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The mass neutrino interference phases along the null trajectory and the geodesic line in Kerr space—time are

studied on the plane 6 = 7/2. Because of the rotation object in Kerr space—time, a particle travelling along the radial

geodesic must have a dragging effect produced by the angular momentum of the central object. We give the correction

of the phase due to the rotation of the space—time. We find that the type-I interference phase along the geodesic remains

the double of that along the null on the condition that the rotating quantity parameter a2 is preserved and the higher

order terms are negligible (e.g. a*). In addition, we calculate the proper oscillation length in Kerr space-time. All of

our results can return to those in Schwarzschild space-time as the rotating parameter a approaches zero.
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1. Introduction

Since the mass neutrino was confirmed by
the Super-Kamiokande atmospheric neutrino experi-
ment, ! consideration of mass neutrino oscillations!23]
has been a hot topic. In a theoretical study, neu-
trino oscillations in flat space—time were extended to
cases in gravitational field space-time.l*! Cardall and
Fuller have developed a simple formalism for treat-
ing neutrino oscillations in curved space-time.[! In
2001, Zhang and Beesham also studied the propaga-
tion of mass neutrinos in Schwarzschild space—time
with a detailed scheme. They calculated the inter-
ference phase along the geodesic line, which produces
a factor 2, compared with the value along the null
line.l! In 2003, they analysed in detail the mass neu-
trino phase along the geodesic line and the null line
in flat and curved space—time, Separately.[7] This issue
of the factor 2 can be solved if the two neutrino ar-
rival time difference is taken into account.l®=8l As an
extended study on the mass neutrino, gravitational
effects on neutrino oscillation have attracted much at-
tention recently.®='! Furthermore, some alternative
mechanisms have been proposed to account for the
gravitational effect on neutrino oscillation.['213] As a
further theoretical exploration, neutrino oscillations in
space—time with both curvature and torsion have been
studied.[14-16]

Recently, researchers have made new progress on

fCorresponding author. E-mail: thebest2@163.com

the neutrino oscillation. Cuesta and Lambiase stud-
ied the neutrino mass spectrum.'” They introduced
a model-independent novel nonpareil method to over-
come difficulties of the issue of determining the v
masses from solar or atmosphere v experiments con-
cerning the ability of v detectors to be sensitive to
the species mass-square difference instead of to the
v mass itself. Akhmedov, Maltoni and Smirnov pre-
sented neutrino oscillograms for different oscillation
channels and discussed the effects of non-vanishing 1-
2 mixing and CP-violation.['®]

In this paper,
Schwarzschild space-time to Kerr space-time and cal-

we extend the work from

culate the neutrino oscillation phase along the null and
radial geodesic on the plane, § = 7/2, respectively.
Although this work was studied in Ref.[10], they only
calculated the phase in the radial direction of # = 0.
It is more meaningful to study the interference phase
on the plane, # = w/2. It is noticed that in the rota-
tional Kerr space-time, a particle travelling along the
radial geodesic must have angular momentum, which
is different from the case in the static Schwarzschild
space-time. The effects of the rotation of the space—
time on the phase are given. The relation @ (geod)
= 2@ (null) is still true on the condition that the ro-
tating quantity a’ is retained and the higher order
quantity, e.g. a*, is omitted, where a is the angu-
lar momentum per unit mass. In addition, we dis-

cuss the proper oscillation length in Kerr space—time,
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which increases due to the correction of the rotation
of the gravitational field, compared with the length in
Schwarzschild space-time.

The paper is organized as follows. In Sections 2
and 3, we calculate the neutrino phase along the null
and along the geodesic on the plane § = 7/2, respec-
tively. We discuss the proper oscillation length in Kerr
space—time in Section 4. Finally, the conclusion and
discussion are given. Throughout the paper, the units
G =c¢="h=1and n, = dag(+1,-1,-1,
used.

