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In this paper the master equation method is used to calculate the relaxation and decoherence times of a qubit. The

results are beyond Markovian approximation, where the noise spectrum is assumed to be wide-band, so that they are

valid for not only the wide- but also the narrow-band noises, which may be the main decoherence source in solid-state

qubits. Moreover, for some special cases, analytical results can be achieved, which are consistent with those derived by

others.

Keywords:
PACC: 0367

1. Introduction

Early proposals for quantum computers were
mainly based on quantum optical systems.[!? These
systems are well isolated from their environment and
thus have a relatively long decoherence time. Because
the scalability of quantum computer architectures to
many qubits is also of central importance for real-
izing quantum computers of practical use, consider-
able efforts have recently been devoted to solid-state
qubits.[’~1% However, in such qubits, decoherence is
much more severe, and various noise sources take ef-
fect, such as fluctuations originating from the sur-
rounding circuit, quasiparticle tunnelling, fluctuating
background charge and flux noise.

Usually, one of the main steps in calculating the
decoherence time via the master equation method is
to take the Markovian approximation, where the en-
vironment is assumed to have a wide-band noise spec-
trum, so that the qubit and the environment could lose
their entanglement on a very short time scale. How-
ever, in a solid-state qubit, not only the wide band
noise, but also the narrow band noise may induce
strong decoherence. For instance, in a superconduct-
ing Josephson-junction qubit, the main source of de-

qubit, decoherence, master equation

coherence can be 1/ f noise, which has a narrow band.
In this case, the Markovian approximation becomes

unsuitable.

In this paper, we employ the master equation
method to calculate the relaxation time (77) and de-
coherence time (T3) of a qubit beyond the Markovian
approximation. As will be shown below, we can obtain
Ty and Ty by solving three equations through using
the parameters of the qubit and the noise (no mat-
ter whether it is wide-band or not). Moreover, for the
narrow-band noise, we are able to derive analytical ex-
pressions for the short-time behaviour of the quantum
dynamics. For the wide-band noise, in which Marko-
vian approximation is valid, analytical results are also
derived for both short- and long-time behaviours.

2. Master equation method

For a qubit coupled with an environment, the en-
tire system, i.e. the qubit and the reservoir, can be
characterized by the spin-boson model

H=Hy+ H; = Hy+ H, + Hj, (1)
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2
Dj 1
Hy = <2ni + 2mj%2‘”3?) = hwibfo; (2)
j J J
is the Hamiltonian of the reservoir modelled as a bath

of bosons with a spectral distribution of wj;
H, = co, — po, = hdp, (3)
is the Hamiltonian of the qubit, where

h2=E =/ + 112, (4)

and
pz = [+ = =)= (5)
with |[+) and |—) being the eigen-states of the qubit.

For instance, for the superconducting charge qubit,
e = (2n, — 1)e?/Cx and p = E;/2,'% while ¢ =
—Ip (gbw — d;) and p = ? for the superconduct-
ing flux qubit, where A is the minimum energy level
splitting.(®!

For the interaction Hamiltonian Hy, we consider
the typical longitudinal and transverse interactions:
0,X and 0, X, where X = Zj Ajx; characterizes the
coupling strength due to the bath. Generally, we can
write Hy as

Hy = (Apy + Bp.) Y hk;(b] +b)), (6)
J
where
A:ﬁ, B=2< for o0.X,
E E
{ A= B=-H % X 0
- E7 - _E or ozA,

1 h
and hkj = *)\j .
2 2mjwj

The quantum-mechanical behaviour of the entire
system can be described by using its density matrix
psr(t), which obeys the equation of motion

i

por = =7 [H, purl- (8)

Suppose that the qubit and reservoir are brought into
contact at the time ¢t = 0, then at the beginning, there

l

will be no entanglement between the qubit and the
reservoir, and the initial state of the system is

psr(0) = ps(0)pe(Hy), 9)

where ps(0) is the density matrix ps(t) of the qubit at
t =0, and p, is density matrix of the reservoir, which
does not depend on t.

