
Vol 18 No 2, February 2009 c© 2009 Chin. Phys. Soc.

1674-1056/2009/18(02)/0405-06 Chinese Physics B and IOP Publishing Ltd

The constructive technique and its application
in solving a nonlinear reaction diffusion equation∗

Lai Shao-Yong(赖绍永)a)†, Guo Yun-Xi(郭云喜)a),
Qing Yin(青 音)a), and Wu Yong-Hong(吴永宏)b)

a)Department of Applied Mathematics, Southwestern University of Finance and Economics, Chengdu 610074, China
b)Department of Mathematics and Statistics, Curtin University of Technology, Perth, WA 6845, Australia

(Received 3 July 2007; revised manuscript received 2 November 2007)

A mathematical technique based on the consideration of a nonlinear partial differential equation together with an

additional condition in the form of an ordinary differential equation is employed to study a nonlinear reaction diffusion

equation which describes a real process in physics and in chemistry. Several exact solutions for the equation are acquired

under certain circumstances.
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1. Introduction

Many analytical and numerical techniques have
been employed to seek exact solutions of nonlinear
partial differential equations. Rosenau and Hyman[1]

and Rosenau[2] used the pseudo spectral method in
space and a variable order, variable time-step Adams–
Basford–Moulton method in time to study a fam-
ily of nonlinear Korteweg–de Vries (KdV) equations,
and obtained a class of solitary waves with com-
pact support, which are called compactons. Li and
Zhang[3] developed the symbolic computation method
and employed it to study a class of nonlinear evolu-
tion equations. Some important discoveries for the
nonlinear equations were acquired in Ref.[3]. Fan and
Zhang,[4] and Fan[5] extended the hyperbolic tangent
(tanh) method and used it to investigate the gener-
alized modified Korteweg–de Vries (mKdV) equation
and the generalized Zakharov–Kuznetsov (ZK) equa-
tion. This extended method is shown to be a pow-
erful tool to seek exact solutions of nonlinear equa-
tions so that many solitary wave solutions were ob-
tained (see Refs.[4–6]). By decomposing the time
and the space variables of nonlinear partial differen-
tial equations into two integrable ordinary differential
equations, Ma and Wu[7] have found some exact so-

lutions for KdV mKdV and Kolmogorov–Petrovsky–
Piscounov (KPP) equations. Other approaches, such
as the inverse scattering method, the Bäcklund trans-
formation, the Darboux transformation, the Painlevé
analysis, the tri-Hamiltonian operators, the finite dif-
ference method, the Adomian decomposition method,
the sin–cos ansatz method and the Jacobi elliptic func-
tion expansion method, may be found from Refs.[8–14]
and the references therein.

Recently, a new constructive method based on the
consideration of a fixed nonlinear partial differential
equation (PDE) together with an additional condi-
tion in the form of linear ordinary differential equa-
tion (ODE) was developed in Ref.[15] by Cherniha.
This method is called the additional generating con-
dition method (see Refs.[15–17]). Using the method,
Cherniha[15] acquired the exact solution for the fol-
lowing generalized Burger equation:

ut = (1 + au)uxx + buux + µux + νu2, (1)

where a, b, µ and ν are arbitrary constants, ut =
∂u/∂t, ux = ∂u/∂x, and uxx = ∂2u/∂x2.

Using the new Q-conditional (nonclassical) sym-
metry technique together with the additional generat-
ing condition method, Cherniha[17] obtained new ex-
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act solutions for the following equation:

ut = uxx + auux + bu− µu2 − νu3, (2)

where a, b, µ and ν are arbitrary constants.
Cherniha[18] mentioned the following reaction dif-

fusion equation:

ut = uxx + λ1uux + u2
x + λ2 + λ3u +

1
4
λ2

1u
2, (3)

where the coefficients λ1, λ2, and λ3 are arbitrary
constants, and u = u(t, x) is the unknown function.
However, Eq.(3) was not solved in Ref.[18]. In fact,
Eq.(3) is used as a model to describe a real process in
physics and in chemistry (see Ref.[18]). The objective
of this paper is to use the additional generating condi-
tion method to study Eq.(3). Several exact solutions
for the equation are acquired under certain circum-
stances.

