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Using the coherent state representation of Wigner operator and the technique of integration within an ordered
product (IWOP) of operators, the Wigner functions of the even and odd binomial states (EOBSs) are obtained. The
physical meaning of the Wigner functions for the EOBSs is given by means of their marginal distributions. Moreover,

the tomograms of the EOBSs are calculated by virtue of intermediate coordinate-momentum representation in quantum

optics.
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1. Introduction

It is well known that the Wigner function(!:?!

in phase space plays an important role in modern
quantum optics and quantum statistics. Since two
marginal distributions of the Wigner function lead to
measuring probabilities in coordinate space and mo-
mentum space separately. The Wigner function is
most popularly used in various branches of physics.
In this paper we derive Wigner functions and
tomograms of the even and odd binomial states

(EOBSS).
tention to this case: Firstly, the EOBSs are eigen-

There are two reasons why we pay at-

states of some nonlinear combinations of radiation
field operators and exhibit strong nonclassical prop-
erties such as sub-Poissonian statistics, antibunch-
ing, and squeezing.’] Also, the even binomial state
(EBS) and the odd binomial state (OBS) display dif-
ferent nonclassical properties. Secondly, various pho-
ton states have been generated by the micromaser!*
and the Wigner functions of some cavity fields can be

measured in the whole phase space by a scheme based
on the interaction between cavity fields and atoms. 56!
Therefore, it is very interesting to construct and mea-
sure the Wigner functions and the tomograms of the
EOBSs by using some theoretical schemes.

The binomial state defined by Stoler[”]

My =3 (M)n”(l )My
n=0 n
0<n<l, (1)

which is an intermediate state between the coherent
state and the number state |[n) = a'™[0)/v/n!.

In Ref.[8], the EBS and the OBS are defined as,
respectively,
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where 0 < < 1, n=0, 1, 2, ...,
tion constants C, and C, are obtained from the nor-
1, so that

00, and the normaliza-

malization condition ¢, (n, M |n, M), , =

2
Ce:“mv (4)

2
(o )
with the subscripts ‘€’ and ‘o’ denoting even state
The states |n, M), and
|n, M), approach to the even and odd coherent states

and

Co =

and odd state respectively.

under the limiting condition of parameters: n — 0 and
M — oo, such that the mean photon number 1 = nM
keeps constant. While under another limiting condi-
M), and
become the even number state and the odd

tion n — 1 and 0 < 1 < 1, the states |n,
n, M),
number state respectively. It is interesting to see that
by changing two parameters: 1 and M, in the EOBSs,
we can obtain different quantum states.

the coherent state representation, the Wigner opera-
tor A(a, o) isl”!

d2 o
Ao, a™) :/TZ |a + 2) (o — z| €** 7% =, (6)

where |a + z) is the coherent state and « is a complex
number. Using the technique of integration within an
ordered product (IWOP) of operators,’) the Wigner
operator A(a, a*) reduces to the following form:

2
Ala,0”) = —D(20)(-1)", (7)
where N = afa, and D(2a) = exp[2(aal —a*a)] is the

displaced operator.

For a pure state |¢)), we can express it as

= Z fnln). (8)
n=0

The Wigner function of the state [¢) is given by

2. Wigner functions of the W, a") = (¥] Ala, ") [¢)
2 = * m
EOBSs == 3 Fafa ) X (20), (9)
m,n=0
With the study of the Wigner function one can
characterize the non-classical nature of a state. In  where
|
/nlJml(2a)™ "exp (=2]a) )L™ (4]a)?), m>n,
Xmn (200) N ) (10)
vm!l/nl(—2a*)" " Mexp(—2 |a| ) LB (4 ]a]”), m <mn,
\
where L7"(x) denotes an associated Laguerre  function We (o, a*) of the state |n, M), can be written
polynomiall!0] as a sum of the mixture part WM (a, @*) and quantum

i(wrm) T)l‘ (11)

1= \ n—1
Through the calculation, we find that the Wigner

l
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M *\
W' (a,a®) = w1+ (1 -2V} —~

4exp( 2 |04‘ ) Z (_1)2m (;\fl)rﬁn(l _ U)M_QnL2n(4 |a|2)’

interference part W/ (a, a*),I"! i.e.

We(a, a*> = We]\/l<a7 a*) + Wel(av a*)7 (12)

where the mixture part WM (o, a*) is found to be

(13a)

and the quantum interference part W/ (a, a*) has the following form:

%]
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(27?’)' 2(m—n) 2(m—n) 2 (Zm)| *\2(n—m) 2(n—m) 2
x [ o (eI @) [ (<202 L ) (13b)
Similarly, using expressions (3)—(11) we have
WM( ) 46XP(*2|0‘|2) [g]( 1)2m+1( M > 2n+1(1 )M7(2n+1)L (4] |2) (14a)
o, ) = - n -1 2n4+1(2 Q] ),
¢ m[1—(1=2mM] = o+ 1 i
and
dexp(—2|al?) ey M M
WOI(OZ7 OZ*) — (_1)2m+1 ( ) ( )nm—i-n—i-l(l _ n)M—n—m—l
[l — (1 —2n)M] Z: 2n+1/\2m+1
M;én
(2n + 1)! 2(m—n)7 2(m—n) 2 (2m +1)! #\2(n—m)7 2(n—m) 2
X [ m@@) Lony1  (4lal”) + m(—%é ) Lom+1 (4ef%) ('14b)

By virtue of numerical computation, the Wigner
functions of the EOBSs are plotted for different values
of the parameters n(n=0.1,0.5 and 0.9) and M (M=6

Ima

and 7) against Re(a) and Im(«) in Figs.1 and 2, re-
spectively. We discuss the variation of the Wigner

function with 7 in phase space.

