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The generalized Stefan–Boltzmann law
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Using entropy density of Dirac field near the event horizon of a rectilinear non-uniformly accelerating Kinnersley

black hole, the law for the thermal radiation of black hole is studied and the instantaneous radiation energy density is

obtained. It is found that the instantaneous radiation energy density of a black hole is always proportional to the quartic

of the temperature on event horizon in the same direction. That is to say, the thermal radiation of a black hole always

satisfies the generalized Stefan–Boltzmann law. In addition, the derived generalized Stefan–Boltzmann coefficient is no

longer a constant, but a dynamic coefficient related to the space–time metric near the event horizon and the changing

rate of the event horizon in black holes.
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1. Introduction

Since Bekenstein and Hawking suggested that the
entropy of black holes is proportional to the area of
event horizon,[1,2] the entropy of black holes is al-
ways an important topic of theoretical physics. Many
researchers had used different methods to calculate
the entropy of black holes and obtained the same re-
sult that the entropy of black hole is proportional to
its area of the event horizon.[3−6] The illuminating
method of them is the brick-wall model proposed by
’t Hooft,[3] which gives a statistical interpretation for
the entropy of black holes. Recently, the brick-wall
has been developed to the thin film model[7,8] by Liu
et al. Based on this thin film model, the entropy of
black holes proves to come from the quantum field in
the infinitesimal layer around event horizon. The thin
film model can be used to study the thermal radiation
of dynamic black holes using local thermal equilibrium
near the event horizon and does not need the large-
area thermal equilibrium. So this model supplies more
convenience to the study of the thermal radiation of
dynamic black holes. Many researchers[9−13] adopted
the thin film model to calculate the entropy of dy-

namic black holes and obtain the same result. Where
event horizon is, there should be entropy of black holes
and Hawking radiation.[14] With the self-gravitation
action of the radiation particles, Parikh and Wilczek
considered that the Hawking radiation is a quantum
tunnelling process, and obtained that the quantum
tunnelling rate is related to the change of entropy
of Bekenstein–Hawking.[15] Then some author[16−21]

have obtained the same result as that of Parikh. This
shows that there must be an internal relation between
the entropy and the thermal radiation of black holes.
So it is worthy to further study the relation between
them. On the basis of black body radiation in a flat
space,[22] Ref.[23] defined the radiation energy den-
sity for static spherically symmetric black holes (the
total radiation energy comes from the per unit area
and per unit time on the even horizon). Using the
statistic entropy of Dirac field in the static spherically
symmetric black holes, we obtain the radiation energy
density. Conclusion can be drawn that the radiation
energy density is always proportional to quartic of the
temperature on event horizon. Black holes are actu-
ally all dynamic because of their radiation and absorp-
tion. In Ref.[24], the dynamic black hole is treated
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as an open non-equilibrium thermodynamic system.
And this open system continuously exchanges mate-
rials and energy with environment. Namely, there
should be entropy current through the event horizon.
For a dynamic black hole slightly deviating from the
thermodynamic equilibrium, in order to study the law
of thermal radiation, the instantaneous radiation en-
ergy density(the radiation power comes from the per
unit area on the event horizon at a time) is introduced.
By using the entropy density near the event horizon
of black holes, the instantaneous radiation energy den-
sity of dynamic black holes is written as

M = M0 − αsrhυT, (1)

where M0 is the radiation energy density of black holes
under the condition of thermodynamic equilibrium, α

is a coefficient related to both radiation and absorp-
tion coefficients, s is the entropy volume density in

thin film near the event horizon, rhυ =
(

dr

dv

)

r=rh

is the changing rate of the event horizon, and T is
the temperature on the event horizon. Equation (1)
provides a new method to study the thermal radia-
tion of dynamic black holes. Using this method, Meng
et al [25,26] studied the instantaneous radiation energy
density of both the spherical symmetric dynamic black
holes and accelerating black holes, and obtained that
the instantaneous radiation energy density is always
proportional to the quartic of the temperature on the
even horizon in the same direction. And Ment et al [27]

also have studied the instantaneous radiation energy
density of the slowly changing dynamic Kerr–Newman
black hole. In order to make the result more meaning-
ful and closely related to the astronomical observation,
this paper will go further to study the instantaneous
radiation energy density of a rectilinear non-uniformly
accelerating Kinnersley black hole and find out the
thermal radiation law for dynamic black holes.