2. Description of the method

We briefly state the additional generating condi-
tion method presented in Ref.[19] by Cherniha. For
Eq.(3), we assume additional condition to be in the
form of the linear homogeneous system as follows:

α1(t)
du

dx
+ α2(t)

d2u

dx2
+ α3(t)

d3u

dx3
= 0, (4)

where α1(t), α2(t) and α3(t) are functions of variable
t.

From the theory of solving ordinary differential
equations, we know that Eq.(4) has the general solu-
tion in the form

u = ϕ0(t)g0(t, x) + ϕ1(t)g1(t, x) + ϕ2(t)g2(t, x), (5)

where ϕ0(t), ϕ1(t) and ϕ2(t) are functions of variable
t and g0(t, x), g1(t, x), and g2(t, x) are fixed functions
that form a fundamental solution system of Eq.(4).

Substituting expression (5) into Eq.(3) yields the
following identity:

ϕ0,tg0 + ϕ1,tg1 + ϕ2,tg2

= ϕ0(g0,xx + λ3g0 − g0,t)

+ϕ1(g1,xx + λ3g1 − g1,t)

+ϕ2(g2,xx + λ3g2 − g2,t)

+ϕ2
0

(
λ1g0g0,x + g2

0x +
1
4
λ2

1g
2
0

)

+ϕ2
1

(
λ1g1g1,x + g2

1x +
1
4
λ2

1g
2
1

)

+ϕ2
2

(
λ1g2g2,x + g2

2x +
1
4
λ2

1g
2
2

)

+ϕ0ϕ1

(
λ1g0g1,x + λ1g0,xg1 + 2g0,xg1,x

+
1
2
λ2

1g0g1

)
+ ϕ0ϕ2

(
λ1g0,xg2 + λ1g0g2,x

+2g0,xg2,x +
1
2
λ2

1g0g2

)
+ ϕ1ϕ2

(
λ1g1g2,x

+λ1g1,xg2 + 2g1,xg2,x +
1
2
λ2

1g1g2

)
+ λ2, (6)

where ϕi,t = ∂ϕi/∂t, gi,t = ∂gi/∂t, gi,x = ∂gi/∂t,

and gi,xx = ∂2gi/∂x2, i = 0, 1, 2. The sufficient con-
ditions for reducing Eq.(6) to a system of ordinary
differential equations (ODEs) possess the form

gi,xx + λ3gi − gi,t =
2∑

j=0

gjQij(t), (7)

λ1gigi,x + g2
i x +

1
4
λ2

1g
2
i =

2∑

j=0

gjRij(t), (8)

and

λ1gigi1,x + λ1gi,xgi1 + 2gi,xgi1,x +
1
2
λ2

1gigi1

=
2∑

j=0

gjT
j
ii1

(t), i < i1, (9)

where Qij(t), Rij(t) and T j
ii1

(t) on the right-hand side
are defined by the expressions on the left-hand side,
i1, i = 0, 1, 2.

It follows from Eqs.(6)–(9) that

ϕ0,t =
2∑

i=0

Qi0ϕi +
2∑

i=0

Ri0(ϕi)2

+
∑

0≤i1<i2≤2

T 0
i1i2ϕi1ϕi2 + λ2, (10)

ϕ1,t =
2∑

i=0

Qi1ϕi +
2∑

i=0

Ri1(ϕi)2

+
∑

0≤i1<i2≤2

T 1
i1i2ϕi1ϕi2 , (11)

and

ϕ2,t =
2∑

i=0

Qi2ϕi+
2∑

i=0

Ri2(ϕi)2+
∑

0≤i1<i2≤2

T 2
i1i2ϕi1ϕi2 .

