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The propagation properties of the off-axis superposition of partially coherent beams through atmospheric tur-

bulence and their beam quality in terms of the mean-squared beam width w(z) and the power in the bucket (PIB)

are studied in detail, where the effects of partial coherence, off-axis beam superposition and atmospheric turbulence

are considered. The analytical expressions for the intensity, the beam width and the PIB are derived, and illustrative

examples are given numerically. It is shown that the maximum intensity Imax and the PIB decrease and w(z) increases

as the refraction index structure constant Cﬁ increases. Therefore, the turbulence results in a degradation of the beam

quality. However, the resulting partially coherent beam with a smaller value of spatial correlation parameter v and

larger values of separate distance x4 and beam number M is less affected by the turbulence than that with a larger

value of v and smaller values of x4 and M. The main results obtained in this paper are explained physically.

Keywords: off-axis superposition of partially coherent beams, atmospheric turbulence, propagation

property, beam quality
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1. Introduction

The off-axis superposition of beams is a sub-
ject of current interest for scaling diode arrays, COq
and HF/DF chemical lasers, etc. up to high-power
level.:2] The coherent beam superposition and the in-
coherent beam superposition with linear, rectangular
and radial array geometries for coherent off-axis Gaus-
sian beams, Hermite—Gaussian beams, etc., have been
studied.?=5 In practice, a partially coherent laser
source is often encountered. Recently, the character-
istics of the off-axis superposition of partially coher-
ent beams were studied theoretically and numerically
by using the Wigner distribution function.[®! On the
other hand, the propagation properties of laser beams
through atmospheric turbulence are of importance for
many practical applications such as the remote sens-
ing, atmospheric optical communication, ete. 78 Tt
was demonstrated both theoretically and experimen-
tally that partially coherent beams were less sensi-
tive to the effect of turbulence than fully coherent
ones.[=14 Very recently, the propagation of M x N

Gaussian beams through turbulent atmosphere and
their beam quality were investigated in Ref.[15].

In the present paper, the Gaussian—Schell model
(GSM) beam is taken as an example of the partially
coherent beam. The propagation properties of the off-
axis superposition of partially coherent beams through
atmospheric turbulence and their beam quality in
terms of the mean-squared beam width and the power
in the bucket (PIB)['%l are studied theoretically and
numerically. Some interesting results are obtained and
explained physically.

2. Propagation equation of the
off-axis superposition of par-

tially coherent beams

The cross-spectral density function of a two-
dimensional GSM beam in the plane z = 0 is given
by

*Project supported by the National Natural Science Foundation of China (Grant No 60778048).
TCorresponding author. E-mail: Baidalu0@tom.com; Entaozhang@163.com

http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn



572 Zhang En-Tao et al

Vol. 18

Wl(o) ('75,17 x/Qa z = 0)
= (BE(2])E"(x5))

$/2+x/2 CC/ _1,/ 2
P <_ 1w2 2)6Xp (_( 12022) >’ M
0 0

where the point brackets denote an ensemble aver-

age, the asterisk represents the complex conjugate; wq
and og are waist width and correlation length of the
GSM beam, respectively. It is worth mentioning that
to clarify the main physical results, the mathemati-

cal manipulation is performed in the two-dimensional

l
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case within the framework of the paraxial approxima-
tion, but the extension to the three-dimensional case
is straightforward, because the variables z and y are
separable.

Now we assume that M individual off-axis GSM
beamlets are positioned along the z-axis in the plane
z = 0 whose separate distance is x4, For definiteness
let M be an odd number. The cross-spectral density
function of the resulting partially coherent beam in
the plane z = 0 is expressed as

! — 2
z SR
_ M M-1 M 1 Wy

miq)” + (75 —nccd)r‘} X exp [_ [(zy — maa)

—2(«’5/2 - nmd)]T } )

203

By using the extended Huygens—Fresnel principle, the cross-spectral density function of the resulting par-

tially coherent beam represented by expression (2), propagating through atmospheric turbulence, reads as

follows:[®!
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where k is the wave number related to the wave length A by k = 27/,
the complex phase of a spherical wave due to the turbulence. (),

turbulent medium statistics, and[7:18]

ik
= 5. / / da dahy WO (2, 2, z = 0) exp {22’ [z — 25) — 2(z12) — 202h) + (2 — x%)]}

(3)

(a2, x) represents the random part of
denotes the average over the ensemble of the
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where py = (0.545Cr21k22) ~%/% 5 the coherence length in turbulence, C? is the refraction index structure constant,

which describes how strong the turbulence is.