To reveal the effect of the reservoir on the qubit,
we trace out the degrees of freedom of the reservoir to
obtain an equation of motion, i.e. the master equa-
tion, of the qubit ps = Try(ps). For simplicity, we
use the interaction picture where the free evolution is
eliminated. ']

In the interaction picture, the equation of motion
for the system is

i

P(t) = -

[Hi(t), Pul, (10)
where all operators are related to those in Schrodinger

picture by
Psr(t) — eiHU(t)/hpsr(t)e_iHO(t)/h,

and

Hi(t) = e Ho(O)/h o —iHo(t)/ 1 (11)

We can approximately derive Py (t) by solving Eq.(10)
to second order in the perturbation theory. Then the
density matrix of the qubit is

P(t) = Trr(Psr(t))~ (12)

The exponential attenuations of the diagonal and off-
diagonal matrix elements of p(t) give two characteris-

tic times, i.e. 71 and T5.
Now, we consider a time interval 7, in which no
significant change occurs for the qubit. Thus, we have
p(r) = p(0)

pie) = 2L,

(13)

where 0 < t < 7. From Egs.(10), (12) and (13) we
obtain

p(t) ~ — % /0 " Iy, (Hy () Pa(0)) — % /0 " / A Ty [H () Hy () Pon (0) — Hiy () P (0) Hy (7] 4+ HLC.

0

-1 /0 "ar /O C (GG () F () — G )G F () F()) + HLC.),

(14)
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where
F(r) =Y ky[vf e +bjemrm],
J

and

G(1) = Alpy cos(27) — pysin(27)] + Bp,.  (15)

We can simplify this equation and calculate the
matrix elements of p(t). With the relation py(t) +
p——(t) =1and p44(t)+p——_(t) = 0, we have the final
form of the master equation

Py+(1) p++(t)
p—+(t) | =M | p—4(t) | + N, (16)
p+—(t) p+—(t)
where pii = (+[p(t)|+), p—+ = (=[p(O)[+), p+— =
(+|p(®)|-) and p__ = {—|p(t)|—). The elements of
l
prr() =5 + - {[o++0) — 5
+ [(p++(0) = %
b)) =
Fllps(0)—

+ [(p—+(0) = P+—(0))2X3]e4(_B2W7—A2Ws)t}’

matrices M and IN are given in the appendix. Note
that the Markovian approximation has not been used
till now. Equation (16) is valid for all kinds of noises,
no matter whether they are wide-band or narrow-
band. In general, we can use the parameters of the
qubit and the noise and then solve Eq.(16) to obtain
Ty and T5. For some special cases, we can even ac-
quire analytical expressions for 77 and T5. Below we
show two examples in detail.

2.1. Short-time behaviour

When 7 is small, the matrix M has only real
elements, and the three matrix elements of N are
N; = 2A2W,, Ny = N3 = —2ABWs. The solution
of Eq.(16) is

)(X3 4 X2) = (p_1+(0) + py— (0)) ABW el ~#ATW1H2X2—2Xs)1
J(Xs = X2) + (p—1(0) + py—(0) ABW; e Was2XataXoye ],
{[—(P++(0) - %)4ABW5 F (Pt (0) + pis—(0))(X3 — Xo)Je( 447 W1+2X2—2Xs)t

JAABWSs + (p—+(0) + p— (0)) (X5 + Xp)Je( 44 WiF2Xer2Xo)t

{[—(P++(0) - %)4ABW5 + (p—4(0) + ps—(0)) (X5 — X) el A4 Wi+2Xa2Xs)t

YAABWs + (p—1(0) + pi— (0))(X3 + Xp)Je( -4 WiH2Xat2Xa)t

1
— =4A?W, + 2B*W,; — 2A%Wy

— 2\/4A2B2W3 W5 + (—B2W- + A2Ws)2,

and
1
_(t) =—
p4+—(t) 1X,
1
+ [(p++(0) — 3
— [(p—+(0) = P+7(0))2X3]e4(_32W7—A2Ws)t}’
|
where
T2
Xl :A232W3W5,
. p2 2
X2 - B W7 + A Wg, and
and

X3 =4/4X1 + X3.

Obviously, there are three (instead of two) character-

(18)

istic times:

1 =4A%W, + 2B>W> — 2A%Wy
T1

+ 20/4A2B2W3Ws + (—B2Wr + A2Wg)2,

1
— = 4(B*Wy + A*Wg).
73

(19)
Generally, the attenuations of p; 4 and p__ are char-
acterized by two characteristic times 7 and 7o; the
shorter one has a larger effect on the state relaxation
of the qubit. However, p_, and p,_ are character-
ized by three times, i.e. 71,72, and 73, with the de-
coherence of the quantum state most affected by the

shortest one.
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For special cases, the results can become much
simplified. For instance, in the case of pure dephasing
with A =0 and B = 1, we have

and
pi—(t) = pr—(0)e W7,

It is clear that the qubit does not relax but only deco-
heres. This pure dephasing gives a decoherence time
TQI

g W

1 sin 57’
- AW, = 2/de(w) p R (20)

