Vol 18 No 2, February 2009
1674-1056/2009,/18(02)/0462-06

Chinese Physics B

© 2009 Chin. Phys. Soc.
and IOP Publishing Ltd

Hawking radiation from the charged and magnetized
BTZ black hole via covariant anomaly™*

Zeng Xiao-Xiong( ¥ BeME)»P)T and Yang Shu-Zheng(#hH)»)t

a) Institute of Theoretical Physics, China West Normal University, Nanchong 637002, China

b) Department of Physics and Engineering Technology, Sichuan University of Arts and Science, Dazhou 635000, China

(Received 22 February 2008; revised manuscript received 1 July 2008)

This paper discusses Hawking radiation from the charged and magnetized Bafiados—Teitelboim—Zanelli (BTZ) black

hole from the viewpoint of anomaly, initiated by Robinson and Wilczek recently. It reconstructs the electromagnetic

field tensor and the Lagrangian of the field corresponding to the source with electric and magnetic charges to redefine

an equivalent charge and gauge potential. It employs the covariant anomaly cancellation method to determine the

compensating fluxes of charge flow and energy-momentum tensor, which are shown to match with those of the 2-

dimensional blackbody radiation at the Hawking temperature exactly.
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1. Introduction

It is believed that Hawking radiation from black
hole is one of the quantum properties inherent in hori-
zons and a profound understanding of it may hint at
how to construct a quantum theory of gravity. Since
the original calculation of Stephen Hawking!* that
was based on Bogoliubov transformations, there have
emerged many derivations on Hawking radiation.[?—®!
Recently, Robinson and Wilczek brought forward a
novel method(%! from the anomaly point of view. The
key trick of this approach is that any higher dimen-
sional space time can be reduced to a two-dimensional
theory effectively by the universal dimensional reduc-
tion technique. In the two-dimensional reduction,
when one omits the ingoing modes, which classically
have nothing to do on the observable physics, to for-
mulate the effective field theory outside the event hori-
zon (EH), it becomes chiral and exhibits anomaly at
the quantum level. The underlying theory, however,
should be covariant under the infinitesimal coordinate
translations, and one thus should introduce a com-
pensating flux to cancel the anomaly quantum me-
chanically. The result shows that the introduced flux
of energy—momentum tensor is nothing but that of

Hawking radiation. Due to the universality of this

Hawking radiation, covariant anomaly, event horizon, BTZ black hole

method, it was soon generalized to charged black
holes!”l by using the gauge anomaly in addition to
gravitational anomaly and further applied to rotat-
ing black holes®9! by analogizing the azimuthal quan-
tum number m to the electric charge e.['°~16] However
for the charged and magnetized black hole, because
there not only exists gauge flux to electric charge but
also exists gauge flux to magnetic charge, its quan-
tum anomaly has not been treated until now. To
overcome this difficulty in this paper, we reconstruct
the electromagnetic field tensor and the Lagrangian of
the background spacetime by regarding that the elec-
tric and magnetic charges concentrate on a conducting
sphere with a constant ratio. As a result, the equiv-
alent charge and gauge potential of the charged and
magnetized BTZ black hole are redefined.[!”]

On the other hand, the Banados—Teitelboim—
Zanelli (BTZ) black holes have attracted great at-
tention recently, because the BTZ theory refers to
special solutions of (2+1)-dimensional anti-de Sitter
gravity and the charged BTZ black holes are simply
the analogous solutions in (241)-dimensional anti-de
Sitter—-Maxwell gravity. Hence it can provide a sim-
plified model for exploring some conceptual issues,
such as the quantum corrected thermodynamics, 81
AdS/CFT correspondence,?’! string theory?* and so
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on. To further understand the basic properties of BTZ
black hole, in this paper, we concentrate on study-
ing Hawking radiation from the charged and mag-
netized BTZ black hole from the anomaly point of
view. It should be pointed out that the flux of Hawk-
ing radiation here is determined only by the covari-
This
covariant anomaly cancellation method was put for-

ant anomaly rather than the consistent one.

ward very recently and was believed conceptually to
be clean and economical.

