n = 1, 2, . . . , T is discrete time intervals, i =
1, 2, 3, . . . , N denotes discrete lattice with periodical
spatial boundary, f(x) is a Logistic mapping (or other
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forms of mapping), and pn(i) is a local coupling or
global coupling. It is important to extend the above
model (1) to physical interactions and coupling ways.
Some scientists think that turbulence is not only a
physical process of the interaction between dissipa-
tion and dispersion of turbulent eddies, but also pos-
sesses the duality of wave and particle characters,
which is closely related to energy inversion. Con-
sidering only the turbulence viscosity and dispersion
forces in the one-dimensional (1D) case, KdV-Burgers

(KdV-B) equation
∂u

∂t
+ u

∂u

∂x
− γ

∂2u

∂2x
+ β

∂3u

∂3x
= 0

is the control equation of turbulence.[16−18] Frisch[19]

gave a poor-man’s Navier–Stokes equation (Eq.(3.1)
in Ref.[19], i.e. vt+1 = 1 − 2v2

t ) as a CML model to
describe the properties of fully developed turbulence.
With understanding of the properties of the CML
model corresponding to the 1D KdV-B equation,[20]

it is useful to investigate the turbulent properties of
the CML model using 1D and 2D KdV-B equations,
which is beset by randomness, convection, dissipation
and dispersion, to illustrate the mechanism of coher-
ence of turbulence qualitatively.

The objective of this paper is to develop a new
family of CML models capable of describing interac-
tions of stochastic types of convection, diffusion and
dispersion in compound modes of local coupling and
global coupling. Numerical results will show that the
model is feasible to simulate the coupled functions of
various factors and the phenomena in open systems.
Many existing models are special cases of the current
model.

In the present paper, the new models are devel-
oped in section 2. Section 3 presents the simulation
results. Structure analysis of the models are given in
section 4. Discussions and conclusions are presented
in sections 5 and 6, respectively.

2. One-dimensional CML models

We consider the difference form of the following
partial differential equation (PDE):

∂u

∂t
− γ

∂2u

∂2x
= 0. (2)

Using a forward-in-time and central-in-space differ-
ence approximation (FTCS) scheme, one obtains

un+1
i − un

i

∆t
= γ

un
i+1 − 2un

i + un
i−1

(∆x)2
. (3)

If
ε

2
=

γ∆t

∆x2
, then the above equation can be rewritten

as
un+1

i = (1− ε)un
i +

ε

2
(un

i+1 + un
i−1). (4)

With reference to the method and the interpretation
of CML model developed by Kaneko,[1] the following
model is developed corresponding to PDE (2):

xn+1(i) =(1− ε)f(xn(i)) +
ε

2
[f(xn(i + 1))

+ f(xn(i− 1))]. (5)

If other factors, such as feedback in an open system
case, are considered by adding another term, pn(i),
the above model becomes model (1) often used by
many researchers. The function f(x) is the Logis-
tic mapping or other types of mapping, while the
pn(i) is the local coupling or global coupling. If

pn(i) = (ε− ε1)f(xn(i)) +
ε1
N

N∑

i=1

f(xn(i)), it then be-

comes the model adopted by Pineda and Cosenza.[21]

If pn(i) = 0, it becomes the 2D model adopted by
Francisco and Muruganandam.[22] It may reveal a new
physical mechanism when extending the above model
(1) to include physical interactions and coupling ways.

The equation of KdV–B in 1D case is

∂u

∂t
+ u

∂u

∂x
− γ

∂2u

∂2x
+ β

∂3u

∂3x
= 0, (6)

where γ > 0, γ
∂2u

∂2x
is often called the dissipative term

and β
∂3u

∂3x
the dispersive term. We now consider the

difference form of the following PDE:

∂u

∂t
+ u

∂u

∂x
− γ

∂2u

∂2x
+ β

∂3u

∂3x
= g(u, x, t). (7)