—1) are

2. The interference phase along
the light-ray trajectory on the
plane 0 = 7 /2

The line element of Kerr space-time is described
by

ds? = goodt2 + gndr2 + 922(102
+ gs3dg?® + 2gosdtdep. (1)

The canonical conjugate momenta to coordinates x*
which are the motion constants along the geodesic can
be defined asl*!
da¥
Pu = mguugv (2)

where m is the mass of the particle. The relevant

components are

di¢ d
Pt = Po = mgoo 7 + m903£, (3)
dr
r = ) 4
p mglldS ( )

de dt
Py = mg&%g + mgogg- (5)
For neutrinos propagating in a radial direction, we

have dy = 0 and

dt
= m —_—
Po 900 ds’
dt  gos
Py = MYoz— = —Po- 6
» dS 900 ( )

The mass shell condition is4
m® = g, p'p". (7)

The phase along the radial direction from point A to

point B is given by!¢l

B
&(null) :/ Gup!da”
A

B
:/ (goop°dt + grip"dr)
A

—/B 04 | ) dr (8)
= " goop ar gi1p -

We calculate the interference phase on the plane
6 = 7/2. On this plane, the components of the Kerr
metric can be written as

2M r2 2Ma
goo=1—— guu=——, Ygo3= )
r A r
g0 = 1 [(r?+a*)? —a?|, gt = A
r2 A ’ r2’
2Ma?
933:—(r2+a2+ )7
r
2Ma 1 a?
03 33
_ M - 9
g A I 72 + r2A (9)

7 0,

mgos(dt/ds), does not vanish. So, the mass shell con-

Because of go3 the angular momentum,

dition becomes

m? = goo(p®)? + g11(p")* + 2903p°p®
+ g33(p%)*. (10)

Substituting p° = ¢"py + gO3p¢, p¥ = g33p¢ + ¢*%po
and p, = (go3/goo)po into Eq.(10), we have

2
giim

= g11900(P°)*+ 911 (P")*+29039110°P? + 911933 (p%)*

03 2
g " gosPo
= 911900 (goopo L ) +91(p")?

00
03 33
039 "Po 03P0
+ 2903911 <900p0+g g )(g g +903p0)
goo 900
33 2
+ 911933 (ggog + 903) P(Q)
goo
= A(r)ps + 91 (0")?, (11)
where

A(r) = g11900(9”)* + 29119 go39™
911(9%)% 933 N 2(g03)?g119% g
goo goo
2(g03)2911903933
9(2)0
2935911(9%)% | 911933(9°*)? 933
+ 2
goo 900

201193392 go3 g
+ 911933(903)2 + g
00

= g11900(9™)* + B(r). (12)

+

+ 29" 9% go3g11 +

03)

+

It is noticed that B(r) contains terms with the or-

2

der of a? or more than a?. If a is a small quantity,



No.12 Neutrino oscillation interference phase in Kerr space-time 5577

we have B(r) < g11900(¢°°)?, which is useful in the  The interference phase can be written as

calculation. —
nu
Although the mass of the neutrino is confirmed, (B ) q
t X
it is a very small quantity and close to zero, in fact. = / (goopod + gupT) dr
A T

Moreover, in the high energy limit, the neutrino is a

B
[—g11 /
relativistic particle with a high speed close to light. = / {goopo Tgl —/guum? — A(T)Pg} dr.
00

A
Therefore, it is reasonable to calculate the neutrino

phase along the null line. The radial null geodesic is Substituting p° = ¢”’po + g*’p,; and relativistic con-
diti > 2 9117712 g11 m? ¢
ition m - ~ pg — — into
PR AR T Al 2
0 = goodt? + g1dr?. (13)  Eq.(14), we have
|
Vg m [ i — (1)
$(null) = / —9119009”"po + 9039 po — /= A(r)po — o | dr 14
(ol =/ ' V—A(r) 2p0
Under the condition that a is rather small, we can expand
1 B(r)
—A(r) ~ /= R — A
(r) = V=g119009 " — 5 NI
1 1 1 B(r)
~ + = 15
V-AE) T V=9119009% 2 (—g11900)3/%(g%0)% (15)

Adopting the relation 1/¢% = gog — g23/933, equation (15) can be written as
B 2
—911 B( )Po m
P(null) = / —— 9039 po + 5 + Vv —=g119005—
(oull) A l\/ goo 2 /= 9119009 2po

1 B 2 — 2,2
g — | e S ar (16)
2 (—911900)%/%(9°°)3 2po goo 9332po

We will do the integral carefully in Section 3.

