Vol 18 No 2, February 2009
1674-1056/2009,/18(02)/0400-05

Chinese Physics B

© 2009 Chin. Phys. Soc.
and IOP Publishing Ltd

The (w/g)-expansion method and its application

to Vakhnenko equation

Li Wen-An(Z3 %),

Chen Hao([f #%)", and Zhang Guo-Cai(7K [El4)

School of Physics and Telecommunication Engineering, South China Normal University, Guangzhou 510006, China

(Received 15 January 2008; revised manuscript received 9 July 2008)

This paper presents a new function expansion method for finding travelling wave solutions of a nonlinear evolution

equation and calls it the (w/g)-expansion method, which can be thought of as the generalization of (G’/G)-expansion

given by Wang et al recently. As an application of this new method, we study the well-known Vakhnenko equation

which describes the propagation of high-frequency waves in a relaxing medium. With two new expansions, general types

of soliton solutions and periodic solutions for Vakhnenko equation are obtained.
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1. Introduction

The investigation of the exact solutions for non-
linear evolution equations plays an important role in
the study of soliton theory. In the past decade, a num-
ber of powerful methods have been proposed, such as
the tanh function expansion method,":2! Jacobi ellip-
tic function method,4 Exp-function method,® the
hyperbolic tangent function expansion method,[2:6:7]
the F-expansion.[®=10 A great number of nonlinear
equations can be solved analytically by the above
methods.['' =18 However, although many efforts have
been devoted to find various methods to solve non-
linear equation, there is not a unified method. Re-
cently (G'/G)-expansion method™ has been pro-
posed which can be applied to many nonlinear equa-
tions and result in a few new kinds of solution. Then
Zhang et all?% generalized this method to solve non-
linear equations with variable coefficients. Motivated
by this method, we introduce the (w/g)-expansion
which actually is a family of expansion methods.
When the w and g are taken as special choices, some
familiar expansion methods can be obtained, such as
tanh-expansion, (G'/G)-expansion. Based on these
interesting results, we further give two new forms of
expansion. In order to illustrate well the effectiveness
of our method, it is applied to Vakhnenko equation
which is an important equation describing the propa-

gation of high-frequency waves in a relaxing medium.

TCorresponding author. E-mail: chenhao@scnu.edu.cn
http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn

(w/g)-expansion method, Vakhnenko equation, travelling wave solutions

We will show that several new types of solution can
be derived by using our method.

This paper is organized as follows. The next sec-
tion is devoted to the description of our method. In
Section 3, we apply it to Vakhnenko equation and dis-
cuss briefly its solutions. At Last, a brief summary is
given in Section 4.

2. Description of the

(w/g)-
expansion method

A general nonlinear wave equation can be written
as

) =0. (1)

We seek its travelling wave solution u(e) by letting

P(u, Uty Ugy Uty Ugty Uy ---

e=z— Vi, (2)

where V' is a parameter to be determined later. Now
we briefly illustrate the (w/g)-expansion method.

Step 1 Uniting the independent variables  and
t into one variable € as usual, then from Eq.(1) we
obtain

P(u, =V o', V2"~V ") =0.  (3)
Step 2 Suppose the solution of Eq.(3) can be

expressed by a polynomial in (w/g), and w, g satisfy
the following relation:

(@) o0 6
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namely,
Wwg—wg =ag®+ bwg + cw?, (4)

where a, b, ¢ are arbitrary constants. Let us examine
Eq.(4) carefully. If we make the choice w = ¢/, a =

—u, b= =X\, ¢=—1, then u(e) can be expressed as
g\"
u(e) = Z am <> , (5)
m=0 9

where g satisfies relation ¢” + A\¢’ + pg = 0. This
is just the (G'/G)-expansion method that Wang et
al'! have proposed recently. Furthermore, if we put
w=tanhe, g=1, a=1, b =0, ¢ = —1, then u(e)
becomes

u(e) = Z @, (tanhe)™, (6)
m=0

which is the tanh-function expansion method.

In the present paper, we propose another two new
kinds of expansion from which new solutions of the
nonlinear wave equation can be obtained. For the first
one, let w = ¢'/g, b =0, thus

g\"
we) = an (%) )
m=0 9
where g satisfies
9"9% — 299" = ag" + cg”. (8)

For another, let w = gg’, then

u(e) =Y am (9)™ (9)

m=0

Now the differential equation about g becomes

¢" =a+bg +cqg. (10)

Step 3 Substituting Eq.(7) or Eq.(9) into Eq.(3),
making use of Eq.(8) or Eq.(10), and setting the coef-
ficients of all powers of (w/g)™ to zeros, we will get a
system of algebraic equations, from which V' and a,,
can be found explicitly.