Using the control volume method[23] to discretize the
above equation, we have

(1 + ai)un
i =(ai+1)un

i+1 + (ai−1)un
i−1

+ un−1
i + g̃(x, t)− θ[un−1

i+2 − 2un−1
i+1

+ 2un−1
i−1 − un−1

i−2 ], (8)
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where

ai+1 = εeA(|Pe|) + [−F ′e, 0],

ai−1 = εwA(|Pw|) + [F ′w, 0],

ai = ai+1 + ai−1 + (F ′e − F ′w),

De =
γe

∆x
, Dw =

γw

∆x
,

Fe = 0.5ue, Fw = 0.5uw,

Pe =
Fe

De
, Pw =

Fw

Dw
,

εe =
γe4t

(∆x)2
, εw =

γw∆t

(∆x)2
,

F ′e =
0.5ue∆t

∆x
, F ′w =

0.5uw∆t

∆x
,

θ =
β∆t

2(∆x)3
,

g̃(x, t) = g(x, t)∆t,

ue = 0.5(ui + ui+1),

uw = 0.5(ui + ui−1). (9)

The method by which model (1) and model (5) were
developed from Eq.(1) is adopted here. Equation (7)
is finally developed to

(1 + ai)un
i =(ai+1 + λ)un

i+1 + (ai−1 − λ)un
i−1

− θ[f(un−1
i+2 )− f(un−1

i+1 )

+ f(un−1
i−1 )− f(un−1

i−2 )]

+ f(un−1
i ) + g̃(x, t), (10)

where

g̃(x, t) =g(x, t)∆t

=
χ

N

N∑

j=1

f(un−1
j ), 0 ≤ χ ≤ 1, (11)

and 1 ≤ i ≤ N , N=100 is the size of the system (nu-
merical results have shown that there is no essential
influence of value of N on the evolution of models;
by the way, N may take other numbers), ∆x and ∆t

are spatial step and time interval, respectively, χ is
a random variable uniformly distributed within (0,1).
Moreover,

A(|P |) = [[0, (1− 0.1|P |)5]]. (12)

The [[a, b]] means the larger term of a and b. Other
symbols are the same as those given above. The pa-
rameter γ takes positive random number in the range
of (–1, 1), while β takes random number in the range

of (–1, 1), therefore, ε is always positive. λ can be
positive or negative. Parameters stated above take
the same values in each iterative step and take dif-
ferent values in different iterative steps and, finally,
become pseudo-random numbers. The function f(x)
takes the following Logistic mapping:

f(x) = 1− ax2, a ∈ [0, 2],

x ∈ [−1, 1], f(x) ∈ [−1, 1]. (13)

The value of entropy can be calculated by using the
following equation:

Sp = −
∑

i,j

Q(i, j)lgQ(i, j). (14)

Here, Q(i, j) is the probability of spatial point ui in
the range of (i, j) . Let

P (n) =
1
N

N∑

j=1

(un
j ). (15)

The calculation method for Hurst index (hereafter H)
can be found in Ref.[24]. Numerical simulation showed
that H is a variable affected by sample capacity, data
arrange sequence which would be studied in detail in
other papers. The grouping arithmetic average of R/S

method is adopted in this paper to calculate Hurst in-
dex. Compared with known results,[24] the H index
can also be used to guarantee correctly demonstrat-
ing problems. For convenience, it is called Hurst in-
dex, even though it should be correctly called pseudo
Hurst index. Boundary conditions are periodic, and
initial conditions take random value. Some first 6000
steps are discarded. Many numerical simulations have
shown that regardless how many iteration steps are
discarded, the final results are independent of iterative
times. There is no essential difference in final conclu-
sions obtained from results of 4000 iterative times or
8000 iterative times. The modelling results are given
as follows.

Let a of Logistic mapping be 0.99, ∆t =1.32 and
∆x =5.02, γ take positive random number in the
range of (–1, 1), and β take random number in the
range of (–1, 1). We have Sp=0.078. Figure 1 shows
relations of U − I −T for the final 100 iterative steps,
where T is iterative step. Figure 2 illustrates the rela-
tions of U−T for the final 100 iterative steps at I=50.
Figure 3 is Hurst index of each lattice I for the last
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Fig.1. U − I − T diagram.

Fig.2. U − T curve.

100 steps, and Fig.4 is phase track of P (n) and
P (n − 1) (illustrations of following figures are just
the same as these). Figure 5 shows the average value

Fig.3. H − I curve.

Fig.4. Variation of P (n− 1) with P (n).

(mathematical expectation E(u)) of each lattice I for
the last 100 steps, and Fig.6 depicts variance (stan-
dard deviation D(u)) of each lattice I for the last
100 steps. If we choose different values for some
parameters, for example, a =0.21, ∆t =1.32 and
∆x =2.38, while keeping other parameters unchanged,
then Sp=1.09. The shapes of the above figures are
changing with essentially the same varying trends.
Moreover, if some terms vanish, it becomes the known

CML models corresponding to equations
∂u

∂t
=

∂2u

∂2x

and
∂u

∂t
+ u

∂u

∂x
=

∂2u

∂2x
, numerical results have shown

that the models developed in the present paper is con-
sistent with those in Ref.[25] (we do not give these
calculated results here).