The remainder of this paper is arranged as fol-
lows. In Section 2, we reconstruct the electromagnetic
field tensor to redefine the equivalent charge and gauge
potential of the charged and magnetized BTZ black
holes. Then in Section 3, we determine its Hawking
radiation by the covariant gauge anomaly and gravi-
tational anomaly. Finally, we give our concluding re-
marks in Section 4.

2. The equivalent charge and

gauge potential of the charged
and magnetized BTZ black
hole

In a (2+1)-dimensional anti-de Sitter—Maxwell
gravity with a negative cosmological constant A =
—1/12, the line element of the charged and magnetized

non-rotating BTZ black hole takes the form as/??!

ds? = —f(r)dty + f(r) " dr® +7%d¢?, (1)

where the lapse function is
2 2

M- (@+QmG, (@)
where M denotes the ADM mass, e and Qg re-
spectively represent the electric charge and magnetic
charge of the BTZ black hole (the BTZ unit G3 = 1/8
is adopted throughout this paper). Since this BTZ
black hole is charged and magnetized, it is inconve-
nient for us to discuss the gauge anomalies with re-
spect to electric charge and magnetic charge directly.
But while the black hole is taken as a conducting
sphere with constant ratio of electric charge to mag-
netic charge to redefine the electromagnetic tensor and
Lagrangian, we will find an equivalent charge of the
electric and magnetic charges and meanwhile the cor-
responding gauge potential also can be redefined. In

this case the anomaly cancellation method is applica-
ble.

For a source with electric charge and magnetic

charge, one can define the electromagnetic tensor as!*?)

Fu =V, A, =V, A+ G, (3)

where G, is the Dirac string term. And the Maxwell

%

equations are
V,F* = 4dmp.u”, (4)

V,FTH = dnpaut, (5)

where F7#" is the dual tensor of F*¥, p. and p, stand
for the densities of electric and magnetic charges re-
spectively, while u* represents the 4-velocity. If we

define a new real anti-symmetric tensor
FM = FM cos 3 4+ FHH sin 3, (6)

where (3 denotes a real constant angle, then equations
(4) and (5) will change to

V,F" = 47(pe cos B + pgsin B)ut, (7)

V,FH = 4r(—pesin B + pg cos B)ul. (8)

Let
Pe €08 3+ pgsin B = ph, (9)

—pesin B + pg cos =0, (10)

besides yielding pe/pg = cot 3, the Maxwell equations
can be rewritten as

V., F" = 4mppuf, (11)

V,Ftm = . (12)

That is

DT =y, (13)

where J# = pput. Obviously, equation (13) is similar
to the Maxwell equation corresponding to the source
only with electric charge. Therefore, if we consider the
black hole as a conducting sphere while the electric
and magnetic charges are concentrated on the black
hole with the density rate as p./pg = cot 3, we have

Qh = Q2 +@Q;, (14)

where Q. and @, are the electric charge and magnetic
charge of the hole and @y, stands for the equivalent
charge corresponding to the density py.
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Correspondingly, the Lagrangian of the electro-
magnetic field changes to

1~ =
Lh = _ZFMVF“Va (15)

where

F/u/ = VVA/,J, - V;,LAVﬂ (16)
in which the nonvanishing component of the gauge
potential is

A= —Qu m% (17)
And the lapse function can be rewritten as
2 2
Jr) =T = M- Qi (18)

according to the null hyper surface equation, which
can yield the outer horizon ry and inner horizon r_.
In addition, the surface gravity at the EH is given by
o8 14Q?
20272
We find that equations (17), (18) and (19) are
similar to those of the general BTZ black hole only

1
k=50 f |lr=r, = (19)

with electric charge, thus we next base on them to
study Hawking radiation from the charged and magne-
tized BTZ black hole from the viewpoint of anomaly.

3. Quantum anomaly and Hawk-

ing radiation of the charged
and magnetized BTZ black
hole

As mentioned above, before the effective field the-
ory is constructed, one should reduce the arbitrary di-
mensional space time to an effective two-dimensional
theory via considering the action of scalar field in the
black hole background. In the case of the charged and
magnetized (2+1)-dimensional BTZ black hole, after
performing the scalar field decomposition and tortoise
coordinate transformation, we find that physics near
the EH can be described by an infinite collection of
massless two-dimensional scalar field effectively on the
metric

ds? = —fdtd + f~tdr?, (20)
as the near horizon limit is taken.