3. The interference phase along the geodesic line on the plane 8 = 7 /2

For more general situations, we will calculate the neutrino phase along the radial geodesic. The classical
orbit can be confined to a plane, § = /2, d§ = 0, and in a radial direction, dp = 0. So, the geodesic equation
can be written as

goot” + g117? = 1, (17)
where # = dt/ds, 7 = dr/ds. Substituting Eq.(6) into Eq.(18), we have

dt _ [zon ,/_g11 [ +g°°m], (18)
r goo

1- *900
po

where the high energy limit, pg > m, is used. The phase can be calculated as follows:!®!

B odt
P(geod) = / goop” d—+gup dr

2
/ —gum 2 2
= goop + —1\/g1im? — A(r)pg | .

(19)
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As we compare Eq.(20) with Eq.(14), the difference is the term

—9g11 mﬁ2
goo 2P}

2 9039”po —g11 m?
GooP 53

2 ( 00
=900 | 9 Po+
OO( goo goo 2p}

1 2 m2 m2
~ v/ —g11900 [900 ( + 903) % + 903903 }
0

goo 920933 2po

2 2 2 .2
m m [= m

= v —g11900 ( + 903903> + —911 908 =
2pg 2po goo 933 2po

where g% = 1/(goo + 933/933) =~ 1/g00 + 925/ (9309g33). Hence, we have

’ 2
—gu 03 1 _ B(mpo m
®(geod) = / _ m?
(g ) A goo Josg-Po 2 \/mgoo g11900 7
1 guB(r)
2 + B dr. 20
2 (—g11900)%/%(9%° ) V=9119009039"° 5 — o (20)

Now we start to do the integral in Eq.(22). Because of the complication of the calculation in Kerr space—
time, we have to adopt an approximation. We will omit the terms with the order of a*. Except for the third
term \/—g11goom?/po on the right-hand side of Eq.(22), the first and second terms are important in the integral.
Therefore, we do the integral of these two terms at first. We only retain the terms with the order of a? in B(r):

29239119°° >3 911933(9>)? g3
03 +26%01, 6% gos + (9°°) 903

goo ggo
201193393 go3 g
goo

B(r) ~ 2g119% go3g™ +

+ 911933(g"%)* + (21)

Equation (23) can be simplified further as 1/¢% = goo — g25/933 =~ goo, g33 = —(r* +a®+2Mra?/r?) ~ —r?
and ¢33 = —1/r% + a?/(r?A) ~ —1/r2. Because g5, (¢**)? and go3g%® are the terms with the order of a2, the
product of the terms with a2 in 1/¢%°, gs3, ¢33 and a? is the order of a* which can be omitted. Thus the integral
of the first and second terms in Eq.(22) is

[—9 3vV—yg
~ / l—Q o0 2 go3g™ — 2@ 953 \/—911900933( )2] podr

= 202 911 g11 1
S [ \/ngQA \/979007“4 ~ 911900 A2:| podr. (22)

Omitting O(a?), we have 1/A ~ 1/r(r —2M) and 1/A? ~ 1/r?(r — 2M)?2. So, the integral is

— 1 3 [—gn 1 1 V/—g11900
AM? 2/ —g,/—9u +2 +2 dr = 0. 23
¢ goo m3(r—2M) 2V goo r3(r—2M) 2r2(r—2m)? " (23)

Therefore the terms with po do not contribute to the integral as the terms with the higher order of a? are
negligible. Now we have to calculate the fourth and fifth terms on the right-hand side of Eq.(22). The fourth

term is

—dr
2 (*911900)3/2( 00)3 2po

/ 1 g11B(r) m?

