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A mathematical technique based on the consideration of a nonlinear partial differential equation together with an

additional condition in the form of an ordinary differential equation is employed to study a nonlinear reaction diffusion

equation which describes a real process in physics and in chemistry. Several exact solutions for the equation are acquired

under certain circumstances.
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1. Introduction

Many analytical and numerical techniques have
been employed to seek exact solutions of nonlinear
partial differential equations. Rosenau and Hyman[l]

2l ysed the pseudo spectral method in

and Rosenaul
space and a variable order, variable time-step Adams—
Basford—Moulton method in time to study a fam-
ily of nonlinear Korteweg—de Vries (KdV) equations,
and obtained a class of solitary waves with com-
Li and

developed the symbolic computation method

pact support, which are called compactons.
Zhang/?!
and employed it to study a class of nonlinear evolu-
tion equations. Some important discoveries for the
nonlinear equations were acquired in Ref.[3]. Fan and
Zhang,!* and Fanl® extended the hyperbolic tangent
(tanh) method and used it to investigate the gener-
alized modified Korteweg—de Vries (mKdV) equation
and the generalized Zakharov—Kuznetsov (ZK) equa-
tion. This extended method is shown to be a pow-
erful tool to seek exact solutions of nonlinear equa-
tions so that many solitary wave solutions were ob-
tained (see Refs.[4-6]).

and the space variables of nonlinear partial differen-

By decomposing the time

tial equations into two integrable ordinary differential

[7]

equations, Ma and Wu!”! have found some exact so-

lutions for KAV mKdV and Kolmogorov—Petrovsky—
Piscounov (KPP) equations. Other approaches, such
as the inverse scattering method, the Backlund trans-
formation, the Darboux transformation, the Painlevé
analysis, the tri-Hamiltonian operators, the finite dif-
ference method, the Adomian decomposition method,
the sin—cos ansatz method and the Jacobi elliptic func-
tion expansion method, may be found from Refs.[8-14]
and the references therein.

Recently, a new constructive method based on the
consideration of a fixed nonlinear partial differential
equation (PDE) together with an additional condi-
tion in the form of linear ordinary differential equa-
tion (ODE) was developed in Ref.[15] by Cherniha.
This method is called the additional generating con-
dition method (see Refs.[15-17]). Using the method,
Chernihal*®! acquired the exact solution for the fol-
lowing generalized Burger equation:

up = (1 + au)ugy + buty, + pug, + vu?, (1)

where a,b,u and v are arbitrary constants, u; =
Ou/ot, uy = Ou/dz, and uy, = 0%u/0z>.

Using the new Q-conditional (nonclassical) sym-
metry technique together with the additional generat-
ing condition method, Chernihal'”} obtained new ex-
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act solutions for the following equation:

Uy = Ugy + AUy + bu — pu® — vu?, (2)
where a, b, p and v are arbitrary constants.
Chernihal'®l mentioned the following reaction dif-
fusion equation:

1
Up = Uy + MUUE + U2 + Ao + A3u + ZA%UQ, (3)

where the coefficients A1, A2, and A3 are arbitrary
constants, and u = u(t,z) is the unknown function.
However, Eq.(3) was not solved in Ref.[18]. In fact,
Eq.(3) is used as a model to describe a real process in
physics and in chemistry (see Ref.[18]). The objective
of this paper is to use the additional generating condi-
tion method to study Eq.(3). Several exact solutions
for the equation are acquired under certain circum-

stances.

2. Description of the method

We briefly state the additional generating condi-
tion method presented in Ref.[19] by Cherniha. For
Eq.(3), we assume additional condition to be in the
form of the linear homogeneous system as follows:

du d?u d3u

al(t)@ + Oég(t)@ + a3(t)$ =0, (4)

where o (t), az(t) and as(t) are functions of variable
t.

From the theory of solving ordinary differential
equations, we know that Eq.(4) has the general solu-

tion in the form

u=o(t)go(t, z) + pr1(H)g1(t, ) + pa(t)ga(t, ), (5)

where ¢g(t), p1(t) and @a(t) are functions of variable
t and go(t, ), g1(t, z), and go2(t,x) are fixed functions
that form a fundamental solution system of Eq.(4).