(12)
Therefore, we can conclude that any solution of

the systems (10)–(12) generates an exact solution in
the form of Eq.(5) for Eq.(13), if functions gi, i =
0, 1, 2, satisfy conditions (7)–(9).
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3. Construction of solutions

Without loss of generality, for Eq.(3), we consider
an additional condition in the following third order
differential equation:

α1(t)
du

dx
+ α2(t)

d2u

dx2
+

d3u

dx3
= 0, (13)

where α1(t) and α2(t) are arbitrary functions.

3.1.Ansatz 1 and exact solutions

From the theory of ordinary differential equation,
Eq.(13) has the following form of solution:

u = ϕ0(t) + ϕ1(t) exp(γ1x) + ϕ2(t) exp(γ2x), (14)

where γ1,2(t) =
1
2

[
±(α2

2 − 4α1)1/2 − α2

]
and γ1 6=

γ2.

Substituting functions g0 = 1, g1 = exp(γ1x)
and g2 = exp(γ2x) into Eq.(7) results in

gi,xx + λ3gi − gi,t = g0Qi0 + g1Qi1 + g2Qi2. (15)

If i = 0, we obtain

λ3 = Q00 + exp(γ1x)Q01 + exp(γ2x)Q02, (16)

from which we have

Q00 = λ3, Q01 = Q02 = 0. (17)

If i = 1, we have

γ2
1 exp(γ1x) + λ3 exp(γ1x)

= Q10 + exp(γ1x)Q11 + exp(γ2x)Q12, (18)

which yields

Q10 = Q12 = 0, and Q11 = γ2
1 + λ3. (19)

If i = 2, we have

γ2
2 exp(γ2x) + λ3 exp(γ2x)

= Q20 + exp(γ1x)Q21 + exp(γ2x)Q22. (20)

It follows from Eq.(20) that

Q20 = Q21 = 0, and Q22 = γ2
2 + λ3. (21)

Applying g0 = 1, g1 = exp(γ1x) and g2 = exp(γ2x)
to Eq.(8) results in

λ1gigi,x +g2
i x+

1
4
λ2

1g
2
i = g0Ri0 +g1Ri1 +g2Ri2. (22)

If i = 0, it has

1
4
λ2

1 = R00 + exp(γ1x)R01 + exp(γ2x)R02, (23)

which leads to

R00 =
1
4
λ2

1, R01 = R02 = 0. (24)

In the case i = 1, we have

λ1γ1 exp(2γ1x) + γ2
1 exp(2γ1x) +

1
4
λ2

1 exp(2γ1x)

= R10 + exp(γ1x)R11 + exp(γ2x)R12. (25)

Requiring γ2 = 2γ1 gives rise to

R12 = γ2
1 + λ1γ1 +

1
4
λ2

1, R10 = R11 = 0. (26)

If i = 2, we have

λ1γ2 exp(2γ2x) + γ2
2 exp(2γ2x) +

1
4
λ2

1 exp(2γ2x)

= R20 + exp(γ1x)R21 + exp(γ2x)R22. (27)

Assuming γ2
2 + λ1γ2 +

1
4
λ2

1 = 0 leads to

R20 = R21 = R22 = 0. (28)

Applying g0 = 1, g1 = exp(γ1x) and g2 = exp(γ2x)
to Eq.(9) yields

λ1gigi1,x + λ1gi,xgi1 + 2gi,xgi1,x +
1
2
λ2

1gigi1

= g0T
0
ii1 + g1T

1
ii1 + g2T

2
ii1 . (29)

If i = 0 and i1 = 1, we have

λ1γ1 exp(γ1x) +
1
2
λ2

1 exp(γ1x)

= T 0
01 + exp(γ1x)T 1

01 + exp(γ2x)T 2
01, (30)

from which we obtain

T 0
01 = T 2

01 = 0, and T 1
01 =

1
4
λ2

1. (31)

If i = 0 and i1 = 2, we have

λ1γ2 exp(γ2x) +
1
2
λ2

1 exp(γ2x)