2. The event horizon equation of

the rectilinearly non-uniformly

accelerating Kinnersley black

hole

The line element of the rectilinear non-uniformly
accelerating Kinnersley black hole,[28] by using the ad-

vanced Eddington coordinate, is

ds2 =g00dv2 + 2g01dvdr + 2g02dvdθ

+ g22dθ2 + g33dφ2, (2)

where

g00 = −
(

1− 2ar cos θ − r2a2 sin2 θ − 2M

r

)
,

g01 = 1,

g02 = −r2a sin θ, g22 = r2,

g33 = r2 sin2 θ, (3)

M = M(υ) and a = a(υ) are the mass and accelerator
of the black hole respectively. Because of the axial
symmetry of the space–time, the angle θ = 0 points
to the direction of accelerator.

Introducing a coordinate transformation[29]

R = r − rh(υ, θ),

dR = dr − rhυdv − rhθdθ, (4)

where rh(υ, θ) is the radius of the event horizon, we

have rhυ =
(

∂r

∂υ

)

r=rh

, rhθ =
(

∂r

∂θ

)

r=rh

. Equation

(2) can be rewritten as

ds2 =ĝ00dv2 + 2dvdR + ĝ22

(
dθ +

ĝ02

ĝ22
dv

)2

+ ĝ33dφ2, (5)

where

ĝ00 =−
(

1− 2ar cos θ − 2M

r

)
+ 2rhυ

+ 2rhθa sin θ − r2
hθ

r2
,

ĝ02 =− r2a sin θ + rhθ, ĝ22 = r2,

ĝ33 =r2 sin2 θ. (6)

Introducing another coordinate transformation

dΘ = dθ +
ĝ02

ĝ22
dv. (7)

We can rewrite Eq.(5) as

ds2 = ĝ00dv2 + 2dvdR + ĝ22dΘ2 + ĝ33dφ2. (8)

The infinite red-shift surface coincides with the event
horizon after transformation, ĝ00 = 0 is just the event
horizon equation. Then the event horizon surface
equation of black hole can be easily obtained

−
(

1− 2arh cos θ − 2M

rh

)
+ 2rhυ

+ 2rhθa sin θ − r2
hθ

r2
h

= 0. (9)



No. 2 The generalized Stefan–Boltzmann law of a rectilinear non-uniformly accelerating Kinnersley black hole 459

Because ĝ00 =0 is the event horizon equation of black
hole, ĝ00 can be expressed by

ĝ00 = P (υ, r, θ)(r − rh). (10)

3. The generalized Stefan–

Boltzmann law of the rectilin-

ear non-uniformly accelerating

Kinnersley black hole

The space–time will not have the global thermal
equilibrium any longer because the space–time of the
accelerating black hole is dynamic. Reference [30] di-
vided the thin film into many subsystems in which the
quantum field of each subsystem holds the thermal
equilibrium by adopting the thin film model. Then
for the ith subsystem’s wavefunction in the Dirac field
near the event horizon of the rectilinear non-uniformly
accelerating Kinnersley black hole, the contribution to
the entropy from its first component is

(∆Si)1 =
7π2∆Ai

180β3
hP 2(rh)

· δ

ε(ε + δ)
, (11)

where ∆Ai is the small area on the event horizon of

the ith subsystem, βh =
1

kBT
, kB is the Boltzmann

constant, T the temperature on the event horizon, δ

is the thinness of thin film, ε is the distance between
the thin film and the even horizon of the black hole.
When ε and δ are both much smaller than rh, the
contribution to the entropy of the other three compo-
nents of the ith subsystem wavefunction can be equal
to (∆Si)1 under the condition of the first-order ap-
proximation. So, the entropy of the ith subsystem in
Dirac field near the event horizon of the black hole is