Because 7 — 0 and 0 < ¢t < 7, we could simply re-
place 7 in Eq.(20) with ¢. Thus, p_4 and p;_ behave
as e (") where

Lo w
sin? —+¢

2 (21)

n(t) = 2/dw5’(w)

W

This is the exact result derived by Duan and Guo.['?
In the case of A =1 and B = 0, we have

p++(t) :% + (p4++(0) — %)e_4W1t7
p—+(t) Z% [(p—1(0) + pi—(0))el—AWrHaWe)E
+ (p-+(0) — P+—(0))e74w8t]7
and

p+—(t) = %[(p7+(0) + py_ (0))el—AWiHaWa)t

— (=1 (0) = py—(0))e 1],

It is clear that there are only one relaxation time and
two decoherence times.

2.2. Long-time behaviour

When 7 is large, this method is valid only when
the Markovian approximation is applied, i.e. on the
assumption that the noise spectrum is wide-band.
Now, equation (16) is simplified into

prs(t) = — g A2S(D)po s (1) + TA°[S(2) — J(2)],

A2
poi(t) = [-58(2) = BESO)lp-+ 1),
and
AQ

pi—(t) = [==5(2) = B*S(0)]p4— (1),

which give the following relaxation and decoherence

times: ) )
—_ = = 2
T 2A S(92),
and
L1 g2g0)+ B2s(0)
T, 4
Ly B2S(0) (22)
o '

In the case of o, X-type interaction, these results are
the same as those given in Ref.[9].

3. Conclusion

We have used the master equation method to
calculate the relaxation and decoherence times of a
qubit coupled to an environment. If the short-time
behaviour of the quantum dynamics is considered, by
solving the equations, we can calculate 77 and T5 of a
qubit, no matter whether the noise spectrum is either
wide-band or narrow-band. In some special cases, we
can derive more analytical expressions for 77 and 75,
which are identical with the results previously derived
by others.

Appendix: Elements of matrices
M and N

For explicitness, the elements of matrices M and
N in Eq.(16) are given below:

My, = — 4A%W,,
M5 =AB(2W3 + i2W,),
M35 =AB(2W3 — i2W},),
My, =AB(4Ws5 — i4W),
Moy = — 2A%2W, — AB?*W5 + i2A%Ws,
My = — 2A% (W, — 2Wy + iWs + i2Wy),
Ms, =AB(4W5 + 14Wg),
My = — 2A% (W — 2Wg — iW, — i2W)),
Mg = — 2A%2W, — AB?*Wy7 — i2A%Ws,
Ny =2A%(W; + W),
Ny = — AB(2W5 + 2Wip — 2Wyy — i2Ws
+1i2W; — i2Wi3),

and

N3 = —AB(2W5+2W12—2W14+12W6—12W11+12W13),
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where

1 of 2 —w
W1 —ﬁ/dWS(W)T [Sa < 9 T)
2+w }

)|

2

+ Sa¥(

1 f)
e 47r/d“’5< Y2

Sa(2 + w)T
——/dS [ N4+w

N+w N+w
Wy = Ton /dew)T[ Sa( 5 7')

ote(5)]

Wy = 87‘(/de —[Sa(2 — w)T — Sa(2 + w)7],

Ws = 87T/dWS( )Q2 [QQSa (g )

[Sa(wT)

Sa(QT)],

Wlo——/dw.] 7{ (9"2“"7>
()

1 1
Wi =% /de(w); [Sa(!) +w)T

+ Sa(f2 —w)T — 28&((27')} ,

N N
Wis —*/de { +wSa2< ;w7>

and
Wi = / dwJ (w )QQwaQT{sﬁ(ZT)
()
with
Sa(z) = Sin(””)
=d4m Z k26(w — w;),
and
S(w) = [2n(w) + 1]J (w),

where S(w) is the density spectrum of the noise and
n(w) = 1/(exp(hw/kpT)—1) is the Bose-Einstein dis-
tribution.

2 —w 2
2 2
Q+wSa< 5 )4—02 5 Sa ((27-)},

/d S(w)| =2 Gr S+ w)r

Wo = ST v 2?2 — v
]
02 — Sa(2 —w)T — 07— 2
10,
ol Sa(2(27’)},
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