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Spatially explicit models have become widely used in today’s mathematical ecology and epidemiology to study the

persistence of populations. For simplicity, population dynamics is often analysed by using ordinary differential equations

(ODEs) or partial differential equations (PDEs) in the one-dimensional (1D) space. An important question is to predict

species extinction or persistence rate by mean of computer simulation based on the spatial model. Recently, it has been

reported that stable turbulent and regular waves are persistent based on the spatial susceptible–infected–resistant–

susceptible (SIRS) model by using the cellular automata (CA) method in the two-dimensional (2D) space [Proc. Natl.

Acad. Sci. USA 101, 18246 (2004)]. In this paper, we address other important issues relevant to phase transitions

of epidemic persistence. We are interested in assessing the significance of the risk of extinction in 1D space. Our

results show that the 2D space can considerably increase the possibility of persistence of spread of epidemics when the

degree distribution of the individuals is uniform, i.e. the pattern of 2D spatial persistence corresponding to extinction

in a 1D system with the same parameters. The trade-offs of extinction and persistence between the infection period

and infection rate are observed in the 1D case. Moreover, near the trade-off (phase transition) line, an independent

estimation of the dynamic exponent can be performed, and it is in excellent agreement with the result obtained by

using the conjectured relationship of directed percolation. We find that the introduction of a short-range diffusion and

a long-range diffusion among the neighbourhoods can enhance the persistence and global disease spread in the space.
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1. Introduction

There is growing evidence to support the idea
that space is the most important factor facilitating
persistence of population in nature (see Refs.[1–4]
and references therein). Estimation of the extinc-
tion risk for a population is, obviously, an impor-
tant issue. It was shown in different models that
a pronounced heterogeneity of environment often re-
sults in species survival, impossible otherwise, such as
in host-pathogen/epidemics interactions systems[5−7]

and predator-prey systems.[3,.8,.9] Specially, recently,
Morozov and Li’s studies[3] show that adding a second
space coordinate into the one-dimensional space (1D)
model results in a pronounced increase in size of the
domain in the parametric space where predator-prey
coexistence becomes possible. What enables some
species to persist while others become extinct? This
question has shaped the history of research on popula-
tion dynamics and remains as a central issue for ecolo-
gists and epidemiologists.[10] Now, it is natural to ask

whether the same phenomenon exists in the spread of
epidemics or not. This motivates us to review some of
the relevant history, and to understand the very fruit-
ful interaction that is possible between ecologists and
epidemiologists working on the population dynamics.
The goal of our present work is to study the risk of
epidemic extinction from the one-dimensional cellular
automata (CA) model based on the spatiotemporal
dynamics of susceptible-infected-resistant-susceptible
(SIRS) type epidemics. The parameters are taken to
be those corresponding to the persistence in the two-
dimensional CA model.[11] Hence, the present paper is
a continuation and an expansion of previous work[3,11]

on population dynamics.

In the epidemiology, most studies concentrate on
the local temporal development of disease and epi-
demics. Their geographical spread is less well under-
stood, although important progress has been achieved
in a number of case studies.[11−17] In modern societies,
individuals can easily travel over a wide range of spa-
tial and temporal scales. The interconnections of ar-
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eas and populations through various means of trans-
port have an important influence on the geograph-
ical spread of epidemics. In particular, the struc-
ture and the different complexity levels of the diffu-
sion and transport processes are responsible for the
heterogeneous and seemingly erratic outbreak pat-
terns observed in the worldwide propagation and per-
sistence of diseases[10,11,18−20] and large-scale spa-
tiotemporal patterns (e.g. spiral waves[11,21] and Tur-
ing patterns[22,23]) in measles, dengue fever,[24,25] se-
vere acute respiratory syndrome (SARS),[14,26] and
influenza.[27−30] In order to describe such a com-
plex phenomenon and to obtain powerful numerical
forecasting tools, different levels of description are
possible, ranging from a simple global mean-field to
a detailed individual-based simulation (see Refs.[31–
35] and reference therein), cellular automata,[21,36−39]

coupled map lattices,[40] etc. Note that although
the degree distribution of the individuals is actually
heterogeneous, it is assumed to be uniform in the
present paper, for our results serve as a reference point
for illustrating the divergence of Ballegooijen et al’s
results[11] from the same approach. This is justified
by the fact that they did not consider the heteroge-
neous environment.

