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In this paper, we develop a new mathematical model for the mammalian circadian clock, which incorporates
both transcriptional/translational feedback loops (TTFLs) and a cAMP-mediated feedback loop. The model shows
that TTFLs and cAMP signalling cooperatively drive the circadian rhythms. It reproduces typical experimental ob-

servations with qualitative similarities, e.g. circadian oscillations in constant darkness and entrainment to light—dark

cycles. In addition, it can explain the phenotypes of cAMP-mutant and Rev-erba”/"-mutant mice, and help us make an

experimentally-testable prediction: oscillations may be rescued when arrhythmic mice with constitutively low concen-

trations of cAMP are crossed with Rev-erba™/~ mutant mice. The model enhances our understanding of the mammalian

circadian clockwork from the viewpoint of the entire cell.

Keywords: mammals, circadian clock, cAMP, transcriptional feedback loop

PACC: 8710, 8730E

1. Introduction

In mammals, the suprachiasmatic nucleus (SCN)
of the hypothalamus serves as a circadian pacemaker
to drive daily rhythms in physiology and behaviour.!"
At the molecular level, the mammalian circadian os-
cillator is usually modelled by interacting transcrip-
tional/translational feedback loops (TTFLs).*3 In
these loops, a complex of CLOCK and BMALI1 pro-
teins activates transcription of periods (Perl, Per2
and Per3) and cryptochrome genes (Cryl and Cry2).
Following a delay arising from transcriptional and
post-translational lags, PER and CRY proteins ac-
cumulate as a heteromeric complex in the nucleus
to inhibit CLOCK/BMALI1-dependent transcription.
The next circadian cycle is initiated once PER/CRY
proteins are cleared from the nucleus and thus
BMAL1/CLOCK is no longer inhibited. These steps
establish a negative transcriptional feedback loop
(NTFL) that constitutes the core of the mammalian
circadian clock. In a positive transcriptional feedback
loop (PTFL), Bmall transcription is negatively au-
toregulated by BMAL1 through the REV-ERBa pro-
tein. Thus, the PER/CRY complex enhances Bmall
transcription indirectly.

In recent years, several mathematical models have

been proposed to better characterize the network un-
derlying mammalian circadian rhythmicity.[>~7 These
initial studies provide an important insight into the
properties of circadian oscillators. However, recent
experimental studies have created additional molec-
ular details that are unaccounted for in the pre-
vious models.[®9 For instance, it was recently ob-
served that the levels of intracellular adenosine 3’, 5'-
monophosphate (cAMP) in the SCN oscillate in a cir-
cadian manner and constitutively low levels of cAMP
can eliminate circadian transcription of clock genes,
indicating that cAMP is a functional component of
the mammalian clockwork.['%'1] Thus, it is necessary
to ascertain whether a mathematical model of the cur-
rent network would provide robust circadian oscilla-
tions.

To fill the gap in this area, the present work aims
to develop a new theoretical model for the mammalian
circadian clock which includes both TTFLs and a
cAMP-mediated feedback loop. A reduced but essen-
tial set of variables are used to explore the interaction
of TTFLs with cAMP signalling and shows that cAMP
plays an important role in circadian rhythm genera-
tion. In accordance with experimental observations,
our model can display stable circadian oscillations in
constant darkness (DD) and entrainment of the circa-

*Project supported by the State Key Program of National Natural Science Foundation of China (Grant No 60736028), the National
Natural Science Foundation of China (Grant Nos 10871074 and 60704045), and the Research Fund for the Doctoral Program of

Higher Education of China (Grant No 20070558053).
fCorresponding author. E-mail: wangjunweilj@yahoo.com.cn
http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn



No.12

A new mammalian circadian oscillator model including the ... 5553

dian oscillator to light-dark (LD) cycles. Except for
simulating the phenotypes of cAMP-mutant and Rev-
erba-mutant mice, it leads us to an experimentally-
testable prediction: oscillations may be rescued when
arrhythmic mice with constitutively low concentra-
tions of CAMP are crossed with Rev-erba™/~ mutant

mice.

