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So far, Lou’s direct perturbation method has been applied successfully to solve the nonlinear Schrédinger equa-
tion(NLSE) hierarchy, such as the NLSE, the coupled NLSE, the critical NLSE, and the derivative NLSE. But to our
knowledge, this method for other types of perturbed nonlinear evolution equations has still been lacking. In this paper,

Lou’s direct perturbation method is applied to the study of perturbed complex Burgers equation. By this method, we

calculate not only the zero-order adiabatic solution, but also the first order modification.
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1. Introduction

It has now been realized that the study of many
different types of waves in numerous media can often
be based on a few universal nonlinear equations, such
as the KdV, the nonlinear Schrédinger equation, the
sine-Gordon equation, the Boussinesq equation, the
Burgers equation.

However, the standard nonlinear evolution equa-
tions are ideal models. In more real physical appli-
cations, correction terms, such as the effects of the
external drive, the loss, the dissipative and disper-
sion, etc., are often present in the nonlinear equations.
Generally, it is rather difficult to obtain exact analyt-
ical solutions of these equations. But fortunately, the
correction terms are small enough in many important
practical cases: i.e., they can be treated as the pertur-
bations, thus the perturbed nonlinear equations can
be taken into account by effective perturbation meth-
ods.

So far, many powerful perturbation methods have
been proposed. One of the famous methods is the
inverse scattering perturbation method.[!l This ap-
proach enables one to solve the most sophisticated
dynamical problems. However, this method requires
the unperturbed equations to be exactly solvable by

the inverse scattering transformation (IST) approach,
which is inconvenient to those who are not familiar
with the IST. Another effective method is the di-
rect perturbation approach.3! In this method, the
squared Jost solutions are employed as the basis for
perturbation expansions. But actually, direct pertur-
bation method can not completely get rid of the de-
pendence on the IST because the squared Jost solu-
tions appear as the particular solution in the process
of the IST.

Later, Loul® proposed a new direct perturbation
method. In the framework of this approach, no knowl-
edge of IST is required and the algorithmic procedure
is more simple and convenient to follow. Especially,
different types of perturbation solutions, involving the
periodic solutions, one-soliton solutions, multi-soliton
solutions, etc., can be obtained at the same time. In
addition, not only the zero-order adiabatic solutions
but also the first-order modifications can be calculated
by this method.

So far, Lou’s direct perturbation method has been
applied successfully to solve the NLSE,%! the coupled
NLSE, %! the critical NLSE,!”) the derivative NLSE,®!
etc.. But to our knowledge, this method used for other
types of perturbed nonlinear evolution equations has
still been lacking.
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2. The

method for perturbed complex

direct perturbation

Burgers equation

In this section, we are interested in applying Lou’s
direct perturbation method to the perturbed complex
Burgers equation, which is written as

U + 2uuy + iug, = —eu, (1)

where € is a small positive constant for measuring the
weakness of the linear damping (0 < € < 1). When
e = 0, Eq.(1) reduces to the complex Burgers equation

up + 2uty + gy = 0. (2)

It is a standard example of a type II quadratic flux
model.!”!

According to Lou’s direct perturbation method,
we expand u of Eq.(1) in an asymptotic series

u = ee(aJrib) (Uo({, T) + €euy (fa T) + 0(62))5 (3)
where

a = a(z,t),

f = g(m’ t7 6)’

b= b(x,t),

T=171(x,t¢€)

are real functions of indicated variables to be deter-
mined. Here £ and 7 should have the property as
follows:

(6,7} =2 {z,t}, (4)

such that ug would be an exact solution of the complex
Burgers equation as € — 0.

Inserting expansion (3) into Eq.(1) yields

uorme + 26T P uguge, + ugee€2 + e{urry + 26T uguy e, + 20T ugeun & + iugeel}
+ iU Tog + 1€a5zU0 — €bprtp + €artg + i€brug + eug + 2iuper e Ty + iUoelar + ot + 2i€azuoey — 2€bpupeéy

+ 26e€(a+ib)azug + 21’666(‘1'~'il’)l)gcu(2J + 2e€04H1) gy y0- 70 = 0. (5)

Here we have considered that &;, 7, and 7., are all in € order because of Eq.(4). Vanishing the coefficients of €”

and ! orders in Eq.(5), we have

ugr Ty + 2e°(a b

Juguoely + tugee€2 = 0, (6)

e{urm + 2e6(“+ib)u0u1§§z + 266(“+ib)u05u1§z + iulggfz} + 1UQr Toe + €Az U0 — €bprtg + €azug + i€biug + €ug

+ 21”057’&27—2 + 1“055361 + uOﬁft + 2i€ax“0§£w - 26(),;’&0551

+ 26e€(“+ib)azug + 2iee€(a+ib)bzug + 2e€e ) 0T = 0. (7)

As we know, ug in Eq.(6) is not explicitly ¢ dependent
and &, 7 have the limiting property of Eq.(4), so &, T
satisfy

7 = e, = €, (8)

and the function ug should be an exact solution of
complex Burgers equation with adiabatic independent
variables &, T, i.e.,