On the other hand, on a large scale, such as the
worldwide level or inter-city level, a very important
role in modern epidemiology is the transportation pro-
cesses in which passengers flow from one city to an-
other. For instance, the passenger flow represents
a major channel for the worldwide spread of infec-
tions diseases[14,18,41] and its complex diffusion fea-
tures at various levels (such as degree distribution,
traffic, population and economics). Thus, each indi-
vidual can be in various states (healthy, infectious, re-
covered, etc), change the state through contact with
other individuals and the short-range and the long-
range diffusions on a grid structure. Theses processes
can be considered as reaction-diffusion processes on a
spatial structure,[42,43] which opens up very interest-
ing prospects and comes up with some new issues.[12]

These local reaction-diffusion models generally lead to
epidemic wavefronts which were observed, for exam-
ple, in the geotemporal spread of the black death in
Europe from 1347 to 1350.[44,45]

Generally speaking, several generic points can be
asked when the dynamics of epidemic spreading is
studied. The first point is the explanation of the pos-
sible oscillations with respect to the temporal evolu-
tion of the densities of infection waves in homogeneous

or heterogeneous realistic situation, as well as of the
spatial resonance as a function of the control param-
eter of the problem under study.[39] Here, we refer to
the oscillations that include the sustained oscillations
via coherence resonance phenomenon in the epidemic
models.[28,46] The second point is concerned with the
study of the possible steady states at which a dis-
ease spreading eventually arrives as well as its arrival
time.[33,46] The third point is about the study of a sys-
tem in its spatiotemporal synchronization (or phase
synchronization of recurrent epidemics, see Refs.[19,
20, 47]) to see the role of the parameters and space of
the model in determining its fate. The fourth point,
which is an important point, is whether such a sim-
plification of the 2D or 3D spatial dynamics into 1D
spatial dynamics is adequate for predicting epidemics
persistence, in which many different mechanisms asso-
ciated with several different control parameters can be
taken into account, for instance, patterns of 2D per-
sistence corresponding to extinction in the 1D system,
(see Ref.[3] for predator-prey). We will explain why
we need to simplify 2D dynamics into 1D dynamics
when modelling the epidemics in Section 4.

In the present paper, we focus, in the framework
of cellular automata models, on the issue of the lo-
cal coupling of the nearest-neighbouring pairs of the
agents and their diffusion processes with short- or
long-range interactions. In the sense of the micro-
scopic (individual) community, the spatial structure
is especially important in the ecological and host-
pathogen systems,[5−7,11,48] such as spatial patterns
(spirals, spiral chaos and turbulence) emerging as well
as power law. The emergence of spatial order struc-
ture in a range of spatial models of multi-species in-
teractions is unsurprising, but it is an important phe-
nomenon in the view of persistence and extinction of
population.[49] The dynamics of epidemic model can
also be regarded as multi-species interactions, such as
the densities of the three populations: susceptible, in-
fection, and resistant. Spatial models of multi-species
systems often manifest very different behaviours from
their mean-field counterparts. In particular, the
individual-based models display some important gen-
eral features. (i) They have a possibility of global
persistence in spite of local extinctions and so are usu-
ally more stable than their mean-field counterparts,
and have a tendency of spatial self-organization.[50,51]

(ii) Spatial self-structure produces nonrandom spa-
tial patterns on a scale much larger than the scale
of interaction among individuals, even in a continu-
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ous abiotic homogeneous environment. This structure
is not explicitly coded, but it emerges from local in-
teractions among individuals and local dispersal.[51]

(iii) The population densities typically display erratic
oscillations with amplitudes that vanish in the ther-
modynamic limit,[52] caused by persistent and recur-
rent population activity waves that form complex spa-
tiotemporal structures.[11,37,53−57] Also, for the host-
pathogen models with two types of pathogens, the
invasion of the system by one pathogen (the other
becoming extinct) through oscillatory behaviour was
studied by using mean-field and pair-approximation
treatments,[58−60] cellular automata, etc.