It is noted that a quadratic approximation of Rytov’s phase

structure function has been used in expression (3) to obtain an analytical result. This approximation has been

shown to be a good approximation for practical situations.

(19]

Substituting expressions (2) and (4) into expression (3), letting 1 = z2 = z, and recalling the formula

yield

— 00

/OO exp(—p*t? + qt)dt = f exp <(]22> . (5)

4p

And after very tedious but straightforward integral calculations, we obtain the closed-form propagation equation

of the resulting partially coherent beam through atmospheric turbulence, which is given by

1\/[1 M—-1

k
= > Z o

1%1

I(z,2) =W(x,z,2) =

k2 A%S? N k2 2 ikA’RS kT
422 H? 4A222 . 22H? 22 A2 v

2 1 1 A?R? T?
+m”§”d—< s ><m2+n2)x3++}, (6)

20 92

4H?2 =~ 4A2?



No. 2 Propagation of the off-axis superposition of partially coherent beams through atmospheric turbulence 573

where and
2
e
wy  wipg wgoy 4z
1 1 1 ik . . .
A= \/ — + 252 + = - 2 (7) From expression (6) together with expressions
0 o~ (7)—(11) it follows that the intensity distribution of
mrqa  (n—m)aa the resulting partially coherent beam depends on the
R = w? o2 partial coherence, off-axis beam superposition, atmo-
1 1 oImzq  (n—m)zq spheric turbulence, and propagation distance, i.e. on
+ ( A2p2 + 242 aS) ( w2 - o2 ) ’ the beam correlation length oy, beam number M, sep-
(8) arate distance x4, refraction index structure constant
1 1 C? and propagation distance z.
S=1- A2)2 B 24252’ (9) For C? = 0, expression (6) reduces to the prop-
2mzq  (m —n)zg agation expression of the resulting partially coherent
T= w2 - o2 ’ (10) beam in free space, i.e.
|
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2ka} : 2 g . 2 2 2 2y, 2
+ 20 {(m —n)[idz(m +n) + k(m — n)wg] + 2w—(2)[122(m —nZ) + k(m” + n*)wg] }} , (12)
where
o2
gr = 42° + w—%(llz2 + E2wg). (13)

Expression (12) is in agreement with Eq.(29) in Ref.[6].
For M = 1, expression (6) reduces to the propagation expression of a GSM beam through atmospheric
turbulence, i.e.

k k222 1 1 1 1 ik
I(z,2) = ——=e ——— =t S5 ==+ 55— = 14
(z,2) 2zH Xp{ 222A%H? [wé - wi <20§ N P2 22)} }’ (14)
[

Numerical calculations are performed to illus- ing through atmospheric turbulence undergoes three
trate the propagation properties of the resulting par- stages of evolution with propagation distance z in-
tially coherent beam through atmospheric turbulence. creasing, i.e. its beam profile is similar to the initial
Typical examples are given in Figs.1-3, where A =  one at z = 2.5km, and then it becomes a flat-top pro-

1.06 x 107%m is kept fixed, and the spatial correla-  file with z increasing (z = 4km), finally it turns into
tion parameter v = [1 + (wg/00)?]~/? is used. The  Gaussian-like profile in the far field (z = 10km). In

smaller the value of ~ is, the worse the beam spa- addition, Fig.1(b) shows that the turbulence speeds
tial coherence will be, and v = 1 corresponds to  up the evolution of the three stages, which the result-
the fully coherent beam. The distributions of rela- ing partially coherent beam undergoes. The results of
tive intensity I(x,z)/Inmax of resulting partially co-  the off-axis superstition of partially coherent beams
herent beams versus propagation distance z and re- in Figs.1(a) and 1(b) are similar to those of a fully or

fraction index structure constant C2 are plotted in  partially coherent beam propagating through atmo-

Figs.1(a) and 1(b) respectively. Figure 1(a) indicates  spheric turbulence.!'®:20]

that the resulting partially coherent beam propagat-
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Fig.1. The distributions of relative intensity I(x, z)/Imax of resulting partially coherent beams (a) for different values

of z, with the calculation parameters being wp = 0.05m, zq/wo =3, M =7, v =0.5and C2 =2 x 10~ ¥ m

—2/3.
b

(b) for different values of C2, with the calculation parameters being wo = 0.05m, xq/wp = 2, M = 7, v = 0.5 and

z = 8km.