Fig.5. E(u)− I curve.
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Fig.6. D(u)− I curve.

3. Two-dimensional CML models

In the 2D case, we consider the following PDE:

∂

(
∂u

∂t
+ τu

∂u

∂x
− γ

∂2u

∂2x
+ β

∂3u

∂3x

)

∂x
+ α

∂2u

∂2y

=h(u, x, t). (16)

If the discrete method used above is adopted, then we
can obtain the corresponding discrete form as

(1 + Ai)un
i+1,j −Ai+2u

n
i+2,j

− (1 + Ai−1)un
i−1,j + Ai−2u

n
i−2,j

+ 2Bju
n
i,j+1 + 2Bju

n
i,j−1 − 4Bju

n
i,j

=h′(u, x, t) + [un−1
i+1,j − un−1

i−1,j ]

− λ[un−1
i+3,j − 2un−1

i+2,j − un−1
i+1,j + 4un−1

i,j

− un−1
i−1,j − 2un−1

i−2,j + un−1
i−3,j ], (17)

where

B =
α

∆x
∆t(∆y)2,

h′(u, x, t) = 2h(u, x, t)∆x∆t,

∆x and ∆y are spatial steps in x and y directions
respectively, α is coefficient (0 < α < 1), and other
symbols are the same as those given above. The fol-
lowing model is developed with the identical approach
as before:

−Ai+2,ju
n
i+2,j + (1 + A+

i+1,j)u
n
i+1,j − (1 + A−i−1,j)u

n
i−1,j + A−i−2,ju

n
i−2,j

+ 2Bi,j+1u
n
i,j+1 + 2Bi,j−1u

n
i,j−1 − [4Bi,j + A+

i,j −A−i,j ]u
n
i,j

=[R(un−1
i+1,j)−R(un−1

i−1,j)]− λi−1,j [R(un−1
i+1,j)− 2R(un−1

i,j ) + 2R(un−1
i−2,j)−R(un−1

i−3,j)]

− λi+1,j [R(un−1
i+3,j)− 2R(un−1

i+2,j) + 2R(un−1
i,j )−R(un−1

i−1,j)]

+ ξ1(n)
(

R

(
1

NI ×NJ

NI∑

i=1

NJ∑

j=1

un−1
i,j

))
cos

(
1

NI ×NJ

NI∑

i=1

NJ∑

j=1

un−1
i,j

)

+ ξ2(n)(un−1
i,j ) cos(un−1

i,j ) + 0.25×
∑

−2≤ij≤2,ij 6=0

ξij(n)R(un−1
i,j − un−1

i−ij,j)× cos(un−1
i,j − un−1

i−ij,j), (18)

where 1 ≤ i ≤ NI, 1 ≤ j ≤ NJ , and NI and NJ are
system sizes in x and y directions, respectively. Here,
NI = NJ =100. Numerical results have shown that
there is no essential influence of NI and NJ on the
evolution of models. ξ1(n), ξ2(n) and ξij(n) (where
−2 ≤ ij ≤ 2 and ij 6= 0, ij are integers) are random

numbers uniformly distributed within (0,1). More-
over, A+

i+1,j , A+
i+2,j and A+

i,j are calculated values
provided that (i+1, j) is a centre point just as in 1D
case above. So are A−i−1,j , A−i−2,j and A−i,j provided
that (i − 1, j) is a centre point (see Ref.[25]). The
function R(x) is similar to the Tent Map, i.e.

R(x) =





−2− 2x, −1 ≤ x ≤ −0.5, (19a)

2x, −0.5 < x ≤ 0.5, x ∈ [−1, 1], R(x) ∈ [−1, 1], (19b)

2− 2x, 0.5 < x ≤ 1− x. (19c)
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The entropy could be calculated by using Eq.(14).
The boundary conditions are periodic, and the initial
conditions are random. The modelling results par-
tially correspond well with the known results.[26,27]

Let ∆t =0.74, ∆x =0.87, ∆y =1.61, a=0.40, α =0.65,
β =0.12, γ =0.73 and τ =1.00, then Sp=1.06 is ob-
tained while the other parameters keep the same as
those in 1D case. Figure 7 shows the relation of U-
I-J for the final 100 iterative steps. Figure 8 illustrates

Fig.7. The U − I − J diagram.