2. Spatial SIRS epidemic model

description

2.1. Local infection and couple dynamics

In order to test the importance of dimensional-
ity of space and the persistence on epidemics by using
cellular automata, we developed a spatial susceptible-
infection-resistant (SIRS) model for the infectious dis-
ease along the lines of previous study.[11] The popu-
lation with N individuals is categorized according to
its infection status into three states, i.e. susceptibil-
ity (S), infectious (I), or resistant (R).[11,19,20,45,61]

Within a subpopulation and neglecting the spatial ef-
fect, the dynamics for the flow of epidemic spreading
among these categories is given by

ds

dt
= r/τR − βsi,

di

dt
= βsi− i/τI ,

and
dr

dt
= i/τI − r/τR, (1)

where s = S/N , i = I/N , and r = R/N denote the
relative numbers of susceptible, infected and resistant,
respectively. The above SIRS model incorporates the
underlined mechanism of transmission and shifting of
cyclic states dynamics and can account for experimen-
tal data in a number of cases. However, the transmis-
sion of and the resistant to an infection are intrin-
sically stochastic, and the deterministic SIRS model
does not consider fluctuations that are particularly
important at the beginning of an epidemics when the
number of infected individuals is very small.

In this case, a probabilistic description must be
used. We consider a basic reaction scheme conserving
the number of population that has been studied both
in physics and mathematical epidemiology, namely the
stochastic infection dynamic process identified by the
following set of reactions:

S + I
β−→ I + I, (2a)

I
τI−→ R, (2b)

and
R

τR−→ S. (2c)

The first reaction (2a) reflects the fact that an in-
fected host (I) can infect susceptible (S) neighbours
with an infection rate (β); the second reaction (2b)
indicates the acquisition of resistance: hosts are in-
fectious for a fixed period (τI), afterwards they be-
come resistant (R); and the third reaction Eq.(3) in-
dicates the loss of resistance, i.e. after a fixed pe-
riod τR, resistant hosts once again become suscepti-
ble. In the view of individual (local)-level model, in-
fected hosts can infect adjacent susceptible hosts at
an infection rate (β) (Here, the infection rate is un-
equal to the probability of infection, see Refs.[11, 97].).
In the short-range case, the infectious neighbour-
hood comprises two/eight direct nearest-neighbours
(NNs) in 1D/2D square lattices. The result obtained
in our 1D case is different from that of the previ-
ous study in 2D case, (for further information, see
Ref.[11]). In addition, some recent investigations
have included long-range processes in one- and two-
dimensional lattice models, reporting quite different
results on whether the self-sustained oscillation, ex-
tinction and persistence exist,[62−66] as well as increas-
ing coupling between subpopulation (subcommunity)
in spatially structured environment can lead to pop-
ulation outbreaks.[67] Thus, an understanding of the
joint effects of short- and long-range interactions and
of the individuals (including the motion called the
diffusion, hopping, or stirring) is desirable and rel-
evant from the viewpoint of ecology and statistical
physics.[68] In the present paper, we also further study
the outbreak of disease inspired stochastic lattice epi-
demic model with a next-nearest-neighbour (NNN) in-
teraction, both in the presence and absence of an NN
diffusion (exchange) process. Infection lasts a fixed
infection period (τI), after which the host becomes re-
sistant. Resistant hosts return to susceptibility after
a fixed duration (τR).
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At any time an individual can belong to one of
three classes: susceptible (S), infected (I) and resis-
tant (R). At each time-step ∆t, cell changes state
according to the following rules,[11,19] which are given
by Eqs.(2a)–(2c) correspondingly:

A susceptible cell can be infected by infected
cells from its NN. The probability pin of infection
is calculated from the infection rate β as pin = 1 −
e−∆tβni , where ni is the number of infected neighbours
(There exists a typographical error of the word pin in
Ref.[11]).

Infected cells remain infected for a fixed time pe-
riod (τI) and then become resistant.

Resistant cells remain resistant for a fixed time
period (τR) after which the cells become susceptible
again.