Step 4 Substituting the values a,, obtained in
Step 3 into Eq.(7) or Eq.(9), we may get all possible

solutions.

3. New solutions of Vakhnenko

equation
Vakhnenko equation,?!=23 is a nonlinear equa-
tion with loop soliton solutions describing the propa-

gation of high-frequency waves in a relaxing medium,
which can be written as

Uty —+—ui—|—uum+u: 0. (11)

Following Vakhnenko et al,?!! we introduce new inde-

pendent variables X, T, defined by

x=T+W (X, T)+xzo, t=2X, (12)

where u (z,t) = Wx (X,T), xo is an arbitrary con-
stant.

From Eq.(12) we have

0 0 0 0

0

Thus equation (11) can be rewritten as
Wxxm+WxWpr +Wx =0. (14)

Now we look for the travelling solution of W by
putting

W=2¢(), e=X-VT. (15)

Substituting Eq.(15) into Eq.(14), we have

—V§" —V (¢))’ + ¢ =0. (16)

Considering the homogeneous balance ¢"’ and (¢’ )2
in Eq.(16) and noticing Eq.(4), we require that the
highest order of the polynomial in (w/g) is 1.

3.1.(¢'/g*)-expansion

Suppose

s (L)

AN 7\ 2

Noting (92> =a+c (g2> , we have the concrete
g g

form of ¢, ¢", ¢'"" and (¢’)2, then substitute them into

/
Eq.(16), collect all terms with same order of <§2>,
m

w
and set the coefficients of all powers of [ — to ze-

ros. We will get a system of algebraic equations for
ap, a1 and V as follows:

—2Vaja’c — Va%a2 4+ aja =0,
—8Vajac® — 2Va%ac +a1c=0,

—6Vayc® —Vaic® =0. (18)

After some algebraic calculations we have

1
ay 6c, V oo (19)
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Substituting Eq.(19) and the general solution of
Eq.(8) (see Egs.(A5), (A7) and Eq.(A9) in the Ap-
pendix) into Eq.(17), we therefore have two types of
solutions as follows.

For ac > 0,

C cos (v/ace) + Cy sin (yace) 2

#1(8) = a0 = 6vae T age) = s cos (vace)

0)

1
where ¢ = X + 4—T and C;, Cy are arbitrary con-
ac
stants.

Thus the solution of Vakhnenko equation is

6ac (C3 + C3)
(C1sin (vace) — O cos (\/cﬁg))27

uy (z,t) =

z + 4act = dace + xg + ag — 6/ ac

" C cos (vace) + Cy sin (Vace)
Cy sin (y/ace) — Cy cos (yace)’

where u; here had not been given in Refs.[21-23]. It

(21)

is a general form of periodic solution.
For ac < 0,

1>Vl 1
¢2(€) = ap + 6+/]ac| <C+C> ;o (22)

01625. /lac| _ Cs

1
where ¢ = X + —T and Cy, Cs are arbitrary con-
ac
stants. In particular, if C7; and Cy take the special
value, for example, Cy/Cy = —e?°0, then

¢2(e) =ag + 64/|ac| tanh (\/ lacle + 50)

=a —|—itanh (54—5 )
WV 2V )
which has the same form as that in Ref.[21].

In general, the soliton solution is

2
01625w/|ac| +02>
01626\/|ac| — Oy ’

ug (x,t) = —6ac + 6ac (
x + dact = dace + xg + ag + 6+/|ac]

y <01626\/|(ZC + CQ)

(23)
Cler\ /lac| _ Cs

3.2. ¢’-expansion

Let
P(e) = by + brg'. (24)

Similarly, noting (¢’) = a+ by’ + cg'?, one substitutes
the new form of ¢, ¢”, ¢"" and (¢’)2 into Eq.(16), and
gets

—V (ab®by + 2a*bic) — Vbia® + bia = 0,

—V (byb® + 8byabe) — 2Vbiab + bib =0,

—V (7b1b*c + 8bjac®) — V (bib* + 2bjac) + byc = 0,
—12Vby1bc? — 2Vb2be = 0,

—6Vbic® —Vbic* =0 (25)

