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In this paper the master equation method is used to calculate the relaxation and decoherence times of a qubit. The

results are beyond Markovian approximation, where the noise spectrum is assumed to be wide-band, so that they are

valid for not only the wide- but also the narrow-band noises, which may be the main decoherence source in solid-state

qubits. Moreover, for some special cases, analytical results can be achieved, which are consistent with those derived by

others.
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1. Introduction

Early proposals for quantum computers were
mainly based on quantum optical systems.[1,2] These
systems are well isolated from their environment and
thus have a relatively long decoherence time. Because
the scalability of quantum computer architectures to
many qubits is also of central importance for real-
izing quantum computers of practical use, consider-
able efforts have recently been devoted to solid-state
qubits.[3−10] However, in such qubits, decoherence is
much more severe, and various noise sources take ef-
fect, such as fluctuations originating from the sur-
rounding circuit, quasiparticle tunnelling, fluctuating
background charge and flux noise.

Usually, one of the main steps in calculating the
decoherence time via the master equation method is
to take the Markovian approximation, where the en-
vironment is assumed to have a wide-band noise spec-
trum, so that the qubit and the environment could lose
their entanglement on a very short time scale. How-
ever, in a solid-state qubit, not only the wide band
noise, but also the narrow band noise may induce
strong decoherence. For instance, in a superconduct-
ing Josephson-junction qubit, the main source of de-

coherence can be 1/f noise, which has a narrow band.
In this case, the Markovian approximation becomes
unsuitable.

In this paper, we employ the master equation
method to calculate the relaxation time (T1) and de-
coherence time (T2) of a qubit beyond the Markovian
approximation. As will be shown below, we can obtain
T1 and T2 by solving three equations through using
the parameters of the qubit and the noise (no mat-
ter whether it is wide-band or not). Moreover, for the
narrow-band noise, we are able to derive analytical ex-
pressions for the short-time behaviour of the quantum
dynamics. For the wide-band noise, in which Marko-
vian approximation is valid, analytical results are also
derived for both short- and long-time behaviours.

2. Master equation method

For a qubit coupled with an environment, the en-
tire system, i.e. the qubit and the reservoir, can be
characterized by the spin-boson model

H = H0 + HI = Hs + Hr + HI, (1)
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is the Hamiltonian of the reservoir modelled as a bath
of bosons with a spectral distribution of ωj ;

Hs = εσz − µσx ≡ ~Ωρz (3)

is the Hamiltonian of the qubit, where

~Ω ≡ E =
√

ε2 + µ2, (4)

and
ρz = |+〉〈+| − |−〉〈−| (5)

with |+〉 and |−〉 being the eigen-states of the qubit.
For instance, for the superconducting charge qubit,
ε = (2ng − 1)e2/CΣ and µ = EJ/2,[10] while ε =

−IP

(
φx − φ0

2

)
and µ =

∆
2

for the superconduct-

ing flux qubit, where ∆ is the minimum energy level
splitting.[8]

For the interaction Hamiltonian HI, we consider
the typical longitudinal and transverse interactions:
σzX and σxX, where X =

∑
j λjxj characterizes the

coupling strength due to the bath. Generally, we can
write HI as

HI = (Aρx + Bρz)
∑

j

~kj(b+
j + bj), (6)

where
{

A =
µ

E
, B =

ε

E
for σzX,

A =
ε

E
, B = − µ

E
for σxX,

(7)

and ~kj =
1
2
λj

√
~

2mjωj
.

The quantum-mechanical behaviour of the entire
system can be described by using its density matrix
ρsr(t), which obeys the equation of motion

ρ̇sr = − i
~
[H, ρsr]. (8)

Suppose that the qubit and reservoir are brought into
contact at the time t = 0, then at the beginning, there

will be no entanglement between the qubit and the
reservoir, and the initial state of the system is

ρsr(0) = ρs(0)ρr(Hr), (9)

where ρs(0) is the density matrix ρs(t) of the qubit at
t = 0, and ρr is density matrix of the reservoir, which
does not depend on t.

To reveal the effect of the reservoir on the qubit,
we trace out the degrees of freedom of the reservoir to
obtain an equation of motion, i.e. the master equa-
tion, of the qubit ρs = Trr(ρsr). For simplicity, we
use the interaction picture where the free evolution is
eliminated.[11]

In the interaction picture, the equation of motion
for the system is

Ṗsr(t) = − i
~
[HI(t), Psr], (10)

where all operators are related to those in Schrödinger
picture by

Psr(t) = eiH0(t)/~ρsr(t)e−iH0(t)/~,

and

HI(t) = eiH0(t)/~HIe−iH0(t)/~. (11)

We can approximately derive Psr(t) by solving Eq.(10)
to second order in the perturbation theory. Then the
density matrix of the qubit is

ρ(t) = Trr(Psr(t)). (12)

The exponential attenuations of the diagonal and off-
diagonal matrix elements of ρ(t) give two characteris-
tic times, i.e. T1 and T2.