The distributions of relative intensity I(z, z)/Imax
of resulting partially coherent beams with different
values of the relative separate distance zq/wgy and the
spatial correlation parameter 7 are shown in Figs.2(a)
and 2(b) respectively. From Fig.2(a) we see that
with z4/wo decreasing, the resulting partially coher-
ent beam propagating through atmospheric turbu-
lence undergoes three stages of evolution at a certain
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propagation distance, e.g. z = 8km, its beam profile
is similar to the initial one for z4/wg = 4, and then
it becomes a flat-top profile for zq/wo = 2, finally it
turns into Gaussian-like profile for x4/wo = 1. Figure
2(b) indicates that the intensity distribution in the
plane z = 16 km becomes smooth and narrow with
increasing, and for v = 0.9 its beam profile turns into
Gaussian-like one.
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Fig.2. The distributions of relative intensity I(z,z)/Imax of resulting partially coherent beams (a) for different

values of zq/wp, with the calculation parameters being wo = 0.05m, M =7, v = 0.5, C’g =2x10"15m

—2/3 and

z = 8km; (b) for different values of 7, with the calculation parameters being wg = 0.03m, zq/wo = 2, M =T,

C2=3x10""m~2/3 and z = 16 km.

The  distributions  of
I(x,2) /Iy max of resulting partially coherent beams

relative  intensity
are given in Figs.3(a)-3(d) for different values of 7,
where Ijmax 1S the maximum intensity of the cor-
responding resulting partially coherent beam in free
space. From Fig.3 we can see that the larger the

value of = is, the smaller the maximum intensity Ipax

in turbulence will be as compared with the scenario
in free space. For example, for v = 0.2, 0.4, 0.6 and
0.9, we have Iax/Iomax = 0.51, 0.42, 0.38 and 0.36
respectively. Thus, the maximum intensity of the re-
sulting partially coherent beam with a smaller value
of v is less affected by the turbulence than that with
a larger value of ~.
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Fig.3. The distributions of relative intensity I(z,z)/Iomax of resulting partially coherent beams in free space and

in turbulence (C2 = 1014
zq/wo =2, M =5 and z = 10km.

3. Mean-squared beam width

The mean-squared beam width is defined as[®16]

w?(z) = =

Substituting expression (6) into expression (15

r
/

m’2/3) for different values of ~, with the calculation parameters being wg = 0.03m,

221 (z, z)dx

(15)
I(z, 2)dz

), after very tedious integral calculations (see Appendix A)

we obtain
9 1 P2
w?(s) = Z Z 0tV Z Z R (1e)
me=— M L — M 1
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and z.
p_ ikA’RS ikT 18
T oL H? T 9,42 (18) The curves for relative width w(z)/w(0) of re-
and sulting partially coherent beams propagating through
0= k2 A%S? k? (19) atmospheric turbulence versus propagation distance
422H?  4A222°

From expression (16) together with expressions
(17)—(19) it follows that the mean squared beam width
of the resulting beam depends on oo(7y), M, xq, C?

z for different values of 7, zq/wo and M are given
in Figs.4(a), 4(b) and 4(c) respectively. Figure 4(a)
shows that the beam spreading in free space is smaller
than that in atmospheric turbulence for different val-
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ues of 7. However, the relative difference in beam
width of the resulting partially coherent beam be-
tween in turbulence and in free space, Aw/w(0) =
() /0(0)]
creases. For example, for v = 0.2, 0.3, and 0.9, we
have Aw/w(0) = 0.6, 0.76 and 1.09 in the plane
z = 10km, respectively. Thus, the relative spreading

w(z)/w(0)]s.0., increases as vy in-

of the resulting partially coherent beam with a smaller
value of v is less affected by the turbulence than that

3.5
in free space in turbulence s
301 _y=02.y=02
...... =03 .y=03
2571 7 7 o° 3

7y=09 «v=0.9

of the resulting partially coherent beam with a larger
value of v. From Fig.4(b) it can be seen that Aw/w(0)
decreases as x4/wq increases, e.g. for xzq/wg = 2, 3,
and 4, we have Aw = 0.93, 0.53 and 0.34 in the plane
z = 10km, respectively. Figure 4(c) shows that Aw
decreases with M increasing, e.g. for M = 3, 5, and
7, we have Aw = 1.87, 0.86 and 0.53 in the plane
z = 10km, respectively.
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Fig.4. The curves for relative width w(z)/w(0) of resulting partially coherent beams with wg = 0.03m in free space
and in turbulence (C2 = 10~'*m~=2/3) (a) for different values of -y, with the calculation parameters being M = 7

and zq/wo = 2; (b) for different values of x4/wo, with the calculation parameters being M = 7 and v = 0.5; (c) for

different values of M, with the calculation parameters being v = 0.5 and zq/wo = 3.