In the effective two-dimensional reduction, each
partial wave mode has both gauge and general coordi-
nate symmetries. Once the classically insignificant in-
going modes are integrated out to formulate the effec-
tive field outside the EH, it becomes chiral and suffers

from gauge and gravitational anomaly with respect
to the gauge and general coordinate symmetries re-
spectively. At the quantum level however, there is no
anomaly, and one thus should introduce a compensat-
ing flux. To accomplish this, Refs.[8, 9] adopted the
consistent gauge and gravitational anomalies together
with the regularity requirement, which require the co-
variant fluxes to vanish at the EH. This implies that
one must input two anomalies to restore the gauge or
general covariance. More recently, Ref.[23] suggested
that the same work can be done by only employing
the covariant anomaly. One unique reason for this
arises from the functional form of covariant anomaly,
this is governed solely by the gauge or diffeomorphism
transformation properties, but not so for the consis-
tent one. Hence we thereafter adopt this simplified
approach of cancelling the covariant anomaly to deter-
mine the flux of Hawking radiation. We first discuss
the gauge anomaly to charge flow. For convenience,
we split the region outside the EH into [r4, 74 +¢] and
[r4 4 &, +00]. When the classically irrelevant ingoing
modes are omitted, there is not anomaly in [ry + ¢,
+oo] and the covariant charge flow flows

vl =0, (21)

while in the near-horizon region [ry, ry + €], due to
the breakdown of the gauge symmetries, the covariant
charge flow is not conserved but suffers from gauge
anomaly, which takes the form as(2%

Q:
i3

Vil =% v FHY (22)

where +(—) corresponds to the left (right) handed
field, e* is the anti-symmetric tensor (¢19 = % =
—1). Note that here the gauge charge is equivalent
charge, we hence substitute e with (). Integrating
Eqgs.(21) and (22) for the p = r component, one gets

j(ro) = ao, (23)

Ty = an + Qa[Au(r) = Ai(ry)]/2m. (24)

where ag and ay, are integration constants, which re-
spectively stand for the values of the covariant fluxes
of charge flow at infinity and the EH. Since the region
outside the EH has been divided into two parts, thus
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the corresponding covariant fluxes can be written

04 (r) + Jhy H(r), where €, =

O (r —rp —e¢) is the scalar step function and H =

TH
as J(z)

1— 6, is the scalar top hat function. Basing on them,
the Ward identity changes to

7T Q}21 A Jr Tr QiAt(r)
O J" =0, (27TAtH + 1 Joy —Jm + o
X0 (r—ry—e) (25)

in which the Wess—Zumino term imposes the covari-
ant flux as an anomaly-free one J* = J* — A He? /2,
that is, the first term in the right-hand side will be
cancelled by the quantum effect of the classically in-
significant ingoing modes that we have ignored. Hence
to restore the gauge covariance at the quantum level,
the properties of delta function will force

ap = an — Qi;lt(hr)/z”a (26)

where we have adopted Eqgs.(23) and (24). After em-
ploying the covariant boundary conditions that re-
quire the covariant flux to vanish at the EH, the total
flux of charge current, which is required to restore the
underlying gauge symmetry at the EH by cancelling
the gauge anomaly at the quantum level, can be ex-
pressed explicitly as

Q121 T+
agp 5 Qnln i ( 7)

Actually as we will show next, this is nothing but the
charge flow associating with the Hawking thermal ra-
diation.

Similarly, we can find the flux of energy-
momentum tensor radiated from the charged and
magnetized BTZ black hole. When the modes that
propagate along light-like direction are excluded to
formulate the effective field outside the EH, due to
the ill-definition of the time coordinate, the energy-
momentum tensor is divergent, hence the effective
field suffers from gravitational anomaly that takes the
form of the breakdown of the conservation of energy-
momentum tensor. The covariant anomalous equation
takes the form as[?*

- 1 -
VTl =55 =gt "0sR =B,
1 -

For the 2-dimensional space-time, we find

N{ = [2ff" = (£)?]/192x. (29)