2. Development of the mathe-

matical model

The model developed in this paper for the mam-
malian circadian clock is schematized in Fig.1, whilst
the variables representing the concentrations of mR-
NAs, proteins and cAMP are indicated in parentheses.
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Fig.1. Schematic diagram for the mammalian circadian
clock involving both transcriptional regulations of Per and
Bmall genes and cytoplasmic cAMP signalling. Variables
used in the model are indicated in parentheses.

This model incorporates essential features of
molecular processes and describes the interaction be-
tween TTFLs and cytoplasmic cAMP signalling. In
developing the mathematical model, the following as-
sumptions and their rationale are invoked:

(i) The BMAL1/CLOCK complex activates the
expression of Per, Cry and Rev-erba genes. In our
model only the action by BMALL is considered be-
cause Clock expression in mouse SCN is constitutive
and Clock produces a constant level of CLOCK.!'2!
In addition, we assume that Bmall expression is di-
rectly, negatively autoregulated by BMAL1 without
taking the dynamic Rev-erba gene as an explicit
model variable.!?!

(i) PER and CRY are essential for the main-

tenance of mammalian rhythms. The knock-

out of the
rhythmic displaying and delays

Cryl or Cry2 gene accelerates the
the periodicity
of locomotor activity in DD, respectively.'3 The
Per2Brdml mutant mice are initially rhythmic in
DD but become arrhythmic.'¥ Double mutant mice
of Cryl™/=/Cry27/~ 131 per2Brdml /Cry1=/~ 151 and
Perl'/'/PeTQ‘/‘[w’”] are immediately arrhythmic in
DD. In addition, expressions of Per and Cry genes are
coregulated by the BMAL1/CLOCK complex and the
phases of nuclear accumulation PER and CRY pro-
teins are similar.l3] Because of these facts, we repre-
sent Per and Cry mRNAs by a single “lumped” vari-
able “Per mRNA”  which can be thought of as an
average level of Per and Cry mRNAs. Similarly, PER
and CRY proteins are represented by a single variable
“PER”.

(iii) Although the number of protein phospho-
rylations that occur may be considerable,'® single
phosphorylated states for PER (PERp) and BMALI1
(BMALIlp) are assumed in our model. We assume
that these phosphorylated proteins are subjected to
degradation by enzymes. Such a degradation is also
considered for mRNAs, the complex PER-BMALI,
cAMP and phosphorylated CREB.

(iv) By regulating the expression of Per genes that
contain binding sites for CREB, the cAMP signalling
feeds back into the transcriptional cycles.'%! In the
model of Fig.1, we assume that cAMP directly acti-
vates CREB protein, and phosphorylated CREB then
activates transcription of the Per gene.

(v) We numerically found that the synthesis of
cAMP could be repressed by cytoplasmic PER, or ac-
tivated by nuclear BMALI1, or others. However, how
transcriptional cycles influence oscillations in the con-
centration of the cytoplsmic cAMP is unclear.[9:11]
Here we assume that the cAMP is repressed by pro-
tein PER in the cytosol. The results in the following
show that such an assumption is in accordance with
experiment and thus is reasonable.

Based on the above assumptions, the time evolu-

tion for variables in Fig.1 is governed by the following
11 differential equations. For clarity, we group these
equations into four categories.
Per mRNA
(z1); PER protein in the cytosol (z3); phosphorylated
PER protein in the cytosol (PERp) (z3); PER protein
in the nucleus (z4)

i) Per gene expression dynamics:
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dz (x8/k1per)™ + (211 /k2per)™ T

— = — Uy —dizq, 1
dt per 1 + (xS/klper)m + (xll/k2per>m P kmp + 1 r ( )
das x2 Z3

—= = vpgrx1 — Tip—-— + Top—— — k1pTo + kopTa — daxa, 2
1 PERT1 L o ——— 1PT2 + kopry — dax2 (2)
dl’g ) I3 I3

s _p -7 — vapo—2  daas, 3
a L, o ——— aPC T 3T3 (3)
dz

T: = k1pxo — kopxs — k1pBXaxs + kopBT9 — d4T4. 4)

ii) Bmall gene expression dynamics: Bmall mRNA (x5); BMALI protein in the cytosol (z¢); phosphorylated
BMALL protein in the cytosol (BMAL1lp) (z7); BMALIL protein in the nucleus (xg)