Substituting expression (5) into Eq.(3) yields the
following identity:

©wo,tgo T P1,t91 + P2.192
= ¢0(9g0,zx + A3go — go,t)

+01(91,00 + X391 — 91.¢)

+02(92,00 + X392 — 92.¢)

1
+3 (/\19090,1 + gz + 4)\39(2)>

1
+7 (Alglgm + giw + 4Afgf)

1
+3 <)\19292,x + 957+ 4>\%Q§)
+vop1 <>\19091,m + A190,291 + 290,291,z
1o
+§>\19091 + ©o2| A190,292 + A19092,x
1o
+290,292,2 + §>\19092 + o102 Mg192.2
1o
+A101,292 + 291,292, + 5)\19192 + X2, (6)

where @i = dp;i/t, gir = 09i/0t, gi. = dg' /0L,
and g; . = 0%¢'/0x2, i=0,1,2. The sufficient con-
ditions for reducing Eq.(6) to a system of ordinary
differential equations (ODEs) possess the form

2
Giwx + A3Gi — Gip = Zngij(t)a (7)
j=0

2
1
MYigia + g7 + 1/\?9’2 = E g;li;(t),  (8)
=0

and

1
AMGiGir 2 + MGiabis + 2952900 + §A:{91:g¢1
2 .
= ZngiJil(t)v @ <1y, (9)
=0

where Q;;(t), R;;(t) and Tfh (t) on the right-hand side
are defined by the expressions on the left-hand side,
11,5 =0,1,2.

It follows from Eqs.(6)—(9) that

2 2
w0t =Y Qiopi + Y Rio(:)?
=0 =0

+ > T enei, A, (10)

0<i1<i2<2
2 2
Pre = Z Qirpi + Z Rir(pi)?
=0 =0

+ Z T;lliz(pil@izv (11)

0<i1<i2<2

and

2 2

Par = Qipit» Ria(@0i)’+ Y. T2.,01%i
i=0 i=0 0<i1 <iz<2

(12)

Therefore, we can conclude that any solution of

the systems (10)—(12) generates an exact solution in

the form of Eq.(5) for Eq.(13), if functions ¢;, ¢ =

0,1, 2, satisfy conditions (7)—(9).
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3. Construction of solutions

Without loss of generality, for Eq.(3), we consider
an additional condition in the following third order
differential equation:

du d?u  d%u
Oél(t)a + aoft )d 5 T Ep) =0, (13)

where 1 (t) and «as(t) are arbitrary functions.

3.1. Ansatz 1 and exact solutions
From the theory of ordinary differential equation,
Eq.(13) has the following form of solution:

u = po(t) + @1(t) exp(n17) + p2(t) exp(y2r), (14)

where V1,2 (t) =

Y2-
Substituting functions gy = 1,

+(a3 — 4a1)1/2 — Olg:| and 7, #

N —

91 = exp(n)
and gs = exp(y2z) into Eq.(7) results in
Giwz + N3G — it = goQio + 91Qi1 + g2Qi2.  (15)

If i = 0, we obtain

= Qoo + exp(712)Qo1 + exp(122)Qoz, (16)

from which we have

Qoo = A3, Qo1 = Qo2 =0. (17)

If = 1, we have

7} exp(1%) 4 Az exp(n1x)
= Qo +exp(mz)Qi1 + exp(ex)Q12, (18)

which yields

Qo =Q12=0, and Qi1 =77 + As. (19)

If : = 2, we have

73 exp(72) + Az exp(722)
= Q20 + exp(717)Q21 + exp(y22)Qa22.  (20)
It follows from Eq.(20) that
Q20 = Q21 =0, and Qa2 =75 + 3. (21)

Applying go = 1, g1 = exp(717) and g2 = exp(727)
to Eq.(8) results in

MGiGie + 97T+~ Algz goRio+ g1 Ri1 + g2 Ria. (22)