Thus, if τR is infinitely long we retrieve the SIRS
model. The SIRS formulation is the most appropri-
ate for bacterial diseases such as gonorrhea, menin-
gitis and streptococcal sore throat, and it is also a
useful model for exploring ideas concerning antibiotic
resistance.[69,70]

The general feature of these transition rules al-
lows network nodes and lattices in plane to represent
individual hosts, communities, schools, cities, and so
forth. For simplicity and reality, we consider the case
with a population of N. Each lattice (cell) represents
an individual (susceptible, infectious, or resistant).
With this in mind and on a relevant time scale, it
is possible to construct the simplest model that can
help us understand the global disease spread and
the phase transition between extinction and persis-
tence, and that contains the biological and physical
ingredients listed above, namely stochastic variation

Fig.1. A diagram showing the shift of the cell state of system

(2) described in a three-state way, where the arrows represent

the direction of the shift at a spatial transition rate.

within individual cells and short- and long-range inter-
actions by using the three-state or rock-paper-scissors
technology[71−75] (see Fig.1). The simplicity of the
model makes relatively fast the numerical simulation
and thus an extensive description of the phase tran-
sition and spatiotemporal pattern formation in ques-
tion.

2.2.Three-state model of epidemic

Our starting point is to construct a tree-state unit
model where cells each have transition rate gij and
their states (see Fig.1) each are determined by the
above rules (i)–(iii)). The spatial pattern used in this
investigation comprises rectangular lattices of sites.
For simplicity, each site is computerized by a value in-
dicating its state and any given site on the lattice may
be one of three states: 0 (susceptibility), 1 (infected),
and 2 (resistant). The probability of going from the
current state 1 to state 2 in an infinitesimal time ∆t is
∆tg12. For a single individual, gij is simplified into a
constant that represents the cyclic intrinsic frequency
(or transition rate); for many individuals coupled to-
gether in the one- or two-dimensional space, we will
allow g01 to be dependent on the neighbouring states
in the spatial grid. The choice of coupling, specified
below, is not unique.

For all sites, the component vector X =
{S1, I1, R1, . . . , SN , IN , RN} specifies a stochastic
state of the system, and the probability density func-
tion p(X, t) obeys the following linear evolution equa-
tion:

∂p(X, t)
∂t

=
∑

X′
{w(X|X ′)p(X ′, t)

− w(X ′|X)p(X, t)}, (3)

which is determined by the probability rate w(X|X ′)
of making a transition from state X ′ to X in one time
step (gain term), w(X ′|X) that is the corresponding
loss term, and the summation over all possible changes
of X ′. As done before, assume a constant closed pop-
ulation with no births or deaths. The normalization
condition p(S, t) + p(I, t) + p(R, t) = 1 allows us to
eliminate p(R, t) and p(R, t) = 1 − p(S, t) − p(I, t).
Thus, for the process determined by Eqs.(2) and (3),
the master equation reads explicitly

∂p(S, t)
∂t

=
∑

i

(Si + 1)p(RτR
i , t)

−
∑

i

w(S′i |Si )p(Si, t), (4)
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∂p(I, t)
∂t

=
∑

i

w(S′i |Si )p(Si, t)

−
∑

i

(Ii + 1)p(IτI
i , t), (5)

where RτR
t denotes that the individual state reaches

maximum resistance period τR and becomes the sus-
ceptible in the present time step at site i. IτI

t repre-
sents the individual state reaches maximum infection
period τI and becomes the resistance in the present
time step at site i.

Along with an initial condition p(X, t = 0),
Eqs.(4) and (5) determine the temporal evolution of
the process. The relation of the probabilistic mas-
ter Eqs.(4) and (5) to the deterministic SIRS model
(1) can be developed in the limit of a large but finite
population of N , i.e. N À 1. In this limit, one can
approximate the master equation by using the Fokker-
Planck equation and performing an expansion in terms
of conditional moments (see Refs.[14, 72, 76]).

