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The decoherence of two initially entangled qubits coupled with a squeezed vacuum cavity separately is investigated

exactly. The results show that, first, in principle, the disentanglement time decreases with the increase of squeeze

parameter r, due to the augmenting of average photon number of every mode in the squeezed vacuum cavity. Second,

there appear entanglement revivals after the complete disentanglement for the case of even parity initial Bell state,

while there occur the entanglement decrease and the entanglement revival before the complete disentanglement for the

case of odd parity initial Bell state. The results are quite different from those for the case of qubits in a vacuum cavity.
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1. Introduction

In recent years, the entanglement dynamics of
qubits coupled with an environment has attracted
much attention. Much work has been devoted to
the phenomenon termed ‘entanglement sudden death’
(ESD).[1−15] It is shown that spontaneous disentan-
glement for a two-level atom model may take only
a finite time to be completed, while local decoher-
ence (the normal single-atom transverse and longitu-
dinal decay) takes an infinite time.[3] And, for a non-
Markovian reservoir of initially vacuum cavity, there
exists a revival phenomenon, which allows the two-
qubit entanglement to reappear after a dark period of
time, during which the concurrence is zero.[12] In gen-
eral, the characteristic of the environment plays an
important role in the evolving of multi-particle entan-
glement. Up to now, many typical environments have
been investigated, such as, vacuum, squeezed vacuum,
multimode vacuum cavity, single mode cavity and so
on.

Recently, cavity systems with very strong cou-
plings have been discussed.[16] Generally, in atom-field
cavity systems, this ratio of the coupling strength
to the atomic transition frequency is typically on
the order of 10−7 − 10−6. However, the ratio may
become, in the order of magnitude, larger in solid

state systems, and the full Hamiltonian, including
the virtual processes (counter-rotating terms), must
be considered.[17] In this paper, we focus on the
decoherence of two qubits strongly coupled with a
non-Markovian squeezed vacuum reservoir by using
the method given in Ref.[18]. In Section 2, the
reduced non-perturbative non-Markovian quantum
master equation of atom is derived and its exact so-
lution is obtained. In Section 3, the decoherence of
two initially entangled atoms, coupled with two cav-
ities separately, is discussed. The conclusion is given
in Section 4.

2. Model and exact solution

2.1.Hamiltonian and non-perturbative

master equation

Now we restrict our attention to two noninteract-
ing two-level atoms A and B coupled individually with
a cavity field. We first consider the Hamiltonian of the
subsystem of a single qubit coupled with its reservoir
as

H = Ha + Hr + Har, (1)
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where

Ha =ω0
σz

2
, (2)

Hr =
∑

k

ωka†kak, (3)

Har =(σ+ + σ−)
∑

k

gk

(
a†k + ak

)
. (4)

Here, ω0 is the atomic transition frequency between
the ground state |0〉 and excited state |1〉, σz =
|1〉〈1|−|0〉〈0|, σ+ = |1〉〈0| and σ− = |0〉〈1| are pseudo-
spin operators of the atom, the index k labels the field
mode of the reservoir with frequency ωk, a†k and ak are
the creation and annihilation operators of mode k re-
spectively, and gk is the frequency-dependent coupling
constant between the transition |1〉 − |0〉 and the field
mode k.

The reduced non-perturbative non-Markovian
quantum master equation of the atom could be ob-
tained through path integral[18]

∂

∂t
ρa =− iLaρa

−
∫ t

0

ds〈Lare−iL0(t−s)Lare−iL0(s−t)〉rρa,

(5)

where L0 , La and Lar are Liouvillian operators de-
fined as

L0ρ ≡[Ha + Hr, ρ],

Laρ ≡[Ha, ρ],

Larρ ≡[Har, ρ],

and 〈...〉r denotes partial trace of the reservoir.
Then, we assume that the reservoir is initially in

a squeezed vacuum state[19]

ρr =
∏

k

Sk|0k〉〈0k|S†k, (6)

where

Sk = exp(re−iθakc+kakc−k − reiθa†kc+ka†kc−k) (7)

with r and θ being squeeze parameters, and |0k〉 is
the vacuum state of mode k. The central frequency
of squeezing device is ω0 = ckc, which corresponds
to a multimode squeezed vacuum state with the cen-
tral frequency equal to the atom transition frequency.
And the spectral density of the reservoir is in the
Lorentzian form[12,20]

J(ω) =
∑

k

g2
k{δ(ω − ωk) + δ(ω + ωk)}

=
1
2π

λγ2

(ω − ω0)2 + γ2
, (8)

where γ represents the width of the spectral distribu-
tion of the reservoir mode, and it is related to the
correlation time of the noise induced by the reser-
voir by τr = 1/γ. The parameter λ is related to the
subsystem-reservoir coupling strength. There are two
correlation functions in this model,[21] i.e.