If ¢ =0, it has
1
Z)\% = ROO -+ exp(’ylx)Rm -+ eXp(’)/Q.T)ROQ, (23)
which leads to
1
Roo = zAi, Roy = Rgp = 0. (24)
In the case ¢ = 1, we have
A exp(2m) 477 exp(2v1z) + )‘1 exp(2712)
= RlO —+ exp(fylx)Ru —+ exp(fygx)ng. (25)
Requiring v = 2+ gives rise to
1
Riz=1{+ i+ A, Rio=Rin=0. (26)
If i = 2, we have
1
172 exp(2927) + 75 exp(2722) + L A] exp(222)
= Rgo + exp(y12)Ra1 + exp(y2z) Raa. (27)
1
Assuming 3 + A\17y2 + 1)\% = 0 leads to
Rao = Ra1 = Rop = 0. (28)

Applying go = 1, g1 = exp(m1z) and go = exp(y2x)

to Eq.(9) yields
1
MGiGir .z + MGiwbin + 205290 0 + 5/\§gi9¢1
= goT2 + 1T} + g2 T2 (29)

71 11 271 "

If i =0 and i; = 1, we have

A1 exp(miz) + )\1 exp(71)

= To) + eXP(le)Tm + exp(yex)Tgh,  (30)
from which we obtain
1
T, =T} =0, and Ty = ZA%. (31)

If i =0 and i; = 2, we have

1
A1v2 exp(yex) + f)\% exp(va2x)
= 19, + exp(11@)Thy + exp(127) Ty, (32)

and
T(())2 = Tolz = T022 =0. (33)
If i =1 and i; = 2, we obtain
()\172 + A1ye + 27172 + ;A%) exp (71 +2)7]
= Tpy + exp(r12) Ty, + exp(r2)Tho, (34)
which yields

T102 = T112 = T122 =0. (35)
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Making use of Egs.(17), (19), (21
(31), (33) and (35)7 we obtain

), (24), (26

d

:;;0 /\1%00 + A3¢0 + Az,

d(pl A2 1 2

dt (16 A ) o1+ AR,

dpy [N A

P <4+)\3 W2+T69017 (36)

in which we have required that vy = 27y; and 73 +
1
Case 1 D = A} —)\?)\; = 0. Solving system (36),
we have the following solution:

2 2
== (———-A
TR (Co—t 3)’
A2
p1 = ¢1 €xXp {(1(13 + ;) t—1In|co —t@
)\2

g = ca(t) exp {(41 + )\3) t] , (37)

where ¢y and ¢y are arbitrary constants, and co(t) =

22 1 A2t .
/ 16 Wexp <8 dt. Using Egs.(14) and
(37), we obtain the exact solution of Eq.(3) in the
form

1 2, o«
/\% (CO — t) )\2 Co — t

)\% A3 A1
xexp{(lfs-l- )t—4
A2 A
“+eo(t) exp [<41 + )\3) t— 215C:| . (38)

Case 2 D = )\g — )\fx\z < 0. We have the follow-
ing solutions of system (36):

/\% {mtarl {;\/T(tc())] - >‘3}’

=c3e )\—%+ﬁt
PL=CePI\16 T 2

u =

—1In | cos B\/j(t - co)] ’} ,
o mtoo () -
and
o= 2L [V o] )

e (N2,
p1 = C5€Xp 16 B

sin [;@(t - co)} ‘} :

—1In

o= atroms [ (22}, ”

) (28),

where c3 and c5 are constants, and

)\2 1

167 cos? B@(t - co)]

Cq (t)

AT, 1

c(t)= | 16 2 [;\/j(t - Co)}

From Eqgs.(39) and (40), the solutions for Eq.(3) are
expressed as follows:

- NAT an [lm(t—co)} - QAA%?’