Fig.8. Variation of U with I.

the relations of U − I for the final 100 iterative steps
and Fig.9 illustrates the relations of U − J for the
final 100 iterative steps, in Figs.(8) and (9), J=50
and T=50. The Hurst index of each lattice in J di-
rection, i.e. the direction parallel to J plane in Fig.8,
is shown in Fig.10. Figure 11 depicts the Hurst in-
dex of each lattice in I direction. The mathematical
expectation and the standard deviation of each lat-
tice in J direction, i.e. the direction parallel to J

plane shown in Fig.8, are shown in Figs.12 and 13

respectively. The numerical modelling results have
shown that the cases in I direction are similar to
those shown in J direction. Let some parameters

Fig.9. Variation of U with J .

Fig.10. Variation of H with I.

Fig.11. Variation of H with J .



642 Liu Zhao-Cun Vol. 18

Fig.12. Variation of E(u) with I.

have different values, e.g., ∆t =0.14, ∆x = 2.35,
∆y =1.31, a=0.12, α =0.96, β =0.51, γ =0.17, and
τ =0.52, and then Sp=1.06 is obtained while the other
parameters keep the same as those in 1D case. As
a result, the shapes of the above figures (Figs.7–13)
would change even though the changing trends are
essentially identical. Let some terms vanish, then
the numerical results of the known CML models cor-

responding to equations of
∂u

∂t
+ u

∂u

∂x
=

∂2u

∂2x
and

∂u

∂t
+ u

∂u

∂x
− γ

∂2u

∂2x
+ β

∂3u

∂3x
= 0, show that the mod-

els developed here have results consistent well with
those in Ref.[25]. After final iteration is finished, the
variables could be subject to the following transform
procedure

ui,j = ui,j0 + ui,js, (20)

where ui,js is a random variable following the Gaus-
sian normal distribution law, of which the mathemat-
ical expectation and deviation are shown as follows:

E(ui,js) = λex

(
1

NI ×NJ

NI∑

i=1

NJ∑

j0=1

ui,j0

)
, (21)

D(ui,js)

=λdx

√√√√ 1
NI ×NJ − 1

NI∑

i=1

NJ∑

j0=1

(ui,j0 − E(ui,j0))2.
(22)

Let λex=0.7, λdx=0.1. The values of random vari-
able could be obtained with the Monte-Carlo method,
while the other parameters are the same as those in
Fig.7. Figure 14 shows the relation of U−I−J , where
the entropy Sp is equal to 0.0. The numerical results
show that other calculated results are similar to those
in Figs.8–13.

Fig.13. Variation of D(u) with I.

Fig.14. The U − I − J diagram.

In 2D case, the following PDE is considered

∂

(
∂u

∂t
+ g(x, y, t, u)× u

∂u

∂x
− γ(x, y, t, u)

∂2u

∂2x
+ β(x, y, t, u)

∂3u

∂3x

)

∂x
+ α(x, y, t, u)

∂2u

∂2y
= h(u, x, y, t). (23)
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If the discrete method mentioned above is adopted, then the discrete form of the equation could be obtained

(1 + Ai)un
i+1,j −Ai+2u

n
i+2,j − (1 + Ai−1)un

i−1,j + Ai−2u
n
i−2,j + 2Bju

n
i,j+1 + 2Bju

n
i,j−1 − 4Bju

n
i,j

=h′(u, x, t) + [un−1
i+1,j − un−1

i−1,j ]− λ[un−1
i+3,j − 2un−1

i+2,j − un−1
i+1,j + 4un−1

i,j − un−1
i−1,j − 2un−1

i−2,j + un−1
i−3,j ], (24)

where Bi,j =
αi,j∆x∆t

(∆y)2
，h

′
(u, x, t) = 2h(u, x, t)∆x∆t, ∆x and ∆y are spatial steps in x and y directions

respectively, αi,j is the random coefficient (0 < αi,j < 1). Then the following model could be developed

−Ai+2,ju
n
i+2,j + (1 + A+

i+1,j)u
n
i+1,j − (1 + A−i−1,j)u

n
i−1,j + A−i−2,ju

n
i−2,j

+ 2Bi,j+1u
n
i,j+1 + 2Bi,j−1u

n
i,j−1 − [4Bi,j + A+

i,j −A−i,j ]u
n
i,j

=[R(un−1
i+1,j)−R(un−1

i−1,j)]− λi−1,j [R(un−1
i+1,j)− 2R(un−1

i,j ) + 2R(un−1
i−2,j)−R(un−1

i−3,j)]