Now, we consider a time interval τ , in which no
significant change occurs for the qubit. Thus, we have

ρ̇(t) ' ρ(τ)− ρ(0)
τ

, (13)

where 0 ≤ t ≤ τ . From Eqs.(10), (12) and (13) we
obtain

ρ̇(t) '− i
~τ

∫ τ

0

dτ ′Trr
(
HI(τ ′)Psr(0)

)− 1
~2τ

∫ τ

0

dτ ′
∫ τ ′

0

dτ ′′Trr[HI(τ ′)HI(τ ′′)Psr(0)−HI(τ ′)Psr(0)HI(τ ′′)] + H.C.

=− 1
τ

∫ τ

0

dτ ′
∫ τ ′

0

dτ ′′
(
G(τ ′)G(τ ′′)ρ(t)〈F (τ ′)F (τ ′′)〉 −G(τ ′)ρ(t)G(τ ′′)〈F (τ ′′)F (τ ′)〉+ H.C.

)
, (14)
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where

F (τ) =
∑

j

kj

[
b+
j eiωjτ + bje−iωjτ

]
,

and

G(τ) = A[ρx cos(Ωτ)− ρy sin(Ωτ)] + Bρz. (15)

We can simplify this equation and calculate the
matrix elements of ρ̇(t). With the relation ρ++(t) +
ρ−−(t) = 1 and ρ̇++(t)+ ρ̇−−(t) = 0, we have the final
form of the master equation




ρ̇++(t)
ρ̇−+(t)
ρ̇+−(t)


 = M




ρ++(t)
ρ−+(t)
ρ+−(t)


 + N , (16)

where ρ++ = 〈+|ρ(t)|+〉, ρ−+ = 〈−|ρ(t)|+〉, ρ+− =
〈+|ρ(t)|−〉 and ρ−− = 〈−|ρ(t)|−〉. The elements of

matrices M and N are given in the appendix. Note
that the Markovian approximation has not been used
till now. Equation (16) is valid for all kinds of noises,
no matter whether they are wide-band or narrow-
band. In general, we can use the parameters of the
qubit and the noise and then solve Eq.(16) to obtain
T1 and T2. For some special cases, we can even ac-
quire analytical expressions for T1 and T2. Below we
show two examples in detail.

2.1. Short-time behaviour

When τ is small, the matrix M has only real
elements, and the three matrix elements of N are
N1 = 2A2W1, N2 = N3 = −2ABW5. The solution
of Eq.(16) is

ρ++(t) =
1
2

+
1

2X3

{[
(ρ++(0)− 1

2
)(X3 + X2)− (ρ−+(0) + ρ+−(0))ABW3

]
e(−4A2W1+2X2−2X3)t

+
[
(ρ++(0)− 1

2
)(X3 −X2) + (ρ−+(0) + ρ+−(0))ABW3

]
e(−4A2W1+2X2+2X3)t

}
,

ρ−+(t) =
1

4X3

{
[−(ρ++(0)− 1

2
)4ABW5 + (ρ−+(0) + ρ+−(0))(X3 −X2)]e(−4A2W1+2X2−2X3)t

+ [(ρ++(0)− 1
2
)4ABW5 + (ρ−+(0) + ρ+−(0))(X3 + X2)]e(−4A2W1+2X2+2X3)t

+ [(ρ−+(0)− ρ+−(0))2X3]e4(−B2W7−A2W8)t
}

, (17)

and

ρ+−(t) =
1

4X3

{
[−(ρ++(0)− 1

2
)4ABW5 + (ρ−+(0) + ρ+−(0))(X3 −X2)]e(−4A2W1+2X2−2X3)t

+ [(ρ++(0)− 1
2
)4ABW5 + (ρ−+(0) + ρ+−(0))(X3 + X2)]e(−4A2W1+2X2+2X3)t

− [(ρ−+(0)− ρ+−(0))2X3]e4(−B2W7−A2W8)t
}

,

where

X1 =A2B2W3W5,

X2 =−B2W7 + A2W8,

and

X3 =
√

4X1 + X2
2 . (18)

Obviously, there are three (instead of two) character-
istic times:

1
τ1

=4A2W1 + 2B2W7 − 2A2W8

+ 2
√

4A2B2W3W5 + (−B2W7 + A2W8)2,

1
τ2

=4A2W1 + 2B2W7 − 2A2W8

− 2
√

4A2B2W3W5 + (−B2W7 + A2W8)2,

and
1
τ3

= 4(B2W7 + A2W8). (19)

Generally, the attenuations of ρ++ and ρ−− are char-
acterized by two characteristic times τ1 and τ2; the
shorter one has a larger effect on the state relaxation
of the qubit. However, ρ−+ and ρ+− are character-
ized by three times, i.e. τ1,τ2, and τ3, with the de-
coherence of the quantum state most affected by the
shortest one.