Ugr + 2uQUQ5 + i’u,ogg =0. (9)

From the expansion, we know that u; is just the
symmetry definition of Eq.(9), i.e., the first-order cor-
rection u; satisfies the linearized equation of Eq.(9)

- + 2u0u15 + 2UO§U1 + iulgg =0, (10)

whose easiest solutions can be given by
up = uge and  u; = upr. (11)

Equations (7), (10) with Eq.(8) are consistent at
any time ¢ and position x for a given nontrivial solu-
tion wug, which leads to that the last terms of Eq.(7)

are all zeros, i.e.,
i€Ay, — €byy + €ay +i€by + € =0,
oz + & + 2i€azls — 2€b2&e = 0,
g +iby =0, 7, =0. (12)
Solving Egs.(8) and (12) we have

a=—t, b=C, &=ge"tHO)

e2e(—t+iC) _ 1

TE (13)



No. 2

Direct perturbation method for perturbed complex Burgers equation 393

where C' is an arbitrary real constant.

3. Effects of perturbation on so-

lutions

As can be seen from the above, the zero-order so-
lution up in Eq.(3) can be any one of the solutions of
the complex Burgers equation (9), and the first-order
modification u; can be any one of the symmetries of
Eq.(9).
the asymptotical solutions obtained by Lou’s direct

So compared to other perturbation theories,

perturbation method are more abundant, and differ-
ent types of perturbation solutions can be obtained at
the same time.

In this section, to demonstrate the effects of per-

turbation, we take into account the periodic travelling
wave solution of the complex Burgers equation. Set-
ting ¢ = £ — w7, we obtain

_ lwe¥ — Vw? —4Che? —w — w? — 4C,
2 e —1

(w2 > 400), (14)

Uo

where ¢ = Vw? —4Cy(i(€ — wT) + Xx0)), Co is an ar-
bitrary real constant under the condition w? > 4Cy,
and w and yo describe the velocity and initial position
of travelling wave, respectively. As soon as the first-
order solution w; in Eq.(3) are determined in terms
of Eq.(11), the corresponding approximate solution of
perturbed complex Burgers equation (1) can then be
written as

(—w + Vw? — 4C))e?? + (2w + 8ieCy — 2iew?)e? — w — Vw? — 4C) ce(—tHC)

2(e¥ — 1)2

where ¢ = v/w? — 40, (i(§ —wT) +x0)) with &, T given
by Eq.(13).

Figure 1 plots the evolution of intensity profile
lug|? of the periodic travelling wave solution (14) of
complex Burgers equation, the parameters being fixed
at w =2, Cy =0, {§ = 1. In the absence of pertur-
bation, general behaviours of periodic travelling wave
solution can all be found in Fig.1. For example, the
propagating direction of periodic travelling wave are
subject to not only the transverse coordinate £ but
also the propagating coordinate 7. From Figs.2 and
3, it is not difficult to note that the perturbation
does not introduce any change in the periodicity of
the travelling wave, but the velocity, the amplitude
and initial position of the travelling wave have all
been changed. Under the action of the small linear
damping term, the travelling wave amplitude decays
exponentially with time, leading to the broadening of
travelling wave. These features can be seen distinctly
from Fig.3. For larger € value, the amplitude will de-
cay faster. Moreover, with the increase of transverse
coordinate x, the velocity of travelling wave increases
as well. And we believe that the effects of perturba-
tion on other types of solutions for the complex Burg-
ers equation can also be analysed in a similar manner.

Fig.1.
travelling solution (14) of complex Burgers equation with
w=2,Ch=0, {§ =1.

Evolution of intensity profile |ug|? of periodic

Fig.2. Evolution of intensity profile |u|? of solution of

perturbed complex Burgers equation (1) with ¢ = 0.01
and C' = 0, other parameters are chosen the same as those
in Fig.1.
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Fig.3. The evolution of |u|? with amplitudes = of solutions at ¢t = 0, 10, 20. The solid lines are

from solution (14) and the circle ones are from Eq.(15).

4. Conclusion

Using Lou’s direct perturbation method, we have
obtained the asymptotical solutions for the complex
Burgers equation with perturbation of —ewu, which in-
clude not only the zero-order solutions but also the
first-order ones. In the asymptotical solutions (3),
ug can be any one of the solutions for the complex
Burgers equation, and the first modification u; can be
any one of its symmetries. For further study, we take
the periodic travelling wave solution (14) for complex
Burgers equation as a typical example to analyse the

effects of perturbation on solution. It is shown that,
in the presence of perturbation of linear damping, the
amplitude, the velocity and the initial position of peri-
odic travelling wave are changed, but the perturbation
does not bring any change in the periodicity of the
travelling wave. In addition, we believe that Lou’s
direct perturbation method can also be extended to
other more perturbed nonlinear equations, such as the
KdV, the sine-Gordon equation, the Boussinesq equa-
tion, etc.. And how to apply the direct perturbation
method to systems with other different perturbations
are also worthy of further study.
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