= T 0
02 + exp(γ1x)T 1

02 + exp(γ2x)T 2
02, (32)

and
T 0

02 = T 1
02 = T 2

02 = 0. (33)

If i = 1 and i1 = 2, we obtain
(

λ1γ2 + λ1γ2 + 2γ1γ2 +
1
2
λ2

1

)
exp [(γ1 + γ2)x]

= T 0
12 + exp(γ1x)T 1

12 + exp(γ2x)T 2
12, (34)

which yields

T 0
12 = T 1

12 = T 2
12 = 0. (35)
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Making use of Eqs.(17), (19), (21), (24), (26), (28),
(31), (33) and (35), we obtain

dϕ0

dt
=

1
4
λ2

1ϕ
2
0 + λ3ϕ0 + λ2,

dϕ1

dt
=

(
λ2

1

16
+ λ3

)
ϕ1 +

1
4
λ2

1ϕ0ϕ1,

dϕ2

dt
=

(
λ2

1

4
+ λ3

)
ϕ2 +

λ2
1

16
ϕ2

1, (36)

in which we have required that γ2 = 2γ1 and γ2
2 +

λ1γ2 +
1
4
λ2

1 = 0.

Case 1 D = λ2
3−λ2

1λ2 = 0. Solving system (36),
we have the following solution:

ϕ0 =
2
λ2

1

(
2

c0 − t
− λ3

)
,

ϕ1 = c1 exp
[(

λ2
1

16
+

λ3

2

)
t− ln |c0 − t|

]

ϕ2 = c2(t) exp
[(

λ2
1

4
+ λ3

)
t

]
, (37)

where c0 and c1 are arbitrary constants, and c2(t) =∫
λ2

1c
2
1

16
1

(c0 − t)2
exp

(
−λ2

1t

8

)
dt. Using Eqs.(14) and

(37), we obtain the exact solution of Eq.(3) in the
form

u =
4

λ2
1(c0 − t)

− 2λ3

λ2
1

+
c1

c0 − t

× exp
[(

λ2
1

16
+

λ3

2

)
t− λ1

4
x

]

+c2(t) exp
[(

λ2
1

4
+ λ3

)
t− λ1

2
x

]
. (38)

Case 2 D = λ2
3−λ2

1λ2 < 0. We have the follow-
ing solutions of system (36):

ϕ0 =
2
λ2

1

{√
−D tan

[
1
2

√
−D (t− c0)

]
− λ3

}
,

ϕ1 = c3 exp
{(

λ2
1

16
+

λ3

2

)
t

− ln
∣∣∣∣ cos

[
1
2

√
−D(t− c0)

] ∣∣∣∣
}

,

ϕ2 = c4(t) exp
[(

λ2
1

4
+ λ3

)
t

]
(39)

and

ϕ0 =
2
λ2

1

{√
−D cot

[
1
2

√
−D (t− c0)

]
− λ3

}
,

ϕ1 = c5 exp
{(

λ2
1

16
+

λ3

2

)
t

− ln
∣∣∣∣ sin

[
1
2

√
−D(t− c0)

] ∣∣∣∣
}

,

ϕ2 = c6(t) exp
[(

λ2
1

4
+ λ3

)
t

]
, (40)

where c3 and c5 are constants, and

c4(t) =
∫

λ2
1

16
c2
3

1

cos2
[
1
2

√
−D(t− c0)

]

× exp
(
−λ2

1t

8

)
dt,

c6(t) =
∫

λ2
1

16
c2
3

1

sin2

[
1
2

√
−D(t− c0)

]

× exp
(
−λ2

1t

8

)
dt.