4. Power in the bucket (PIB)

The beam propagation factor (M?2-factor) and
PIB are the parameters for characterizing beam
quality.['6] The PIB is a useful method of characteriz-
ing different laser beams, and it is essentially a mea-
sure of laser power focusability in the far field, which is
defined as the fractional power within a given bucket
size in the far field. The larger the value of PIB is,
the better the laser power focusability will be, and
the better the beam quality will be. For practical ap-
plications of laser beams propagating through atmo-

spheric turbulence we are often interested in the beam
power (energy) focusability in the far field, but the
smaller value of M?2-factor does not necessarily corre-
spond to the better focusability for the off-axis beam
superposition.[d Therefore, in this paper the PIB is
chosen as a characteristic parameter of the beam qual-
ity in the far field, which is given by!16]

b
/ I(z,z)dx
PIB= "2t —

/_OO I(x, z)dx
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where b is the bucket half width chosen.
Substituting expression (6) into expression (20),

|

M—1 M—1
2 2

PIB =

M—-1__ M-1
—— 2 = p

m=

where erf is the error function. From expression (21)
it is easy to see that the PIB in the z plane in the far
field is dependent on o (), M, x4 and C?.

The PIB curves of resulting partially coherent
beams in atmospheric turbulence in the plane z =
8km are depicted in Figs.5(a)-5(c). Figure 5(a) shows
that the values of PIB in turbulence and in free
space decrease with ~y decreasing. However, the differ-
ence in PIB of the resulting partially coherent beam
between in turbulence and in free space, APIB =
PIB|,,,;, — PIB|;.., increases as v increases. For ex-
ample, for PIB = 63%, v = 0.2, 0.4 and 0.9, we
have APIB = 1.38, 2.14 and 2.55, respectively. From

{erf <P+2bQ> —er
2/Q

after very tedious integral calculations (see Appendix
B) we obtain

(S [y

Fig.5(b) it can be seen that APIB decreases with
xq/wp increasing, e.g. for PIB = 63%, zq/wo = 1,
2 and 3, we have APIB = 3.64, 2.33 and 1.86, respec-
tively. Figure 5(c) shows that APIB decreases with
M increasing, e.g. for PIB = 63%, M = 3, 5 and
7, we have APIB = 2.77, 2.23 and 1.87, respectively.
Therefore, the relative spreading of the resulting par-
tially coherent beam with a smaller value of v and
larger values of x4 and M is less affected by the tur-
bulence than that of the resulting partially coherent
beam with a larger value of v and smaller values of x4
and M.
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Fig.5. PIB curves of resulting partially coherent beams with wg

= 0.03m in free space and in turbulence (C2 =

10~ m~2/3) in the plane z = 8km (a) for different values of -y, with the calculation parameters being M = 5 and

za/wo = 2; (b) for different values of z4/wo, with the calculation parameters being M = 7 and v = 0.5; (c) for
different values of M, with the calculation parameters being v = 0.5 and z4/wg = 2.
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5. Physical explanations

The curves for mean-squared beam width w(z)
of the resulting partially coherent beam in free space
(ci =
values of «y, zq/wo and M are shown in Figs.6(a)—

) versus propagation distance z for different

0.30

6(c), respectively. Figure 6(a) shows that in the plane
z =0, w(0) is nearly unchanged for different values of
~. But, as the propagation distance z increases, w(z)
increases apparently with v decreasing in free space.
From Figs.6(b) and 6(c) it follows that w(z) increases
with zq/wp and M increasing in free space.
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Fig.6. The curves for mean-squared beam width w(z) of resulting partially coherent beams with wg = 0.03m in

free space (a) for different values of 7, with the calculation parameters being M = 5 and zq/wo = 2; (b) for different

values of xq/wo, with the calculation parameters being M =5 and v = 0.5; (c) for different values of M, with the

calculation parameters being v = 0.5 and zq/wo = 2.