− λi+1,j [R(un−1
i+3,j)− 2R(un−1

i+2,j) + 2R(un−1
i,j )−R(un−1

i−1,j)]

+ ξ1(n)
(

R

(
1

NI ×NJ

NI∑

i=1

NJ∑

j=1

un−1
i,j

))
cos

(
1

NI ×NJ

NI∑

i=1

NJ∑

j=1

un−1
i,j

)
+ ξ2(n)(un−1

i,j ) cos(un−1
i,j )

+ 0.25×
∑

−2≤ij≤2,ij 6=0

ξij(n)R(un−1
i,j − un−1

i−ij,j)× cos(un−1
i,j − un−1

i−ij,j), (25)

where 1 ≤ i ≤ NI, 1 ≤ j ≤ NJ . The ξ1(n), ξ2(n)
and ξij(n) are random variables uniformly distributed
within (0,1) respectively. Moreover,

Bi,j =
αi,j∆x∆t

∆y2 ,

Bi,j−1 =
αi,j−1∆x∆t

∆y2 ,

Bi,j+1 =
αi,j+1∆x∆t

∆y2 ,

λi−1,j =
βi−1,j∆t

2∆x3 ,

λi+1,j =
βi+1,j∆t

2∆x3 , (26)

and A+
i+1,j , A+

i+2,j , A+
i,j , A−i−1,j , A−i−2,j , A−i,j could be

calculated by the method mentioned above.

The numerical results show that the evolutional
trends of models (25) and (18) are identical, except
that the model (25) shows more randomness under
the same initial condition and the boundary condition.
However, both of them illustrate the identical evolu-
tional mechanism though some measured parameters
are different. For example, if let ∆t =0.14, ∆x =2.35,
∆y =1.31, a=0.12, let α(x, y, t, u) and γ(x, y, t, u)
take the random numbers in the range of [0, 1], let
β(x, y, t, u) and g(x, y, t, u) take random numbers in
the range of [–1, 1], and let other parameters keep the
same values as in 1D case, then Sp=21.60 could be
obtained consequently.

4. Model structure analysis

Results of the numerical simulation show that
the general tendencies of the models are that the in-
creasing value of parameter a makes the system pat-
tern become chaotic, and the variation of parameter
β makes the system pattern changed. The convective
mechanism has much influence on the properties and
the patterns of system. Variation of the size of the
spatial steps and time interval essentially changes the
relative importance and ratio among the convective
mechanism, the diffusive mechanism and the disper-
sive mechanism.

The parameter a plays an important role in the
system pattern. The specific form of nonlinear func-
tion has no more influence on the final whole pat-
tern instead of the local system pattern. Increasing
value of parameter γ makes the system pattern be-
come more ordered, and the increase of the convective
factor makes the pattern of the system become more
sensitive to disturbance. The cooperation of disper-
sion and dissipation could change the final form of the
system pattern. The values of the parameters, such
as Sp and Hurst index, are not sensitive to what the
specific forms of the global coupling and/or the local
coupling are, while the specific forms of the global cou-
pling and the local coupling have much effect on the
final system pattern. No matter how parameters vary,
the local pattern and the whole pattern of the system
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show the phenomenon of holograph in a relative large
specific zone, just like the pattern on a tiger body.

Transform the function of f(x) and R(x), or let
f(x) and/or R(x) take other forms, for example, Θ(x)

Θ(x) =2
(

e + 1
e

)2[
(1− κ)

ex

ex + 1
+ κ

ex

(ex + 1)2

]

− e + 2
e

, (27)

where κ ∈ [0, 1], e ≈ 2.71828..., and x ∈ [−1, 1]. It is
easy to know that Θ(x) ∈ [−1, 1]. Then the shapes
of the above figures are changed even though the evo-
lutional laws are identical in essence: the appearance
characters of these figures shows chaotic. Symmetry
and self-similarity form the dual properties, including
both of the order and randomness: on one hand, the
evolution is very sensitive to the initial condition and
highly instable; on the other hand, the final results
of evolution manifest the entire stability to some ex-
tent, which forms the particular spatiotemporal pat-
tern. Randomness and determination coexist in these
evolutional processes.