From Eqs.(39) and (40), the solutions for Eq.(3) are
expressed as follows:

u =
2
√−D

λ2
1

tan
[
1
2

√
−D(t− c0)

]
− 2λ3

λ2
1

+
c3∣∣∣∣ cos

[
1
2

√
−D(t− c0)

] ∣∣∣∣

× exp
[(

λ2
1

16
+

λ3

2

)
t− λ1

4
x

]

+c4(t) exp
{[(

λ2
1

4
+ λ3

)
t

]
− λ1

2
x

}
(41)

and

u =
2
√−D

λ2
1

tan
[
1
2

√
−D(t− c0)

]
− 2λ3

λ2
1

+
c5∣∣∣∣ sin

[
1
2

√
−D(t− c0)

] ∣∣∣∣

× exp
[(

λ2
1

16
+

λ3

2

)
t− λ1

4
x

]

+c6(t) exp
{[(

λ2
1

4
+ λ3

)
t

]
− λ1

2
x

}
. (42)

Case3 D = λ2
3 − λ2

1λ2 > 0. Solving system (36)
gives rise to

ϕ0 =
2
λ2

1

{√
D tanh

[
1
2

√
D(c0 − t)

]
− λ3

}
,

ϕ1 = c7 exp
{(

λ2
1

16
+

λ3

2

)
t

− ln cosh
[
1
2

√
D(c0 − t)

]}
,

ϕ2 = c8(t) exp
[(

λ2
1

4
+ λ3

)
t

]
, (43)

and

ϕ0 =
2
λ2

1

{√
D coth

[
1
2

√
D(c0 − t)

]
− λ3

}
,

ϕ1 = c9 exp
{(

λ2
1

16
+

λ3

2

)
t
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− ln
∣∣∣∣ sinh

[
1
2

√
D(c0 − t)

] ∣∣∣∣
}

,

ϕ2 = c10(t) exp
[(

λ2
1

4
+ λ3

)
t

]
, (44)

where c7 and c9 are constants and

c8(t) =
∫

λ2
1c

2
5

16
1

cosh2

[
1
2

√
D(c0 − t)

]

× exp
(
−λ2

1t

8

)
dt,

c10(t) =
∫

λ2
1c

2
5

16
1

sinh2

[
1
2

√
D(c0 − t)

]

× exp
(
−λ2

1t

8

)
dt.

Therefore, solutions of Eq.(3) take the following forms:

u =
2
√

D

λ2
1

tanh
[
1
2

√
D(c0 − t)

]
− 2λ3

λ2
1

+
c7

cosh
[
1
2

√
D(c0 − t)

] exp
[(

λ2
1

16
+

λ3

2

)
t− λ1

4
x

]

+c8(t) exp
[(

λ2
1

4
+ λ3

)
t− λ1

2
x

]
(45)

and

u =
2
√

D

λ2
1

cosh
[
1
2

√
D(c0 − t)

]
− 2λ3

λ2
1

+
c9∣∣∣∣ sinh

[
1
2

√
D(c0 − t)

] ∣∣∣∣
exp

[(
λ2

1

16
+

λ3

2

)
t− λ1

4
x

]

+c10(t) exp
[(

λ2
1

4
+ λ3

)
t− λ1

2
x

]
. (46)

3.2.Ansatz 2 and exact solutions

If α1 = α2 = 0, Eq.(13) generates the following
ansatz:

u = ϕ0(t) + ϕ1(t)x + ϕ2(t)x2. (47)

Substituting g0 = 1, g1 = x and g2 = x2 into
Eqs.(7)–(9) yields

Q00 = Q11 = Q22 = λ3, Q20 = 2,

R10 = 1, R22 = 4, T 1
12 = 4, λ1 = 0, (48)

and the relations

Qii1 = Rii1 = T j
ii1

= 0 (49)

for different combinations of the indices i, i1 and j

which are not listed in expression (48).
Making use of Eqs.(48) and (49) leads Eqs.(10)–

(12) to reduce to the following form:

dϕ0

dt
= λ3ϕ0 + ϕ2

1 + 2ϕ2 + λ2,

dϕ1

dt
= λ3ϕ1 + 4ϕ1ϕ2,

dϕ2

dt
= λ3ϕ2 + 4ϕ2

2, (50)

from which we obtain

ϕ0 = b1(t) exp(λ3t),

ϕ1 =
b2 exp

(
λ3

2
t

)

sinh
[
λ3

2
(b0 − t)