No. 2 Decoherence of qubits: results beyond Markovian approximation 433

For special cases, the results can become much
simplified. For instance, in the case of pure dephasing
with A = 0 and B = 1, we have

ρ++(t) = ρ++(0),

ρ−+(t) = ρ−+(0)e−4W7t,

and
ρ+−(t) = ρ+−(0)e−4W7t.

It is clear that the qubit does not relax but only deco-
heres. This pure dephasing gives a decoherence time
T2:

1
T2

= 4W7 = 2
∫

dωS(ω)
sin2 ω

2
τ

πτω2
. (20)

Because τ → 0 and 0 ≤ t ≤ τ , we could simply re-
place τ in Eq.(20) with t. Thus, ρ−+ and ρ+− behave
as e−η(t), where

η(t) = 2
∫

dωS(ω)
sin2 ω

2
t

πω2
. (21)

This is the exact result derived by Duan and Guo.[12]

In the case of A = 1 and B = 0, we have

ρ++(t) =
1
2

+ (ρ++(0)− 1
2
)e−4W1t,

ρ−+(t) =
1
2
[
(ρ−+(0) + ρ+−(0))e(−4W1+4W8)t

+ (ρ−+(0)− ρ+−(0))e−4W8t
]
,

and

ρ+−(t) =
1
2
[
(ρ−+(0) + ρ+−(0))e(−4W1+4W8)t

− (ρ−+(0)− ρ+−(0))e−4W8t
]
.

It is clear that there are only one relaxation time and
two decoherence times.

2.2. Long-time behaviour

When τ is large, this method is valid only when
the Markovian approximation is applied, i.e. on the
assumption that the noise spectrum is wide-band.
Now, equation (16) is simplified into

ρ̇++(t) = −1
2
A2S(Ω)ρ++(t) +

1
4
A2

[
S(Ω)− J(Ω)

]
,

ρ̇−+(t) = [−A2

4
S(Ω)−B2S(0)]ρ−+(t),

and

ρ̇+−(t) = [−A2

4
S(Ω)−B2S(0)]ρ+−(t),

which give the following relaxation and decoherence
times:

1
T1

=
1
2
A2S(Ω),

and

1
T2

=
1
4
A2S(Ω) + B2S(0)

=
1

2T1
+ B2S(0). (22)

In the case of σzX-type interaction, these results are
the same as those given in Ref.[9].

3. Conclusion

We have used the master equation method to
calculate the relaxation and decoherence times of a
qubit coupled to an environment. If the short-time
behaviour of the quantum dynamics is considered, by
solving the equations, we can calculate T1 and T2 of a
qubit, no matter whether the noise spectrum is either
wide-band or narrow-band. In some special cases, we
can derive more analytical expressions for T1 and T2,
which are identical with the results previously derived
by others.

Appendix: Elements of matrices

M and N

For explicitness, the elements of matrices M and
N in Eq.(16) are given below:

M11 =− 4A2W1,

M12 =AB(2W3 + i2W4),

M13 =AB(2W3 − i2W4),

M21 =AB(4W5 − i4W6),

M22 =− 2A2W1 − 4B2W7 + i2A2W2,

M23 =− 2A2(W1 − 2W8 + iW2 + i2W9),

M31 =AB(4W5 + i4W6),

M32 =− 2A2(W1 − 2W8 − iW2 − i2W9),

M33 =− 2A2W1 − 4B2W7 − i2A2W2,

N1 =2A2(W1 + W10),

N2 =−AB(2W5 + 2W12 − 2W14 − i2W6

+ i2W11 − i2W13),

and

N3 = −AB(2W5+2W12−2W14+i2W6−i2W11+i2W13),
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where

W1 =
1

16π

∫
dωS(ω)τ

[
Sa2

(
Ω − ω

2
τ

)

+ Sa2(
Ω + ω

2
τ)

]
,

W2 =
1
4π

∫
dωS(ω)

Ω
Ω2 − ω2

− 1
8π

∫
dωS(ω)

[
Sa(Ω + ω)τ

Ω + ω
+

Sa(Ω − ω)τ
Ω − ω

]
,

W3 =
1

16π

∫
dωS(ω)τ

[
Ω + ω

ω
Sa2

(
Ω + ω

2
τ

)