Fig.1. Wigner functions of the even binomial state with Rea and Ima for different values of n:
(a) n=0.1 (coherent state limit), (b) n=0.5, with M =6 for all cases.

In Fig.1(a) we have the function

Weo(a, a*) corresponding to the EBS for the coherent

Wigner

state limit (n=0.1). The distribution has an almost
Gaussian-like shape due to the existence of a little
negativity, but for the OBS it shows larger negativity
in Fig.2(a).
classicality of the OBS is more pronounced, namely

These characters indicate that the non-

the sub-Poissonian statistics of the OBS is stronger
than that of the EBS.

Wo (v, o)

Ima

Fig.2. Wigner functions of the odd binomial stat

In Fig.1(b) the Wigner function of the EBS dis-
plays one prominent upward peak and two downward
peaks at the origin of phase space, however there exist
two upward peaks and only one prominent downward
peak in Fig.2(b) which shows the plots for the OBS
Wo (o, o) with the same values of 1 and different val-
ues of M in the phase space. This means that the
EBS and the OBS are orthogonal. The conclusion is
also valid for other values of n and M in this case.

e with Rear and Ima for different values of 7:
(a) n=0.1 (coherent state limit), (b) n=0.5, with M=7 for all cases.
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The comparison between Fig.1 and Fig.2 empha-
sizes that the Wigner function distributions of the
EOBSs are real which can take negative values in lim-
ited regions of phase space. Therefore the nonclassi-
cal properties of the EOBSs can be established in the
whole ranges of n and M. Moreover, we note that
the negative part of the distribution is larger when
7 increases, which means that the nonclassicality is
more pronounced. In other words, the stronger sub-
Poissonian statistics occurs. On the other hand, with
7 increasing the oscillatory behaviours between the
positive part and the negative part of We o(a, a*) of
the EOBSs are more pronounced and irregular distri-
butions than those of the usual binomial state, namely
the EOBSs exhibit stronger quantum interference ef-
fects. In conclusion, the behaviour of the Wigner func-
tion We o(ax, @*) accords with the quantum features of
these states.

Now, we come to investigate the marginal distri-
butions of Wigner functions for the EOBSs. As is
well known, the one-mode Wigner operator A(p,q)
can be composed by virtue of IWOP technique, since
its marginal integration is the position projector

/OO dpA(p, q) = lq) (4, (15)

— 00

and the momentum projector

| dadwa) = 1) 6. (16)
where |¢g) and |p) are the standard eigenvectors of the
coordinate operator ) and the momentum operator
P, respectively.

If setting a = (¢ +ip)/v/2 in expressions (13a)
and (13b), then using Eq.(15) we can directly obtain
the marginal distribution of the Wigner function for

the state |n, M) in the ¢ direction

e

2

) (%]
2exp(—q

Pe(q) =

n=0

M oL
1+ (1 —=2n)M)y7 2 <2n>n2 (L =mH= (2n)!2nH2”(q)

(17a)

Using expressions (13a) and (13b) and Eq.(16), we can obtain another marginal distribution in the p direction

2

2exp(—¢°) %

N N TN

n=0

M 1
(271)772“(1 - ﬁ)MﬁQ"WHzn(I)) ;
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where we have used the formula for Hermite polynomials/'®!

0o (%)
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From expressions (17a) and (17b), we find that P.(q) (or Ps(p)) is the probability of finding a particle with a
given value of position ¢ (or a value of momentum p) in the state |n, M), described by expression (2). Similarly,

we have
[1\4;1] 2
2exp(—q? ( ) 1
P — 2n+1(1 — n)M—(2n+1) Hs, ) 19a
0= T m-mvr | 2 \asd )T ey
and
[1%—1 2
2exp(—¢°) - ( ) 1
P — 2n+1(1 — n)M—(2n+1) H ) 19b
S TN PRRL PR G @) (90)
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which are the marginal distributions of the Wigner = which are defined as
function for the state |n, M), . Po(q) (orP,(p)) is the
probability of finding a particle in the whole space Teolq: fr9) = // dp'dq'é(q — fq' — gp")Weold',p),

with a given value of position ¢ (or the value of mo- (20)

where We (¢, p’) are the Wigner functions given by
expressions (13) and (14) for the states |n, M)

However, it is very difficult to evaluate the integra-
3. Tomograms of the EOBSs tion if we directly substitute expressions (13a) and

(13b) into expression (20). Luckily, we can use the

mentum p) in the state |n, M), it is also the physical
meaning of the Wigner functions of the EOBSs.

e,0"

In recent years, the tomograms in quantum me- following Radon transform between the Wigner oper-

chanics and quantum optics have been used to investi- ator and the projection operator |Q>f S (q] of inter-

gate the possibility of describing a quantum state with 12]

o - ST . . mediate coordinate-momentum state:!
a positive probability distribution. A direct descrip-

tion of quantum states by means .of .quantuTn tomo- |q>f)g P (q| = // dp’dq’d(q—fq’—gp')A(q’,p’), (21)
grams for the system observables is interesting from i~
both the theoretical and experimental points of view.