Then we have

1

Ve
4ac — b?

b1 = 760, (26)

Substituting Eq.(26) and the general solution of
Eq.(10) (see Egs.(A18) — (A20) in the Appendix) into
Eq.(24), we have two types of travelling wave solutions
of the Vakhnenko equation as follows:

Case 1 When A = 4ac—b? <0,

63() = by — 3 [mtanh ( V?) ) b]

3 £
= (bo +3) + —= tanh (2\/17> ;o (2D

Then, we have

e ()

uz (x,t) = ——5sec

—A
r+At = Ae+by—3 [Mtanh (— Cs) — b} +x.
(28)
which is the one-loop soliton solution.!21—24

Case 2 When A > 0,

¢4(€) =by—3 (\/Ztan <\/QZE> — b) , (29)

ug (x,t) = —%sec2 (?5) ,

A
a:—&—At:AE—i-bo—?)(\/Ztan(\/Q»s) —b) + xg.

(30)
where u4 had not been given in Refs.[21-24]. Obvi-
ously, uz and u4 are the special cases of u; and uy.
Compared with g’-expansion, the (¢'/g?)-expansion
is a more powerful tool to explore the solutions for
nonlinear evolution equations.
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4. Summary

In this work, the (w/g)-expansion method has
been proposed, which is a generalization of the
(G'/@)-expansion method. With two new expansions,
several types of travelling solutions of the Vakhnenko
equation are obtained, such as periodic solution and
loop soliton solution. As far as we know, some of these
solutions are found for the first time. It is also proved
that (g’ / 92)—expansion is more effective than the ¢'-
expansion because the former can give a general form
of periodic solutions and soliton solutions while the
latter can not. Though this new method only rep-
resents the unification of several expansion methods,
we believe that it may contribute to finding a method
which can solve most nonlinear equations and obtain
many new types of solutions.

Appendix

In this section, general solutions of Egs.(8) and
(10) will be given.
(i) 9"9° — 299" = ag* + cg”?
Let g = 1/y, then the above equation becomes

' +cy? +a=0, (A1)
which has a general solutions as follows,
when ac > 0,
1 c .
y(e) =50 In [a (C’l sin (\/ﬁs)
2
— C5 cos (Vace) ) ] , (A2)
when ac < 0,
1
vie) = 5. (2/ale
—In [40@ (Cre*V lacl _ 02)2} ), (A3)
when a =0, ¢ # 0,
1
y(e) = —In (Cyec+ Cae) . (A4)
c
Thus, we have
when ac > 0,
2c
9(e) = . (A9)
In [g (C, sin (v/ace) — Cs cos (vace)) ]
g \/EC’l cos (v/ace) + Cy sin (yace) (A6)
g> '\ ¢ Cysin(yace) — Oy cos (Vace)'

when ac < 0,

o) = - =
|ac|£—ln[ (CleQE\/l‘TC Cz) ]
(A7)
4y/Jac|Cye2<V/Tocl
9 <2F Cre2Viad _ ¢, ) )

when a =0, ¢ # 0,

c
=—" A9
9€) =1 (Crec + Cso) (A9)
g ¢y
e Al10
g2 Ciec+ Cse ( )
(i) ¢" = a + bg’ + cg’™
By putting y = ¢’, A = 4ac — b%, the above equation
becomes
Y =a+ by + cy?,
or d
%Y (Al1)
a+ by + cy?
Integrating both sides of (A1l), one has
_/ dy 1 nb+2cy—\/—A
) oatbytca? VA b+2cy+vV—A
-2 b+ 2cy
= Arcth for A <0, A12
) — (A12)
2 for A=0 (A13)
= T =
b+ 2cy ’
2 + 2cy
= — arctan for A >0, Al4
Va V3 (A14)

where we have set the integration constant to zero.

Therefore,
1 —-A
= — {\/—Atanh (— 5 6) —b} , for A <O,
c
(A15)
1 b
V= T o for A =0, (A16)
y:i Vv Atan <\/Ze> —b] , for A >0,
2c 2
(A17)
g=— {ln (tanh2 ( ;Ae> — 1) —bs} , for A <O,
c
(A18)
1
g=-3 @+ 3¢ o a0 (A19)
c
A
g= % [ln (1 + tan? <{£>> —b6‘| , for A>0.
(A20)
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