∆Si =
7π2∆Aik

3
B

45P 2(rh)
· δ

ε(ε + δ)
T 3. (12)

By considering the thin film model, the entropy vol-
ume density of the ith subsystem near the event hori-
zon of the black hole can be obtained from Eq.(12)

s =
7π2k3

B

45P 2(rh)ε(ε + δ)
T 3. (13)

It is known that M0 is the radiation energy density
of black holes under the condition of thermodynamic
equilibrium. In order to obtain M0 first, consider a
slowly changing rectilinear non-uniformly accelerating
massive black hole with its whole state slightly deviat-
ing from thermodynamic equilibrium. When its mass

approaches a constant and the accelerator approaches
zero, the state of the black hole will be in the global
thermal equilibrium. So the Schwarzschild black hole
can be used as a reference background when the state
of the rectilinear non-uniformly accelerating Kinners-
ley black hole tends to be in the global thermodynamic
equilibrium. The corresponding space–time line ele-
ment is

ds2 =−
(

1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2

+ r2(dθ2 + sin2 θdφ2), (14)

where M is the mass of the black hole. We set

ĝ′00 = −
(

1− 2M

r

)
= f(r)(r − rh). (15)

So ĝ′00 = 0 is the horizon equation of the Schwarzschild
black hole. In Ref.[23], the radiation energy density
of the Dirac field of the static spherically symmetric
black holes is given by

M
(D)
0 =

21π2ck3
B

90ε(ε + δ)f2
h

T 4, (16)

where c is the speed of light. Substituting Eqs.(13)
and (16) into Eq.(1), the instantaneous radiation en-
ergy density of the Dirac field of the rectilinear non-
uniformly accelerating Kinnersley black hole can be
obtained

M (D) =
7π2k3

B

90ε(ε + δ)

[
3c

f2(rh)
− 2αrhυ

P 2(rh)

]
T 4, (17)

where

f(rh) =
(

∂ĝ′00
∂r

)

r=rh

=
1
rh

, (18)

P (rh) =
(

∂ĝ00

∂r

)

r=rh

= 2
(

a cos θ−M

r2
h

+
r2
hθ

r3
h

)
. (19)

We set

σ(υ, θ) =
7π2k3

B

90ε(ε + δ)

[
3c

f2(rh)
− 2αrhυ

P 2(rh)

]
. (20)

Equation (17) can be rewritten as

M (D) = σ(υ, θ)T 4. (21)

It can be easily seen through Eqs.(18–20) that σ(υ, θ)
changes with both the Eddington time υ and the di-
rection angle θ for a given δ and ε. For a fixed υ0

and a fixed direction angle θ0 on the event horizon of
black holes, the σ(υ0, θ0) will be a fixed value. So the
instantaneous radiation energy density of the rectilin-
ear non-uniformly accelerating Kinnersley black hole
at any time is always proportional to quartic power
of the temperature on event horizon of black holes
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in the same direction. This result is similar to the
Stefan–Boltzmann law of blackbody radiation in a flat
space–time. Therefore Eq.(21) can be called the gen-
eralized Stefan–Boltzmann law of the Dirac field of
the rectilinear non-uniformly accelerating Kinnersley
black hole. Equation (20) is called the corresponding
generalized Stefan–Boltzmann dynamic proportionate
coefficient. And σ is no longer a constant as compared
with the blackbody radiation in the flat space–time,
but a dynamic proportionate coefficient related to the
rate of change of the event horizon, the space–time
metric near the event horizon, the absorption and ra-
diation factors of the black hole. It is obvious that the
thermal radiation of a curved space–time is different
from that of a flat space–time, and the gravitational
field around the black hole will affect the thermal ra-
diation. So there must be an internal relation between
thermal radiation t and gravitational field.