What we are interested in is the behaviour that
emerges when individuals are coupled to each other
by allowing the transition probability of a given in-
dividual to be dependent on the states of its nearest
neighbours in the spatial grid. More specifically, we
assume that each individual state may transit to the
state ahead or remain in its current state, depending
on the state of its nearest neighbours with short- and
long-range diffusions. For the susceptibility state, we

choose the transition probability to the infected state,
given as

pin = 1− e−βn1∆t, (6)

where ni denotes the number of nearest neighbours in
state 1. To make things simple, suppose that suscepti-
ble individuals after being infected keep in the infected
state for a period τI and subsequently τR spend one
unit in the resistant state (τR=1). After a period of
(τI + τR), i.e. τ = τI + τR, individuals then return to
the susceptible state. Then, we use the infection rate
and the resistant period to study the system. The
length of the updated cellular automata time-step ∆t

reduces until the system behaviour converges. We use
∆t = 0.01 in simulation.

3. Simulation and results

3.1. Local interaction

When the individuals are at rest on a local site,
then the infection only happens to the NNs, which
is referred to as the local interaction. Specially, we
study the dynamics of such a spatial extension model
in one-dimensional space by defining appropriate mi-
croscopic rules. Table 1 shows the explicit transition
rates in one dimension, where the susceptibility state
0 is in an isotropic space.

Table 1. The transition rates in one dimension.

neighbour transition probability neighbours transition probability

1, 0, 1 1-e−2β∆t 0, 0, 0 0

1, 0, 0 or 0, 0, 1 1− e−β∆t 2, 0, 1 or 1, 0, 2 1− e−β∆t

0, 0, 2 or 2, 0, 0 0 2, 0, 2 0

In the one-dimensional CA model the state space
is a row of L (L = N) cells with periodic bound-
ary conditions. Transition rules are applied, syn-
chronously being updated at each generation. Here,
initial conditions are set by both infected sites and
infected period τI at random. To avoid possible im-
plicit errors from random number generators,[77] the
data are checked by 50 independent runs each. The
random number generator itself may be different if the
Linux is not used, but it does not cause any qualita-
tive difference. The random number generator we use
here is called random, which on our computer (run-
ning Linux) returns a random 32-bit integer. More-
over, the size L of the system was chosen to be suffi-

ciently large, specifically it ranged from 1000 to 10000,
but the results were insensitive to the size, so in the
present paper we consider a size of 1000. Our compu-
tational approach is applicable to the study of the spa-
tiotemporal evolution with and without the diffusion,
separately. Both extinction and persistence phases in
the one-dimensional case are shown in Figs.2 and 3.
For the case without the diffusion, one can see that the
disease outbreaks are only localized rather than glob-
alized in the one-dimensional space. Here the persis-
tence phase is achieved by increasing infection period
τI and infection rate β. Our results show that the
spatial pattern of persistence phase reveals different
characteristics by increasing the infection period and
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the infection rate separately (see Figs. 2 and 3). For
the fixed values of β and τR, the epidemics can persist
only when the infection period is above the critical
value τ c

I . In this case, the crossed stripe pattern can
survive at random and covers the lattices partially.
However, only the parallel stripe pattern can survive
at random by increasing the infection rate up to above
the critical rate (βc). Figure 4 shows the phase tran-
sition diagram between the extinction and the persis-
tence of disease against β and τI parameters respec-
tively, in which the epidemic will be extinct in region

II but persistently spread in region I. Note that there
appears a trade-off of the phase transition between ex-
tinction and persistence with respect to β and τI . One
can see that the persistence of epidemic is more sen-
sitive to infection rate β for the low infection period
τI . (see Fig.4(a)). In addition, the trade-off is mono-
descending with infection period and infection rate.
We discuss an important difference in this property
between one-dimensional and two-dimensional cases
in Section 4.

Fig.2. Spatiotemporal diagram and time series in the one-dimensional cellular automaton in the absence of diffusion.

Space goes from left to right and time goes from top to bottom. Here shown are three possible states: susceptible cells

(0), infected (1), and resistant (2), separately. The parameters are L=1000, β = 3.5, and only 20 infected initially.

In all results presented, τR is set to be unity. By increasing the infection period, the epidemic is able to achieve

persistence. Panel (a) is for τI = 0.5, R0 = 2βτI=3.5; panel (b) for τI = 0.95, R0 = 2βτI=6.7; panel (c) for τI = 1.5,

R0 = 2βτI=10.5; panel (d) for the time series showing cases (a), (b) and (c) labelled by a, b, and c respectively.