α1 =
∫ ∞

−∞
J(ω)e−i(ω−ω0)tdω =

γλ

2
e−γt, (9)

and

α2 =
∫ ∞

−∞
J(ω)ei(ω+ω0)tdω =

γλ

2
e(−γ+i2ω0)t, (10)

where α1 comes from the rotating-wave interaction
and α2 arises from the counter-rotating wave inter-
action.

So, the non-perturbative master equation of the
subsystem could be derived from Eq.(5) as

∂

∂t
ρa =− Γρa + [ε0J0 + ε+J+ + ε−J−]ρa

+ [υ0K0 + υ+K+ + υ−K−]ρa, (11)

where J0, J+, J−, K0, K+ and K− are superoperators
defined as

J0ρa ≡
[σz

4
, ρa

]
,

J+ρa ≡σ+ρaσ+,

J−ρa ≡σ−ρaσ−,

K0ρa ≡(σ+σ−ρa + ρaσ+σ− − ρa)/2,

K+ρa ≡σ+ρaσ−,

K−ρa ≡σ−ρaσ+,

and

Γ =2MRf + 2(MRαR + M IαI)

+ (2N + 1)(f + αR),

ε0 =− i2[ω0 + 2(M IαR −M If −MRαR)

− (2N + 1)αR],

ε+ =2Mf + 2M∗α + (2N + 1)(f + α),

ε− =2Mα∗ + 2M∗f + (2N + 1)(f + α∗),

υ0 =2(αR − f),

υ+ =2[MRf + MRαR + M IαI + Nf + (N + 1)αR],

υ− =2[MRf + MRαR + M IαI + (N + 1)f + NαR],

α =
λγ(1− e−(γ+i2ω0)t)

2(γ + i2ω0)
,

f =
λ

2
[1− exp(−γt)],
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where N = sinh2 r; M = −eiθ sinh r cosh r; αR, αI , α∗

and MR, M I , M∗ are real part, image part and conju-
gate of α and M , respectively; N is the average photon
number of every mode in the squeezed vacuum cavity.
Here, M and M∗ represent the phase-dependent cor-
relation between different modes as 〈bkb′k〉 and 〈b†kb′†k 〉,
respectively.[19]

2.2. Exact solution of master equation

The time evolution of density operator in Eq.(11)
could be obtained with algebraic approach given in
Ref.[22] because the superoperators herein satisfy
SU(2) Lie algebraic communication relations, i.e.

[J−, J+] ρa =− 2J0ρa,

[J0, J±] ρa =± J±ρa,

[K−, K+] ρa =− 2K0ρa,

[K0, K±] ρa =±K±ρa,

[Ki, Jj ] = 0, (12)

where i, j = 0,±. By directly integrating Eq.(11), the
formal solution is obtained as[23]

ρa(t) = e−Γk T̂ e
R t
0 dt(ε0J0++ε+J++ε−J−)

× T̂ e
R t
0 dt(v0K0++v+K++v−K−)ρa(0), (13)

where T̂ is time ordering operator and

Γk = (2MR + 2N + 1)(F + α̃R) + 2M I α̃I),

α̃ =
∫ t

0

αdt =
λγ

(
t− 1− e−(γ+i2ω0)t

γ + i2ω0

)

2(γ + i2ω0)

≡ λ̃R + iαI ,

α̃∗ = α̃R − iα̃I ,

F (t) = λ{t− [1− exp(−γt)]/γ}/2

with α̃R, α̃I and α̃∗ being real part, image part and
conjugate of α̃, respectively.

The exponential functions of superoperators in
Eq.(13) could be disentangled into the following
forms:[23]

T̂ e
R t
0 dt(ε0J0++ε+J++ε−J−) = ej+J+ej0J0ej−J− , (14)

and

T̂ e
R t
0 dt(v0K0++v+K++v−K−) = ek+K+ek0K0ek−K− ,

(15)
where j+, j0, j− and k+, k0, k− satisfy the following
differential equations:

Ẋ+ =µ+ − µ−X2
+ + µ0X+, (16)

Ẋ0 =µ0 − 2µ−X+, (17)

and

Ẋ− = µ−exp(X0), (18)

where µ = ε for X = j; µ = ν for X = k.