Reference [11] obtained the conclusion that when
the same cut-off factor is obtained, the statistical en-
tropy of Dirac field of the static spherically symmet-
ric black holes is 7/2 times that of a scalar field. In
addition, Reference [27] also obtained the conclusion
that when the same cut-off factor is obtained, the sta-
tistical entropy of Dirac field of the rectilinear non-
uniformly accelerating Kinnersley black hole is 7/2
times that of a scalar field. The instantaneous ra-
diation energy density of the scalar field of the rec-
tilinearly non-uniformly accelerating Kinnersley black
hole can be obtained from Eq.(17)

M (B) =
π2k3

B

45ε(ε + δ)

[
3c

f2(rh)
− 2αrhυ

P 2(rh)

]
T 4. (22)

Equation (22) can be called the generalized Stefan–
Boltzmann law of scalar field of the rectilinear non-
uniformly accelerating Kinnersley black hole. The
corresponding generalized Stefan–Boltzmann dynamic
proportionate coefficient is

σ(υ, θ) =
π2k3

B

45ε(ε + δ)

[
3c

f2(rh)
− 2αrhυ

P 2(rh)

]
. (23)

4. Discussion and conclusion

The Schwarzschild black hole can be used as a
reference background when the state of the Vaidya
black hole tends to be in the global thermodynamic

equilibrium. The parameter rh =
2M

1− 2rhυ
denotes

the radius of the event horizon of Vaidya black hole
and rh = 2M is the radius of the event horizon of
Schwarzschild black hole. So when we set a = rhθ =

0, the instantaneous radiation energy density of the
Dirac field of the Vaidya black hole can be obtained
from Eqs.(17–19)

M (D) =
14π2k3

BM2

45ε(ε + δ)

[
3c− 2αrhυ

(1− 2rhυ)4

]
T 4. (24)

Equation (24) can be called the generalized Stefan–
Boltzmann law for the Vaidya black hole. The corre-
sponding generalized Stefan–Boltzmann dynamic pro-
portionate coefficient is

σ(υ) =
14π2k3

BM2

45ε(ε + δ)

[
3c− 2αrhυ

(1− 2rhυ)4

]
. (25)

Setting rhυ = 0, we have the radiation energy den-
sity of the Dirac field of the Schwarzschild black hole,
which can be obtained from Eq.(24)

M
(D)
0 =

14π2ck3
BM2

15ε(ε + δ)
T 4. (26)

Equation (26) can be called the generalized Stefan–
Boltzmann law for the Schwarzschild black hole. The
corresponding generalized Stefan–Boltzmann dynamic
proportionate coefficient is

σ =
14π2ck3

BM2

15ε(ε + δ)
. (27)

These results indicate that the thermal radia-
tion of the rectilinear non-uniformly accelerating Kin-
nersley black hole satisfies the generalized Stefan–
Boltzmann law. That is to say, the instantaneous
radiation energy density of a black hole is always pro-
portional to the quartic of the temperature on the
event horizon in the same direction. Compared with
the Stefan–Boltzmann law of blackbody radiation in
flat space–time, σ is no longer a constant, but a dy-
namic proportional coefficient that is related to the
event horizon changing rate, space–time metric near
the event horizon, the radiation and absorption coef-
ficient of the black hole. For different black holes, be-
cause of the different parameters, the derived general-
ized Stefan–Boltzmann coefficients are different from
each other too. The result that the value of σ changes
with the parameters of the black hole indicates the
thermal radiation of black holes in the curved space–
time is different from that of blackbody in the flat
space–time. The huge gravitational field near the
black hole will have an important effect on the ther-
mal radiation, so there must be an internal relation
between gravitational field and the thermal radiation
of black holes. When rhυ = 0, the instantaneous radi-
ation energy density of the dynamic black holes natu-
rally becomes that of the static black hole, which is in
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good agreement with the known theory. Although the
thin film model can describe many thermal properties
of black holes, but the cut-off factor is inevitably. This

paper provides a new method to study the thermal ra-
diation of black holes, which is closely related to the
astronomical observation.
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