The previous mean-field analysis on system (1)
shows that the key parameter describing the infection
is the basic reproduction number R0 = τI/τR, which
is the average number of secondary infections trans-
mitted by an infected individual in the noninfected
population. Similarly, in the cellular automata model
the infection is also described by reproduction num-
ber R0 = number of neighbours × infection rate ×
infection period.[11] The mean-field method also shows

that the extinction or the persistence of disease can
be predicted by R0 and the initial relative number of
susceptible individuals (required to be bigger than a
critical value sc=1/R0). But here our results show
that the R0 has no such a trait in the one-dimensional
cellular automata model. Namely, the absorbing state
of extinction or persistence is reached independently
of the initial conditions (see Figs.2, 3, and 4). For ex-
ample, comparing Fig.2(b) with Fig.7 in Appendix A,
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Fig.3. Same caption as that of Fig.2 except for the parame-

ters used here: L=1000, τI = 0.95, only 20 infected initially,

β=6.5 (a) and 10.5 (b). Increasing the infection rate causes

the epidemic to be able to achieve persistence.

one can see that the phase transition is independent
of the initial condition. However, the change in phase
transition can be predicted by the one-dimensional cel-
lular automata model, which is consistent with the
result obtained by using the mean-field method as
shown in Fig.4(b), which displays the phase transition
about stationary number of infections with τI increas-
ing. The critical infection period (τ c

I ) with β = 3.5
and τR = 1 is found to be about 10, i.e. τ c

I ≈ 1.0.
Furthermore, near the extinction threshold, we evalu-
ate the fundamental order parameter critical exponent
by using the directed percolation theory with fitting

the data. The expected power-law behaviour is ob-
tained for the stationary population level as shown
in Fig.4(b), where the order parameter critical expo-
nent is determined via I(t → ∞) → (τI − τ c

I )ν with
ν = 369.53.[78−80]

Fig.4. Phase diagram showing the cellular automata model in

one-dimensional space. Panel (a) shows the phase transition

between the extinction and the persistence in β−τI parameter

space. The epidemic will die out in region II and propagate

persistently in region I. Panel (b) displays that the average

stationary density of infections is obtained as a mean value

by running 50 times in simulation. There exists a directed

percolation like a phase transition at τc
I ≈ 1 (for β=3.5) with

an exponent of 369.53 shown in the inset. The parameters are

the same as those in Figs.2 and 3, except for the parameters

used here: L=1000, and only 20 infected initially. Each data

point is obtained through over 3000 runs in simulation.

3.2. Short- and long-range diffusion

In fact, in a real system, an individual is in a mo-
tion state. How does individual mobility, in addition
to nonlinearity, affect the system behaviour? In this
section we analyse the dynamic behaviours of the sys-
tem by considering spatial degrees of freedom in this
process. For simplicity, we consider a simple process
with two types of exchanges (diffusions) of the NN
and NNN among the individuals, namely at rate ε all
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individuals each can exchange their position with a
nearest neighbour. These exchange processes lead to
an effective diffusion of individuals. The diffusion of
the infection needs considering only in the epidemic
model, for the diffusion of the susceptible does not af-
fect dynamics of the disease spreading. In the present
paper, the following two types of diffusions are referred
to:

Diffusion type I:

XI
ε−→ IX. (7a)

Diffusion type II:

XXI
ε−→ IXX, (7b)

where X ∈ {S, I, R}. It should be noted that both
the diffusion process and the stirring process are not
taken into account at the mean-field rate equation
level. Choosing the linear dimension of the lattice
as the basic length unit, then the macroscopic diffu-
sion constant D of individuals will be shown to stem
from the exchange process described as D = εL−2[81]