An important phenomenon of nonlinear spa-
tiotemporal system is the spatiotemporal resonance
which results from the stochastic resonance under cer-
tain circumstance. Noise plays an important role in
the collective behaviour of nonlinear spatiotemporal
system: on one hand, it could do harm to order; on the
other hand, it could evoke phase transition to produce
ordered power from out-of-order energy, from which
results the stochastic resonance or the interference res-
onance to bring scale competition to form the compli-
cated spatiotemporal pattern. If under different ini-
tial condition, different boundary condition, different
feedback, or different coupled form were adopted, the
models developed in this study would appear the sim-
ilar patterns in essence, though the pattern in the spe-
cific spatiotemporal point or zone might be different
and might be very sensitive to initial and boundary
conditions. Generally, the equation of CML models
determines the form of pattern. The initial condi-
tion, the boundary condition, the feedback form and
the coupled form determine the pattern’s spatiotem-
poral distribution, the coupled intensity and the cou-
pled form of physical factors in equation choose which
evolutional stage of pattern should be.

On the whole, the spatiotemporal patterns of dif-
ferent evolution stages are the dynamic coexistence
of the ordered structure and the stochastic structure.
The ordered structure and the stochastic structure

could mutually transform and always interweave to-
gether. So the spatiotemporal pattern corresponding
to the KdV-B equation should be a deterministic evo-
lutional result with a stochastic evolutional process.

5. Discussion

The following symbols are adopted:

∇≡i
∂

∂x
+ j

∂

∂y
+ k

∂

∂z
, (28)

Ξ ≡ i
∂2

∂x2
+ j

∂2

∂y2
+ k

∂2

∂z2
, (29)

where, i, j and k are unit vectors of the Cartesian
coordinate system; the symbol ≡ means being defined
as. Some scholars prefer that the Reynolds Average
Equation of the impressible turbulent flow in the in-
ertial system should be given as follows:
∂u

∂t
+ (u · ∇)u = f − 1

ρ
∇p + ϑ∇2u− δ∇ · Ξu, (30)

∂ρ

∂t
+∇ · (ρu) = 0, (31)

where, u represents the velocity, ρ the density, p the
pressure, f the unit mass force, ϑ the turbulent vis-
cosity, δ the turbulent dispersive coefficient, and t the
time. The Coriolis factor is not considered in the
above equations.

Some scholars, e.g. Lin[28] pointed out that tur-
bulence possesses the duality of wave and particle.
Others attempted to study turbulence from differ-
ent approaches, such as electromagnetism,[29] dynam-
ical quantum chaos,[30] relative dispersion,[31] field
theory,[32] scaling,[33] etc. These studies present a
sketch picture of the duality of wave and particle as
follows: 1) The wave character of turbulence can be re-
garded as that, though the evolutional process of tur-
bulence is random, the patterns formed at each evolu-
tional stage is deterministic, the interactions of which
form the wave picture. 2) The particle character of
turbulence could be regarded as that, for micro-cluster
of the fluid flow, even though in the microscopic scale,
their movement governing equation is Navier–Stokes
equation. In the long time scale, the turbulent disper-
sive coefficient δ is equal to 0. However, the turbulent
dispersive coefficient is an index to measure the inter-
actions among eddies, and only exists in the turbulent
evolutional process, just like the eddy viscosity.

By the way, if there are some kinds of scalings,
the scaling corresponding to the limit state of a sys-
tem is not always the limit of scaling corresponding to
a system.
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6. Conclusions

Numerical results have shown that the models de-
veloped in this study are capable of simulating the
physical phenomena, such as convection, diffusion and
dispersion, and feasible to simulate both the layered
coupling and the stochastic mechanism, with local
coupling and global coupling, in both weakly and
strongly coupled cases. Many existing models are
their special cases.

The merit of the overall state and local coupling
of the model is closely related to whether they have a
linear or nonlinear form, but not their specific forms.
However, the local properties of the model are con-
nected closely with concrete function of the nonlin-
ear mapping f(x). Therefore, the specific form of the
model is a local function of spatial points and phases
of the evolutionary process.

From the analysis of the simulated results based

on the present model, we believe that the turbulence
coherent structure is a result of wave packet modu-
lation. It is a random evolutionary process with a
deterministic outcome. Resonance mechanism plays
an important role in the formation of the coherent
structure.

Finally, the duality of wave and particle charac-
teristics of turbulence is schematically illustrated with
the simulated results.
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