/ 1 B(r) dr
2 \/m % 2po
3 [—g 1 m’
_ / {3%903903 _ 2\/59339(2)3 _ 2\/%(900)3/2933(903)2] %dr

M2 2 M2 2 M2 2 2
/{ 3v—911900 v—gugoo v—gugoogoo }Zpo r
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(24)

~ / 4M?a*/=gi1goo | m?
r3(r —2M) 2po

In the calculation, we use the approximation: 1/A ~ 1/r(r —2M) and 1/A? ~ 1/r?(r — 2M)?. The fifth term

in Eq.(22) is

4M?%a® m? 4M?%a®  m?

m2
/v—91190090390327md7’:/v—gngoo 2A 2p, dTN/\/ —911900 3757 3 (r — 2M) 2p0d (25)

It is surprising that the sum of the fourth and fifth terms on the right-hand side of Eq.(22) vanishes too when
we omit the order of a?. Finally, let us do the integral of the fifth term on the right-hand side of Eq.(17):

2 2 2 2 9 2
S B e Tk L G
/ [ goo 933] 2]90 goo 2po g11900 3(r —2M) 2po (26)

Consequently, the phase along the null is

B 2
m
@(null):/ \/—gllgoofpodr, (27)
A

and the phase along the radial geodesic is
B m2
P(geod) = / \/*gllgoo*dT
A

B
_ / r(r—2M)m dr
A A Po

/B T L

~ - —dr

A 2(r2 = 2Mr) | po

T ) = i (B 2M e |2
Po b 4 4M B rqg—2M Po
m

2 a? oM oM
= " (rg— —— |In{1-=—=)-In{1-=
Po (rs —ra) 4M [n( ?"B) n( TA ﬂ
2

= m—(rB —Tr4)— i n 900(7‘3).
Do 4M " goo(ra)

(28)

It is noticed that goo(rp) =1 —2M /rp and goo(ra) = 1 — 2M /r 4 are the square of the gravitational red-shift
factors at point B and point A, respectively, on the plane 6 = 7/2. If the condition of Ar = rg —rs4 K ry is
considered, we can obtain a simpler form of the interference phase

m?2 a? 2M 1
@ = g —ra— 2 NV
(geod) oo |7B T T I n( - ) 17 BaY}
L TA
m? a? al1— 2M 1
~ — |TB—TA— ——
o | ° AT AM ra+ Ar 1 2M
L TA
m? [ 2 ( 2M ﬂ
~ — [|Ar — In A
o | 4M Alra —2M)
m? ( a? )
~ — (1 Ar 29
Do 2rp(ra —2M) (29)

We can conclude that the relation

&(null) / vV *gngoo (geod) (30)
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is also right on the condition that we only retain the
terms with the order of a?. The above result is ob-
tained in the high energy limit, py > m. The first
term on the right-hand side of Eq.(30) appears to be
identical to that of the Schwarzschild space—time os-
cillation case. However, the rotational effects are pre-
sented in the first term implicitly. The propagation of
a neutrino is over its proper distance, but (rg — r4)
in Eq.(30) is not. The influence of the rotation of the
gravitational field on the phase in the first term is em-
bodied in the proper distance which is analysed in the
next section in detail. The second one on the right-
hand side of Eq.(30) shows the effects of the rotation
of the gravitational field on the oscillation of radially
propagating neutrinos explicitly. So, equation (30)
gives the standard result of the neutrino oscillation
phase in Kerr space-time. Because the contribution
of the second term to the phase is much less than the
first term on the right-hand of Eq.(30), Kerr rotation
has just a little contribution to the neutrino oscilla-
tion phase. Also, if we let a = 0, equation (30) will be
reduced to the Schwarzschild space—time case.

4. Proper oscillation length in

Kerr space—time
It is noticed that rg — 4 is not the proper phys-
ical distance in Kerr space—time, which is given by
Lp—1La
B
= / V—g1dr
A
_ / P rdr
A VA
= [\/ Ap + Mln(2\/ Ap +2rg — 2M)]
- {\/AA + MIn(2\/Au +2r4 — 2M)|, (31)

where Ay =r4 —2Mrs+a? and Ag = 1% —2Mrp +
a®. If a = 0, the result can be reduced to the proper
distance in Schwarzschild space-timelS!

LB—LA ZTgwll—%—TAwll—%
+2M[1n(\/r3—2M+\/7§)
~ In(\/7a —2M+\/H)] (32)

It is generally not possible to extract a separate “grav-
itational phase” from expression (33).

At first, let us discuss the oscillation length in the
Schwarzschild space-time. We consider the case of a
weak field and the condition Ar = rg —ry < ru; the
proper distance is approximated to

ALgen, = Lp— Ly

B
rg—714+ Mln—
rA

ra+ Ar
rA

Ar—l—Mln(l-i—AT)
TA

1

= Ar+Mln

12

M

(1 + ) Ar, (33)
rA

where 7g > ra. So, the relative phase of the mass

neutrino is

Am? | ALs.

av =2 Sl (34)

Po 14+ =

rA
where Am? = m? —m? is the mass square difference.