] ,

ϕ2 =
λ3

8
coth

[
λ3

2
(b0 − t)

]
− λ3

8
, (51)

and

ϕ0 = b3(t) exp(λ3t),

ϕ1 =
b4 exp

(
λ3

2
t

)

cosh
[
λ3

2
(b0 − t)

] ,

ϕ2 =
λ3

8
tanh

[
λ3

2
(b0 − t)

]
− λ3

8
, (52)

where b0, b2 and b4 are constants and
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b1(t) =
2b2

λ3
coth

[
λ3

2
(b0 − t)

]
+

λ3

4

∫ coth
[
λ3

2
(b0 − t)

]

exp(λ3t)
dt +

(
1
4
− λ2

λ3

)
exp (−λ3t),

and

b3(t) =
−2b4

λ3
tanh

[
λ3

2
(b0 − t)

]
+

λ3

4

∫ tanh
[
λ3

2
(b0 − t)

]

exp(λ3t)
dt +

(
1
4
− λ2

λ3

)
exp(−λ3t).

From expressions (47), (51) and (52), we obtain the solutions of Eq.(3) as

u = b1(t) exp(λ3t) +
b2 exp

(
λ3

2
t

)

sinh
[
λ3

2
(b0 − t)

]x +
{

λ3

8
coth

[
λ3

2
(b0 − t)

]
− λ3

8

}
x2, (53)

and

u = b3(t) exp(λ3t) +
b4 exp

(
λ3

2
t

)

cosh
[
λ3

2
(b0 − t)

]x +
{

λ3

8
tanh

[
λ3

2
(b0 − t)

]
− λ3

8

}
x2. (54)

Remark Using the symbolic computation Maple
and separately substituting solutions (38), (41), (42),
(45), (46), (53) and (54) into Eq.(3), we find that these
solutions entirely satisfy Eq.(3). It implies that the re-
sults obtained by using the additional generating tech-
nique to investigate Eq.(3) are valid.

4. Conclusion

In this paper, the additional generating condition
method based on the analysis of a fixed nonlinear par-

tial differential equation together with an additional
condition in the form of a linear ordinary differen-
tial equation is employed to study a reaction diffusion
Eq.(3) which describes a real process in physics and
in chemistry. The exact solutions are obtained un-
der several circumstances. The constructive method
may be applied to finding the exact solutions for other
nonlinear diffusion equations.

References

[1] Rosenau P and Hyman J M 1993 Phys. Rev. Lett. 70 564

[2] Rosenau P 1997 Phys. Lett. A 130 305

[3] Li Z B and Zhang S Q 1997 Acta Math. Scientia A 17(1)

81

[4] Fan E G and Zhang H Q 1998 Phys. Lett. A 246 403

[5] Fan E G 2000 Phys. Lett. A 212 277

[6] Fan E G and Zhang H Q 1998 Phys. Lett. A 245 389

[7] Ma W X and Wu H Y 2006 J. Math. Anal. Appl. 324 134

[8] Demiray H 2005 Phys. Lett. A 344 418

[9] Li M H 2005 Chin. Phys. 14 251

[10] Zhang S 2006 Phys. Lett. A 358 414

[11] Gu C H 2002 Sci. in China Ser A 45 706

[12] Li J B 2007 Sci. in China Ser A 50 153

[13] Yang X L and Tang J S 2007 Chin. Phys. 16 310

[14] Fang J P and Zheng C L 2005 Chin. Phys. 14 669

[15] Cherniha R M 1996 Rep. Math. Phys. 38 301

[16] Cherniha R M 1998 Rep. Math. Phys. 41 333

[17] Cherniha R M 2007 J. Math. Anal. Appl. 326 783

[18] Cherniha R M and Serov M 1998 Eur. J. Appl. Math. 9

527

[19] Dinda P and Remoissenet M 1990 Phys. Rev. E 60 6218