As before, we can split the region outside the horizon
into [r4, r4 + €] and [r4 + ¢,00] and write the covari-
ant energy-momentum tensor as T,ﬁ‘ = T;L(o) Oy (r) +
Tf(H)H(r) by the scalar step function and scalar
top hat function. Since the existence of an effec-
tive background gauge potential, the covariant energy-
momentum tensor in the region [ry + €, oo] satisfies

the modified conservation equation

VMTL‘(O) = FWJ(’B). (30)
Adopting Eq.(23), we can solve it as
Ttr(o) = 60 + aoA~t, (31)

where eg is an integration constant that represents the
value of energy-momentum tensor flux at infinity. On
the other hand, in the near-horizon region [r, ry +¢],
there not only exists gauge anomaly but also exhibits
gravitational anomaly, the Ward identity thus should
be

V,LTﬁ‘(H) = FWJ(“H) + B,. (32)

Solving it by inserting Eq.(24), we obtain
T _ ' A Qﬁ 12 \TT
Timy =en+ [ dros|aods + A7+ Ny | (33)
. 4
To further get the value of eg, we take into account the
covariant anomalous equation with v = t component

outside the EH and find
ro_ A %42 \TT
O Ty =ag0: As(1) + | Oc( yin (r)+ N)H
Tr TH Q% AQ Nr
T (Leo) = Ly + A TV
Xd(r—ry—e). (34)

In the right-hand side of Eq.(34), the first term is the
classical effect arising from the Lorenz force, the sec-
ond term has to be cancelled by the quantum effects of
the classically irrelevant ingoing modes that we have
omitted previously. Therefore, only the coefficient of
the delta function, which satisfies

2

o=ent DR~ M), (3)

can save the underlying general coordinate invariance
at the quantum level. However this condition is still
insufficient to fix the value of energy—momentum ten-
sor flux at infinity, thus we impose the vanishing con-
dition that requires the covariant flux to vanish at
the EH. In this case, the total compensating flux of
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energy-momentum tensor, which can cancel the gravi-
tational anomaly at the EH to save the general coordi-
nate covariance at the quantum level, can be written

as
C22 N ~ (22 ~ Fjﬂ2
ey = T;AE(T+) —Ng(ry) = 477};14?(7”—&-) + 17;7 (36)
where
k()] 2r3 —14Q?
T = — = a - + b
T on A 4mi?r3 (87)

is the Hawking temperature of the charged and mag-
netized BTZ black hole.

Next, we shall explore the relation between the
compensating fluxes and those of Hawking radiation.
At the EH, the Planck distribution of the charged and
magnetized BTZ black hole with chemical potential
takes the form as

Nig, (@) =1 / <p<“’¥%;f(”) . 1> L (39)

Integrating it, we find

| 2o, ) - Mg, (@)

2
:%Qh In (39)
2 {

| ela, ) + Mg, (@)lds

T3
BT

Comparing Egs.(27) and (36) with Egs.(39) and
(40), we find that the compensating fluxes of charge

2 ~
= B + (40)

flow and energy-momentum tensor, which are required
to cancel the gauge and gravitational anomalies at
the EH to restore the gauge and general covariance at
the quantum level, precisely equal those of a (141)-
dimensional blackbody radiation at the Hawking tem-
perature.

4. Concluding remarks

We have extended the anomaly cancellation
method to the charged and magnetized BTZ black
hole and found that Hawking radiation from its EH
also can be determined by the compensating fluxes.
The core of our work is the definition of an equiva-
lent charge and gauge potential corresponding to the
source with electric and magnetic charges by recon-
structing the electromagnetic field tensor. Actually,
we can verify our work from the first law of black hole
thermodynamics. It is well known that the general
differential form of the first law of black hole thermo-
dynamics is

Ve

1 v
= —dM — £dQ. — 2dQ,. 41
dSpr = M — 22dQ. — £dQ, (41)

As for the charged and magnetized BTZ black hole
Ve:—Qelng, ng—len% (42)

Considering the relations between the electric charge
and magnetic charge in Egs.(9) and (10), we can easily

rewrite it as
1
dSgu = T(dM — Vod@n). (43)

where

Vo= —Quln ; (44)

This is similar to that only with electric charge. That
is to say, the substitution of an equivalent charge to
the electric and magnetic charges is reasonable. Thus
our work can be extended to the other black holes with
electric charge and magnetic charge.
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