in one-dimensional space.
We perform cellular automata simulation of

Eq.(2) (i.e. rules (i)–(iii)) together with the diffu-
sion processes described by Eqs.(7a) and (7b). The
space and time steps are chosen to be the same as
those in the foregoing section. We set the parame-
ters β and τI in the domain of extinction and persis-
tence for different fixed values of exchange rate (ε).
In our simulation, the relationship between the ex-
change rate and the probability of exchange is used
in the Gillespie algorithm.[82,83] First, we assume the
parameters τI=0.90 and β=3.5 in domain II of extinc-
tion in the absence of diffusion (see Fig.4). Figure 5
shows the space–time diagram in the one-dimensional
cellular automaton model with type I diffusion, with
the diffusion coefficient ε (or D) increasing from left
to right. Our results indicate that the type I diffusion
does not have some effects on the emergence of trade-
off and the critical point of the phase transition on
system (2), but the spatial pattern changes when dif-
fusion takes place. Figures 5(a), 5(b), and 5(c) show
the scenarios of epidemic extinction and persistence
for β=3.5, 3.5 and 5.0, respectively. For example, for
β=3.5, the corresponding critical threshold value τ c

I is
1.0, i.e. τ c

I =1.0, in the 1D case (see Fig.4(b)). We
find that the epidemic still dies out with the values of

exchange rate ε increasing up to ε 50 under different
initial conditions (see Appendix B) when the values of
parameters τI and β lie in domain II (extinction re-
gion). However, the epidemic will persist in spreading
when β is higher than the critical point βc under the
same values of ε and τI (see Fig.5(c), in which (β, τI)
are in domain I).

Fig.5. Space–time diagram in the one-dimensional cellular

automaton with type I diffusion. Space goes from left to right

and time goes from top to bottom. Here shown are three pos-

sible states i.e. susceptible (0), infected (1), and resistant (2).

The parameters are L=1000, τI=0.90, and only 20 individuals

that are infected initially for ε=5.6 and β=3.5 (a); ε=10.6 and

β=3.5 (b); ε=5.6 and β=5.0 (c).
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Comparing Fig.3 with Fig.5, we find the spatial
pattern very different when the diffusion takes place.
First, the smooth front of travelling waves becomes
rough. Second, the persistence of the cross stripe pat-
tern (wave front) becomes possible. Last, the disease
outbreak quickly spreads over the entire area in a short
time from the local areas as shown in Fig.5(c).

Figure 6 shows the typical space–time diagram
for type II diffusion, which is obtained by using the
same parameters as those in Fig.5 and the same start-
ing distribution at the beginning. Note that for the
parameters from Fig.5(b), now the epidemic is per-

sistent in the case of type II diffusion, but it dies
out with type I diffusion correspondingly. More-
over, as we can see in Figs.6(b) and 6(c), the epi-
demic propagates much faster and has a high den-
sity of infections. From this we conclude that the
long-range diffusion considerably affects the persis-
tence of the epidemic and disease outbreaks in the
global area. Our results are obtained from the one-
dimensional spatial CA model, however, these conclu-
sions have been confirmed by the recent results ob-
tained from the two-dimensional[12,14,18,27,33,46] net-
work model and the CA model.[38]

Fig.6. Same as Fig.5, except for type II diffusion appearing here, with the parameters being ε=1.6 and

β=3.5 (a); ε=5.6 and β=5.0 (b); time series showing two cases labelled by a and b corresponding to

Figs.5(c) and Figs.6(b), 6(c).

4. Conclusions and discussion

In the present paper, we investigate a spatial SIRS
model, in which the degree distribution of the individ-
uals is assumed to be uniform, i.e. each individual is
assumed to have the same number of neighbours on
the lattices. Although this assumption may be unrea-
sonable in reality and we should take a certain hetero-