A2 A
X exp Kll+23)t41z]

and

2v =D 1 2
u = ——5— tan [\/ —D(t - Co):| - %
AT 2 Al
Cs5

sin [;\/ —D(t — Co):| ‘
DY A1
X exp {(16—1-2)15—43:

e {[( )]

Case3 D = )2 —

gives rise to

wo = é{\/ﬁtanh E\/ﬁ(co —t)} —Ag},

A2 )
p1 = crexp ﬁ+7 t

—In cosh [;\/B(co — t)] } ,

_|_

A2X2 > 0. Solving system (36)

o= e[ () . w
and

0o = )\Q%{fcoth B\/ﬁ(co—t)} —)\3},

/\2 A3
(1 = Cg €xp 7+? t
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—In | sinh

2P0l )
e aen|(Bea) ]

where ¢; and cg are constants and

A2 !
cs(t) = / 1165 cosh? B\/ﬁ(co - t)}

Therefore, solutions of Eq.(3) take the following forms:

u Qgtanh{lf( o—t)} —%+

and

A2 A
) 1 = eXpKulﬁ;)t_zfx}
1 cosh {2\/5(60 - t)}

u = 2/\@(30811 [;\/E(co - t)] _ 2% +
1

A2 A
+c10(t) exp {(41 + )\3) t— 71 ] .

3.2. Ansatz 2 and exact solutions

If ay = e = 0, Eq.(13) generates the following

ansatz:
u = po(t) + @1 () + oo (t)2?. (47)
Substituting go = 1, ¢1 = = and g = 2 into
Eqs.(7)-(9) yields

Qoo = Q11 = Q22 = A3, Q20 =2,
Rio=1, Rpp=4, Th=4 X =0, (48

and the relations

Qul - Rnl “1 =0 (49)

for different combinations of the indices i,4; and j
which are not listed in expression (48).

Making use of Eqgs.(48) and (49) leads Eqs.(10)—
(12) to reduce to the following form:

deo
dt

dey
dt

= X300 + #7 + 202 + Az,

= X301 + 4192,

where bg, by and b4 are constants and

(45)
[
sinh [\/E(CO - t)]
(46)
d§02
= 4
dt )\3<P2 + <P2; (50)
from which we obtain
Yo = bl (t) exp(/\gt),
bs exp ()\;’t>
Y1 = )
sinh [)\S(bo - t)]
2
A A A
0y = gcoth {;(bo - t)} - §3 (51)
and
®o = b3(t) exp(Ast),
b4 exp <)\23t>
Y1 = )
cosh [&(bo - t)}
s A A
P2 = @3’5 anh [ 23 by — t)} §3» (52)
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A3
coth | = (b — t)
o 2b2 )\3 )\3 |: 2 1 >\2
by(t) = " coth { 5 (bo t)} + / exp(ral) dt + 1 N exp (—Ast),
and
A3
tanh | —(bg — 1)
—2b4 )\3 )\3 |: 2 :| 1 )\2
- b | 22 (b — 23 22 “st).
ba(t) = . tan { 2 (b t)} + 5 / o (1 1) exel-x
From expressions (47), (51) and (52), we obtain the solutions of Eq.(3) as
bz exp (Azgt> A A A
u = by (t) exp(Ast) + z+ {2 coth |22 (b — )| — 22 L a2, (53)
. A3 8 2 8
sinh | == (by — t)
2
and \
baexp (23t> A A A
u = bs(t) exp(Ast) + z+ {3 tanh {3@0 - t)} - 3} 22, (54)
A3 8 2 8
cosh {Q(bo - t)}

Remark Using the symbolic computation Maple
and separately substituting solutions (38), (41), (42),
(45), (46), (53) and (54) into Eq.(3), we find that these
solutions entirely satisfy Eq.(3). It implies that the re-
sults obtained by using the additional generating tech-
nique to investigate Eq.(3) are valid.

4. Conclusion

In this paper, the additional generating condition
method based on the analysis of a fixed nonlinear par-

tial differential equation together with an additional
condition in the form of a linear ordinary differen-
tial equation is employed to study a reaction diffusion
Eq.(3) which describes a real process in physics and
in chemistry. The exact solutions are obtained un-
der several circumstances. The constructive method
may be applied to finding the exact solutions for other

nonlinear diffusion equations.
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