Using the results above, the exact solution of the
master equation Eq.(11) is obtained as

ρa(t) = e−Γk ρ̃(t), (19)

where

ρ̃(t) =


 lρ11

a (0) + mρ00
a (0) xρ10

a (0) + yρ01
a (0)

qρ01
a (0) + rρ10

a (0) nρ00
a (0) + pρ11

a (0)


 ,

(20)

l = ek0/2 + e−k0/2k+k−,

m = e−k0/2k+, (21)

n = e−k0/2, p = e−k0/2k−, (22)

q = e−j0/2, r = e−j0/2j−, (23)

x = ej0/2 + e−j0/2j+j−, and

y = e−j0/2j+. (24)

2.3.Concurrence

In order to investigate the entanglement dy-
namics of the bipartite system, we use Wootters
concurrence.[24] For simplicity, we assume that the two
subsystems have the same parameters. The concur-
rence of the whole system could be obtained as[6]

Cξ =max {0, c1, c2} , (ξ = Φ, Ψ),

c1 =2e−2Γk(
√

ρ23ρ32 −√ρ11ρ44),

c2 =2e−2Γk(
√

ρ14ρ41 −√ρ22ρ33), (25)

corresponding to the initial states of |Φ〉 = β|01〉 +
η|10〉 and |Ψ〉 = β|00〉+η|11〉, respectively, where β is
real and 0 < β < 1, η = |η|eiϕ and β2 + |η|2 = 1. For
maximum entanglement Bell state, β is equal to

√
2/2.

The reduced joint density matrix of the two atoms, in
the standard product basis B = {|1〉 ≡ |11〉, |2〉 ≡
|10〉, |3〉 ≡ |01〉, |4〉 ≡ |00〉}, could be obtained by us-
ing the method presented in Ref.[12]

ρAB = e−2Γk




ρ11 0 0 ρ14

0 ρ22 ρ23 0

0 ρ32 ρ33 0

ρ41 0 0 ρ44




, (26)
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where the diagonal elements are

ρ11 = l2ρ11(0) + lmρ22(0) + mlρ33(0) + m2ρ44(0),

ρ22 = lpρ11(0) + lmρ22(0) + mpρ33(0) + mnρ44(0),

ρ33 = lpρ11(0) + pmρ22(0) + nlρ33(0) + nmρ44(0),

ρ44 = p2ρ11(0) + pnρ22(0) + npρ33(0) + n2ρ44(0),

and the nondiagonal elements are

ρ14 = x2ρ14(0) + xyρ23(0) + yxρ32(0) + y2ρ41(0),

ρ23 = xrρ14(0) + xqρ23(0) + yrρ32(0) + yqρ41(0),

ρ32 = rxρ14(0) + ryρ23(0) + qxρ32(0) + qyρ41(0),

ρ41 = r2ρ14(0) + rqρ23(0) + qrρ32(0) + q2ρ41(0).

3. Numerical results and discus-

sion

In order to study the effects of non-Markovian
squeezed reservoir on the decoherence, we assume that
λ is equal to 10γ in Eq.(8), which could be realized in
a high-Q cavity.[12]

First, we focus on the effects of squeeze param-
eters on the decoherence of two qubits with initial
maximum Bell entanglement states |Φ〉 and |Ψ〉, re-
spectively.

(A) For ω0 = 10γ and β =
√

2/2, figures 1 and 2
show that for the case of initial maximum Bell state

Fig.1. Concurrence CΦ as a function of γt and θ with

λ = 10γ, ω0 = 5γ, β =
√

2/2 and r = 0.2.

|Φ〉, the concurrence first decreases to a certain value
and then revives before it vanishes, while that period-
ically vanishes and revives with its revival amplitude
damping for the case of initial maximum Bell state
|Ψ〉. It also reveals that the amplitude and the dura-
tion time of entanglement revival are different for the

case of π/2 ≤ θ ≤ 3π/2 from those for the cases of
0 ≤ θ ≤ π/2 and 3π/2 ≤ θ ≤ 2π.

Fig.2. Concurrence CΨ as a function of γt and β2 with

λ = 10γ, ω0 = 5γ, β =
√

2/2 and r = 0.2.

(B) For ω0 = 10γ and β =
√

2/2, figures 3 and
4 show that for r ≤ 1, the concurrence first decreases
to a certain value and then revives before it vanishes
for the case of initial maximum Bell state |Φ〉, while
that periodically vanishes and revives with amplitude
damping for the case of initial maximum Bell state
|Ψ〉. And the concurrence decreases monotonically
and vanishes permanently after a short time for r > 1.
The results exhibit that the disentanglement time de-
creases with the increase of squeeze parameter r for a
fixed value of θ, due to the increasing of average pho-
ton number of every mode in the squeezed vacuum
cavity.

The above results also reveal that the decoher-
ence behaviour of concurrence is sensitive to squeeze
parameters but insensitive to initial state.