geneous distribution due to the existence of heteroge-
neous spatial structure and the social structure in the
population as reported in an extensive literature, it
still improves upon the mean-field method that does
not take into account the effects of spatially localized
transmission by several orders of magnitude.[84] A fun-
damental challenge to mathematical epidemiology is
to determine how the structure of a population exerts
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an influence on the disease transmission. One impor-
tant aspect is the spatial structure. For instance, Bal-
legooijen et al [11] studies showed that stable spiral
waves, turbulent and regular waves appeared in the
2D case under the parameters for extinction in the 1D
case; namely, the persistence of epidemic always took
place for the 2D spatial case, no matter how the ini-
tial conditions were chosen. Notably, Ballegooijen et
al observed the emergence of a trade-off between infec-
tion period and infection rate (the emergent trade-off
corresponds roughly to the transition region between
turbulent waves and regular waves.). Unlike the clas-
sical trade-offs, that relationship had not been deter-
mined before, yet its emergence promoted the forma-
tion of the evolutionary dynamics of the system (2)
in 2D case.[11] However, we need to take the 1D sim-
plification of 2D dynamics in some cases when we do
the modelling of epidemics. For instance, in the early
stage of epidemic invasion in a spatial population, in-
fected individuals are clustered together in areas of
the lattice where the first infected cases were intro-
duced. We refer to these infected areas as invading
clusters, since their spatial extent grows with time.
More specifically, we focus on estimating the speed of
wavefront propagation in the contact process for one-
dimensional lattices.[54,85−87] Moreover, the invading
clusters actually determine the final success in or fail-
ure of the prevalence. Hence, it is important to study
the spatial epidemic models in one-dimensional space.
Our results show that a similar trade-off is also emer-
gent between the infection period and the infection
rate wish respect to the extinction and persistence
phase transition in the 1D case. The extinction of
epidemic becomes possible in the 1D case contrary
to the persistence in the 2D case. Here we do not
consider the 2D dynamics because this case has been
investigated in Ref.[11].

On the other hand, the majority of epidemic mod-
els are formulated in terms of differential equations,
such as system (1). Until recently most mathematical
models of spread of epidemics have described interac-
tions among a large number of individuals in aggre-
gate form and often these model have neglected the

spatial distribution of populations, the importance of
which has been addressed in Refs.[88, 89]. Models
that ignore the spatial structure can lead to inaccu-
racy in the prediction of population dynamics. The
present paper deals with 1D cellular automata SIRS
model for the spread of infectious disease with and
without a population of moving individuals. The em-
phasis is placed on the influence of motion. This factor
is usually neglected in the epidemic models. However,
it is proved that it is very important in global dis-
ease spread.[12,14,18,27,33,36,38,46,90,91] For instance, the
SARS epidemic spread to 12 countries in a few weeks.
A spatial explicit model is necessary to evaluate the
efficacy of movement controls.[92,93]

In the present paper, we take the infection pe-
riod τI and the resistant period τR both as a fixed
duration. An interesting point in the context of the
current work is to investigate how a further phase
transition to the probability model of infection pe-
riod and the probability model of spatial removal will
influence the space mediated epidemic persistence pre-
dicted by the 1D and the 2D models. We should note
that these probability three-state spatial CA models
can be compared with the stochastic aspects of intro-
duced model that is based on stochastic differential
equations, in particular in the context of the approach
given in Refs.[14,81–83]. It is worth noting that the
emergence of stochastic (noisy) pattern has such a fea-
ture shared with crossdisciplines in many complex sys-
tems that are characterized by their nonequilibrium
nature and nonlinear interactions. The relevant exam-
ples range from the well-known Belousov–Zhabotinsky
reaction[94] and many other chemical reactions[95] to
epidemic outbreaks (travelling waves),[24,44] excitable
media[95,96] and so forth.

Appendix A: Independent of ini-

tial condition

In this Appendix, we provide a supporting figure
(Fig.7) to prove that the absorbing state of extinction
is reached independently of the initial conditions.
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Fig.7. Space–time diagram in the one-dimensional cel-

lular automaton in the absence of diffusion. Space goes

from left to right and time goes from top to bottom. Here

shown are three possible states: susceptible (0), infected

(1), and resistant (2), separately. The parameters are

L=1000, β=3.5, and τI=0.95. In all results presented,

τR is set to be unity. By increasing the infection num-

ber at the beginning, the epidemic is still extinct when

the parameter in domain II. Panel (a) is for 200 infected

initially;nd panel (b) for 500 infected initially.

Appendix B: Supporting infor-

mation with type I diffusion

Fig.8. Space–time diagram and time evolution in the one-

dimensional cellular automaton with type I diffusion. The pa-

rameters are L=1000, τI=0.90, and only 20 infected initially.

Panel (a) is for ε=50 and β=3.5, where space goes from left

to right and time goes from top to bottom and three possible

states are shown: susceptible (0), infected (1), and resistant

(2), separately. Panel (b) is for the time series corresponding

to panel (a).
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