− Ω − ω

ω
Sa2

(
Ω − ω

2
τ

)]
,

W4 =
1
8π

∫
dωS(ω)

1
ω

[
Sa(Ω − ω)τ − Sa(Ω + ω)τ

]
,

W5 =
1
8π

∫
dωS(ω)

τ

Ω2 − ω2

[
Ω2Sa2

(
Ω
2

τ

)

− ω2Sa2

(
ω

2
τ

)]
,

W6 =
1
4π

∫
dωS(ω)

Ω
Ω2 − ω2

[
Sa(ωτ)− Sa(Ωτ)

]
,

W7 =
1
8π

∫
dωS(ω)τSa2

(
ω

2
τ

)
,

W8 =
1

16π

∫
dωS(ω)τ

[
− ω

Ω − ω
Sa2

(
Ω + ω

2
τ

)

+
ω

Ω + ω
Sa2

(
Ω − ω

2
τ

)
+

2Ω2

Ω2 − ω2
Sa2(Ωτ)

]
,

W9 =
1
8π

∫
dωS(ω)

[
Ω

Ω2 − ω2
Sa(Ω + ω)τ

+
Ω

Ω2 − ω2
Sa(Ω − ω)τ − Ω

Ω2 − ω2

− Ω
Ω2 − ω2

Sa(2Ωτ)
]
,

W10 =
1

16π

∫
dωJ(ω)τ

[
Sa2

(
Ω + ω

2
τ

)

− Sa2

(
Ω − ω

2
τ

)]
,

W11 =
1
8π

∫
dωJ(ω)

1
ω

[
Sa(Ω + ω)τ

+ Sa(Ω − ω)τ − 2Sa(Ωτ)
]
,

W12 =
1

16π

∫
dωJ(ω)τ

[
Ω + ω

ω
Sa2

(
Ω + ω

2
τ

)

+
Ω − ω

ω
Sa2

(
Ω − ω

2
τ

)
− 2Ω

ω
Sa2

(
Ω
2

τ

)]
,

W13 =
1
4π

∫
dωJ(ω)

ω

Ω2 − ω2

[
Sa(Ωτ)− Sa(ωτ)

]
,

and

W14 =
1
8π

∫
dωJ(ω)

Ωω

Ω2 − ω2
τ

[
Sa2

(
Ω
2

τ

)

− Sa2

(
ω

2
τ

)]

with

Sa(x) =
sin(x)

x
,

J(ω) = 4π
∑

i

k2
i δ(ω − ωi),

and

S(ω) = [2n̄(ω) + 1]J(ω),

where S(ω) is the density spectrum of the noise and
n̄(ω) = 1/(exp(~ω/kBT )−1) is the Bose–Einstein dis-
tribution.

References

[1] Cirac J I and Zoller P 1995 Phys. Rev. Lett. 74 4091

[2] Monroe C, Meekhof D M, King B E, Itano W M and

Wineland D J 1995 Phys. Rev. Lett. 75 4714

[3] Loss D and DiVincenzo D P 1998 Phys. Rev. A 57 120

Hu X and Das Sarma S 2000 Phys. Rev. A 61 062301

and references therein

[4] Hu X, de Sousa R and Das Sarma S 2001 Phys. Rev.

Lett. 86 918

[5] Shnirman A, Schön G and Hermon Z 1997 Phys. Rev.

Lett. 79 2371

Makhlin Y, Schön G and Shnirman A 1999 Nature 398

305

[6] Averin D V 1998 Solid State Comm. 105 659

[7] Falci G, Fazio R, Palma G M, Siewert J and Vedral V

2000 Nature 407 355

Blais A and Tremblay A M S 2003 Phys. Rev. A 67 012308

Faoro L, Siewert J and Fazio R 2003 Phys. Rev. Lett. 90

028301

[8] Mooij J E, Orlando T P, Levitov L, Tian L, van der Wal

C H and Lloyd S 1999 Science 285 1036

Orlando T P, Mooij J E, Tian L, van der Wal C H, Levitov

L S, Lloyd S and Mazo J J 1999 Phys. Rev. B 60 15398

Chiorescu I, Nakamura Y, Harmans C J P M and Mooij

J E 2003 Science 299 1869

[9] Makhlin Y, Schön G and Shnirman A 2001 Rev. Mod.

Phys. 73 357

[10] You J Q and Nori F 2005 Phys. Today 58 42

[11] Meystre P and Sargent III M 1999 Elements of Quantum

Optics 3rd Ed. (Berlin: Springer) chap. 15

[12] Duan L M and Guo G C 1998 Phys. Rev. A 57 737