Fig.3. Concurrence CΦ as a function of γt and r with

λ = 10γ, ω0 = 5γ, β =
√

2/2 and θ = π/4.
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Fig.4. Concurrence CΨ as a function of γt and r with

λ = 10γ, ω0 = 5γ, β =
√

2/2 and θ = π/4.

Then, for the fixed squeeze parameters θ = π/4
and r = 0.2, the decoherences for different initial
states are discussed.

(A) The decoherence behaviour of CΦ is discussed
as follows.

(i) From Figs.5–7, we could find that the concur-
rence CΦ decreases and revives before it vanishes per-
manently. With the ratio of the coupling strength to

Fig.5. Concurrence CΦ as a function of γt and β2 with

λ = 10γ, ω0 = 50γ, θ = π/4 and r = 0.5.

Fig.6. Concurrence CΦ as a function of γt and β2 with

λ = 10γ, ω0 = 5γ, θ = π/4 and r = 0.5.

the atomic frequency increasing, the time of entangle-
ment revival decreases because of the increasing of the
average value of correlation function α2, correspond-
ing to the counter-rotating wave term.

Fig.7. Concurrence CΦ as a function of γt and β2 with

λ = 10γ, ω0 = 2γ, θ = π/4 and r = 0.5.

(ii) For ω0 = 3γ and λ = 20γ, figure 8 ex-
hibits that the concurrence CΦ decreases monotoni-
cally and vanishes permanently in a short time even
in a non-Markovian squeezed reservoir, which arises
from the strong interaction between atom and the non-
Markovian squeezed reservoir.

Fig.8. Concurrence CΦ as a function of γt and β2 with

λ = 20γ, ω0 = 2γ, θ = π/4 and r = 0.5.

(B) The decoherence behaviour of CΨ is discussed
as follows.

(i) From Figs.9–11, we find that the concurrence
periodically vanishes and revives with its revival am-
plitude damping. With the ratio of the coupling
strength to the atomic frequency increasing, the time
of entanglement revival decreases. There appears an
entanglement revival after a period of time of disen-
tanglement, which is different from that of the case of
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CΦ .

Fig.9. Concurrence CΨ as a function of γt and β2 with

λ = 10γ, ω0 = 50γ, θ = π/4 and r = 0.5.

Fig.10. Concurrence CΨ as a function of γt and β2 with

λ = 10γ, ω0 = 5γ, θ = π/4 and r=0.5.

Fig.11. Concurrence CΨ as a function of γt and β2 with

λ = 10γ, ω0 = 2γ, θ = π/4 and r=0.5.

(ii) For ω0 = 3γ and λ = 20γ, the evolution
dynamics of concurrence CΨ is almost the same as

that in Fig.8. Unlike the two cases above, the evolu-
tion behaviour of concurrence CΨ becomes symmet-
ric because of the strong coupling of atom with non-
Markovian reservoir and the effect of counter-rotating
wave interaction.

The above results reveal that in principle, the de-
coherence of CΦ is symmetrical with respect to β2

because of the symmetry of initial state |Φ〉, while
that is unsymmetrical with respect to β2 because
the initial state |Ψ〉 is unsymmetrical with respect to
β2. However, the strong coupling and the counter-
rotating wave interaction could make the decoherence
of CΨ symmetrical with respect to β2. With coupling
strength enhanced, the memory effect of the counter-
rotating wave terms becomes dominant because the
average value of correlation function α2 increases. The
results are quite different from those for the case of
qubits in a vacuum cavity.[12]

4. Conclusion

The reduced non-perturbative quantum master
equation of atom in an initially squeezed vacuum cav-
ity is derived and its exact solution is obtained. The
decoherence behaviours of two qubits with squeeze pa-
rameters and other parameters are discussed.

The results show that the decoherence behaviour
of two qubits in the squeezed reservoir is dependent
on the squeeze parameter, the ratio of the coupling
strength to the atomic transition frequency and the
ratio of the width of reservoir spectral density to the
atomic transition frequency. First, in principle, the
disentanglement time decreases with the increase of
squeeze parameter r, due to the increasing of average
photon number of every mode in the squeezed vac-
uum cavity. Second, there appears the entanglement
revival after the complete disentanglement for the case
of even parity initial Bell state, while there occur the
entanglement decrease and the entanglement revival
before the complete disentanglement for the case of
odd parity initial Bell state. Third, with the cou-
pling strength enhanced, the time of entanglement re-
vival decreases due to the effect of counter-rotating
wave term. Fourth, there exists the entanglement re-
vival due to the memory effect of the non-Markovian
squeezed environment.
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