Generally speaking, the spreading of the result-
ing partially coherent beam propagating through at-
mospheric turbulence is affected through two mecha-
nisms. One is the free-space diffraction, and the other
is the atmospheric turbulence.['%21] In free space the
spreading of the resulting partially coherent beam is
due to the free-space diffraction that is related to the
beam width wq, spatial correlation parameter v and
superimposed beam parameters zq and M. Physi-
cally, the existence of any additional beam spread-
ing (e.g.
operation,?? etc.)

partial coherence,!'® higher-order mode
reduces the influence of atmo-
spheric turbulence. From Fig.6 we see that the smaller
the value of 7 is and the larger the values of xq and M
are, the more rapidly the resulting partially coherent

beam spreads in free space. This is the physical reason
why the relative spreading of the resulting partially co-
herent beam with a smaller value of spatial coherent
parameter v and larger values of separate distribution
zq and beam number M is less affected by the turbu-
lence than that with a larger value of v and smaller
values of xq and M.

6. Conclusions

Based on the extended Huygens—Fresnel princi-
ple, the propagation of the off-axis superposition of
partially coherent beams through atmospheric turbu-
lence and their beam quality have been studied. The
closed-form expressions for the intensity, the beam
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width and the PIB are derived. It is shown both the-
oretically and numerically that the intensity distribu-
tion, the mean-squared beam width and the PIB of
the resulting partially coherent beam depend on re-
fraction index structure constant C?2, spatial correla-
tion parameter v, separate distance x4, beam number
M and propagation distance z. The intensity distri-
bution becomes smooth and narrow with spatial cor-
relation parameter v increasing and even turns into
Gaussian-like profile when v is large enough. The
maximum intensity I.x and the PIB decrease and
w(z) increases with C? increasing. Therefore, the tur-
bulence results in a degradation of the beam quality.
However, 1.« of the resulting partially coherent beam
with a smaller value of 7 is less affected by the tur-
bulence than that of the resulting partially coherent
beam with a larger value of v. The relative spreading
of the resulting partially coherent beam with a smaller
value of v and larger values of z4 and M is less affected
by the turbulence than that with a larger value of v
and smaller values of x4 and M. The results obtained
in this paper would be useful for studying superim-

posed partially coherent laser beams passing through
atmospheric turbulence.

Appendix A: Derivation of ex-
pression (16)

Expression (15) can be rewritten as

]
w?(z) = —
(2) o (A1)
where
n= /_Oo I(z,z)dx (A2)
and
0= /00 2?I(z, z)dx. (A3)

Recalling the formula (5) and substituting expres-
sion (6) into expression (A2) lead to

kT mnxd 1 1 9 o o  A2RZ T? P2
=—— — 4+ — — =+ —]. A4
7 0 HQ _ZM 1 _Z; 1eXp[ <wg +2ag> T APV ERT (A4)
Substituting expression (6) into expression (A3), and recalling the formula
00 1 2 2
/ t? exp(—pt? + 20t)dt = \/? (1 + 2U> exp (U) , (A5)
. p\ u 7
we obtain
]VI;I ]\/12 1 9 9 9 9 9
k mnx 1 1 AR T P VT P
0= —— exp[ d—<+> m2+n2x2+—|——|—] <1—|—>
2nH m_z;721 21;121 o2 w(Q) 2(7(2) ( ) d 4AH? 4A2 4Q 9 /Qg 4Q
(A6)
Substituting expressions (A4) and (A6) into expression (A1) yields
= =
1
vo= 3 Y (i)t Y Y (a7
m=— ]\l;l n=— 1\/[2 1 _ ]\l 1 I\/I 1
\
Appendix B: Derivation of ex-
pression (21) PIB="_, (B1)
Ui

Expression (20) can be rewritten as
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where and recalling the formula
b
T :/ I(z, z)dz, (B2) b
-t erf(b) = / exp(—2)dt, (B3)
and 7 is defined in the form of expression (A2). -b
Substituting expression (6) into expression (B2)  the integral calculations lead to
|
M-1 M-—1
ky/m 2 : [mnmﬁ 1 1 5 o\ o AZR?Z T?  p?
Y S e[t (L L) e S T
ATrH+\/Q) VI v o6 w§ 205 4H 4A 4Q
P+ 2b P —2b
X {erf (Q —erf P20 . (B4)
2VQ 2VQ
Substituting expressions (A4) and (B4) into expression (B1) yields
M—-1 M-—-1 M-1 M-—-1
2 2 2 2
P +2bQ) P —2bQ
PIB= Y [erf < —erf ([ —==)|U /2 U. (B5)
. M-1__ M-1 2 Q 2 Q _thfl _21\471
m=—"5 - n=TTg m=—"T3 n"=ET73
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