So, we derive the tomograms of the states |n, M) where the state |q) 1.9 18 expressed as

e,0

|

1

_ 7 V2¢ 4 f+ig
R R

S 2(f2+ ¢2) * F—ig" ~ 2(f—ig)

which is the eigenvector of the operator (f@Q + gP) corresponding to the eigenvalue ¢; fand g are two real

a'?|0), (22)

parameters. Thus, the tomograms of the states |n, M), , given by expressions (3) and (4) are

Teo(q; fr9) = // dp'dq's(q — fq' — gp")eo (1, M| A(¢',p") In, M), ,

g (23)

= ‘fnq <q |TI7 M>e,o

which shows that for the tomogram approach there exists an intermediate coordinate-momentum state, |q) g0
and the Radon transform of the Wigner operator is just a pure-state matrix |¢) .9 9 (q|. Using the completeness
relation of coherent states, we can obtain the tomogram amplitude of the state |n, M), as

d2a
tgtaln Mo =g.qdl [ — la){aln, M),

2
[1+ (1 —2n)]

o 1 f—ig
@n)! |\ 207+ i9)

where we also have used the following integral formula:

=[n(f* + g~V

[¥]

M
( )77271(1 _77)]\/1—2n
0 2n

g L)
P+q 2(f%+4¢%)

(12]

n

—c&n+ &g+ nzf}

1
exp
Ve dfg [ <= 4fg

2
§—4fg)
Re(c+ f+g) <0, and Re[——219) <y, 25
e(sx f+g) and Rel ———— (25)

dzz 2 * 2 *2| _
—exp [ [z]” + &z et 4 27 4 g2 | =
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and the generating function of H,(¢) expressed as

n

d
H,(q) = —exp(2qt — ¢°)

= 4 . (26)
Thus we can obtain the tomogram of the state |, M) as
PR < T vw—
a0 £.9) =l P e | 52 (5 )P
f—1ig q ¢ i
’ [ 2(f +ig) H2”<¢W >exp [_2(1‘2 +q2>} ‘ | )

In the same way, we can derive the tomogram function of the state |, M)  as

[45]
2 2\1—1/2 2 M 2n+1 —2n—1
To(q, f,9) =[r(f*+g7)] / 1_(1_277)1\/1‘ nz:% <2n+1>7l (1 =M (

2n+1

f—ig
l 2(f +ig)

The tomogram, as a real and positive distribution
function of «, is similar to the ) function of the cor-
responding state in quantum optics, so by virtue of
the numerical computations we plot the tomograms
Teo(q, f = cosf,g =sinf) of the EOBSs versus (g, 6)
for the indicated values of parameter 7 in Fig.3.

From Fig.3, with the coordinate g changing, the
tomogram of the EBS displays m-periodic variations
and one prominent peak in each period. Furthermore,
we can see that at the extreme of the even number

To(4,0)

q2
(7)o [

N
2n +1)!

(28)

state (n = 0.9), the tomographic distribution becomes
narrower and higher than that for the even coherent
state (n = 0.1) in the phase space. In other words,
with 7 increasing the interference effects begin to be-
come stronger. On the other hand, we also find that
the OBS has a similar variation in tomographic fea-
ture, such as w-periodic variation, with 7. Therefore,
we conclude that the EBS and the OBS show similar
variations in interference effect and nonclassical prop-
erty.

Fig.3. Tomographic maps of the even binomial state with ¢ and 6 for different values of n: (a)
17=0.1 (coherent state limit), (b) n=0.9 (number state limit), with M=4 for all cases.

4. Conclusions

We use the coherent state representation of
Wigner operator and the intermediate coordinate-

momentum representation to derive the Wigner func-
tions and the tomograms of the EOBSs. It is found
that the variation of the Wigner function distribution
with parameters n and M (the tomogram with the
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parameters g and 6) reveals interference properties of
the EOBSs well. The feature indicates that the EBS
and the OBS exhibit different nonclassical properties.
The results of the tomograms for the EOBSs which are
obtained by means of the projection operator of the
intermediate coordinate-momentum state |q) ; , 1,4 (4

may be useful for experiments as a reference. There-

fore, one can measure the module-square of the wave

functions of the EOBSs in coherent state represen-

tation experimentally, then the tomograms for the
EOBSs are obtained and also the states |n, M), are
measured.
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