The proper oscillation length can be given by
47Tp0 M
L = 1+—).

osc(ra) A2 < + rA) (35)

The term on the right-hand side of Eq.(37),
47 Py/Am?, is analogous to the flat space-time os-
cillation length. Thus the proper oscillation length
increases in the gravitational field. If r4 — oo,
M/ra — 0, the result can be reduced to the oscil-
lation length in flat space—time.

Assuming Ar = rp —rs < 14, the proper physi-
cal length in Kerr space-time Eq.(33) can be written
as

ALgerr = Lp — L4

= [(ra + Ar)2 —2M(ra + Ar) + a?)*/?
— AY? 4 MIn{[(ra + Ar)?
—2M(ra+ Ar) + a2 41y — M + Ar}
~ MIn[VA+7r, - M]
ralrAt?, (36)

12

Under the condition of the weak field, the above equa-
tion can be rewritten as
M 2A
AL(Kerr) ~ Ar + —Ar — a——;. (37)
I 2 ry
It is obvious that the proper distance in Kerr space—
time is shorter than AL in Schwarzschild space—time.
Substituting Eq.(38) into Eq.(32), we can obtain the
relative phase in Kerr space—time
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AD — Am? [1 . a? } VA AL(Kerr) in the universe generally have angular momentum and
2po 2(rj —2Mra)| 7a rotation. Thus work on neutrino oscillation in rotating

(38)

Therefore, the oscillation length in Kerr space-time is

Losc(ra)

_ Ampo TA n atra
T Am? | i3 _oMr, | A0 — 2Mra)?

N 47pg 14 % n 471pg a*ry
~ Am? TA Am?2 4(r% — 2Mr4)5/2°

(39)

The first term on the right-hand side of Eq.(41) is
analogous to the oscillation length in Schwarzschild
space—time. The second term represents the correc-
tion due to the rotation of the gravitational field. It
is obvious that the second term is positive. Conse-
quently, the oscillation length increases due to the ro-
tation of the gravitational field compared with that in
Schwarzschild space-time. In addition, the oscillation
length in Kerr space-time equals approximately the
case in Schwarzschild space—time if the higher order
quantity a* can be omitted. Because the quantity in
the second term is rather small, the effect of the rota-
tion of space—time on the proper oscillation length is
much smaller than the effect of the gravitational field.

5. Conclusion and discussion

In this paper, we have given the interference phase
of a mass neutrino propagating in the radial direction
along the geodesic line and the null line in the gravi-
tational field of a rotating symmetric object, which is
described by a Kerr metric. Most astrophysical bodies

symmetric space—time is important and meaningful.
Although the calculation is very complicated, we
work out the phase on the plane § = 7/2 with the
universality by an approximation. We divide the in-
tegrand into terms with different orders of a: a°, a?
and a*. We retain the terms with a° and a?, and
omit those with a*. The type-I interference phase
along the geodesic remains the double of that along
the null in the high energy limit. We obtain a cor-
rection due to the rotation of space-time. Because
a is a small quantity, the contribution of the rota-
tion of the gravitational field is small. If a? vanishes,
the rotating effect does not contribute to the phase &
and all of our results can be reduced to the cases in
Schwarzschild space-time. Assuming that the source
and the detector are at a sufficiently large distance
from the rotating object, the phase is reduced to a
In addition, the

proper oscillation length in Kerr space—time is stud-

simpler form as given in Eq.(31).

ied. Because of the correction of the rotation of the
gravitational field, the oscillation length is longer than
that in Schwarzschild space-time. However, the dif-
ference can be only shown on the condition that the
higher order a* is taken into account.

Our result has a universal meaning and can be
used to study neutrino oscillation near compact stars
such as neutron stars and in a rotationally gravita-
tional field. Moreover, it is necessary to study in depth
the properties of the mass neutrino in particle physics
The establishment of the results of
neutrino oscillation will show their great influence on

and cosmology.

the origin and evolution of the universe.
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