% = mealllm - vmbﬁ — dszs, (5)
% = vpMAL1Z5 — 11B Llei - + Ton LQBxi - kipze + koprs — dezg, (6)
% = TlBﬁ - TQBﬁ — VdBC de_: P draxy, (7)
% = kipre — kaprs — k1pBTas + kappTo — dsTs. ()
iii) PER-BMALI1 complex in the nucleus (zg)
% = k1pp4xs — k2pBT9 — vdnﬁ — dozg. )

iv) cAMP signalling: cytoplasmic cAMP (z19); phosphorylated CREB (CREB*) (x11)

dzwo _ UcAMP Loamp _ _ Va1 o dioz10 (10)
dt ¢ Leamp + 22 Lq+ 10 ’
dz1y Z10 T11
= UCREB — V42 —di111. 11
dit Lcres + 10 La+z11 (11)

Considering that experimental data for estimating parameter values are largely lacking, we choose these
appropriate values by trial-and-error variations to ensure that 1) the model must generate circadian oscillations
with a period close to 24 h, 2) the model can correct the phase relationship between mRNAs and proteins, and
3) the model should be able to simulate entrainment to LD cycles. With these considerations, all through this
paper we fix the parameter values as follows: m = 4, vpe, = 1.8 nMh™!, k1pe, = 2.5 1M, koper = 2 1M, vy =
1.1 nMh™!, kpp = 0.3 0M, vpgr = 0.6 h™!, T1p = 1.4 nMh ™!, Thp = 1.3 nMh™!, Lip = 0.1 nM, Lop = 0.1 nM,
kip=04h™! kop =0.2h7 ! vgpc = 0.7 nMh™!, Ly = 0.3 oM, kipg = 0.5 ntM'h™!, kopg =0.1 h™1, n = 2,
Vomail = 1 nMh™Y, kpmarn = 2.1 0M, vpp, = 0.78 nMh ™!, knp = 0.4 oM, vgmarn: = 0.13 h™!, Tig = 1.5 nMh !,
Top = 1.1 nMh™!, L1z = 0.1 nM, Log = 0.1 nM, kig = 0.4 h™ !, kog = 0.2 h™ !, vgpc = 0.5 nMh™!, vy, =
0.8 Ith_l, VeAMP = 3.8 th_l, Leavp = 0.36 nM, veres = 1.8 HMh_l, Lceres = 0.7 nM, vq; = 0.5 Ill\/Ih_l7
vaz = 0.15 nMh™!, d; = 0.01 h™! (j = 1,2,...,9), dip = 0.2 h™! and dy; = 0.5 h™!. It should be noted
that except for such a chosen set of parameter values, many other sets of parameter values may yield similar
behaviours.

3. Results

3.1. Sustained circadian oscillations under DD

For the given set of parameters, the system displays large-amplitude circadian oscillations of the clock
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components, see Fig.2. Figure 2(a) shows the time
courses of Per and Bmall mRNA concentrations,
whereas the (nonconserved) total amounts of PER and
BMALTL proteins, denoted by Py and Bt respectively,
and the amounts of cytoplasmic cAMP are plotted
separately in Fig.2(b), where Pr = x5 4+ x3 + 4 + X9
and Bt = x¢+x7+ x5+ x9. The simulated oscillatory
pattern in Fig.2 is stable over time with a period of
~23.4 h.
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Fig.2. Sustained circadian oscillations for concentrations
of mRNAs and proteins, where panel (a) shows time
courses of Per and Bmall mRNAs, and panel (b) displays
time courses of total amounts of PER and BMALI1 pro-
teins, and cytoplasmic cAMP. The curves are obtained by
numerically intergrating Eqgs.(1)—(11) for the given param-
eter values.

At this stage, because no light is incorporated into
the model, we define the time at which the concentra-
tion of Per mRNA reaches 1.2 nM as circadian time
(CT) 0 h. In Fig.2(a), the oscillation of Per mRNA
peaks at the circadian time (CT) ~8.4 h and is ap-
proximately antiphase with respect to that of Bmall
mRNA. Bmall mRNA bottoms at CT 8.6 h and sub-
sequently peaks at CT 22.1 h, and moreover, its peak
precedes the peak of the total BMAL1 protein by
about 6.5 h. In contrast, the lag between the peaks
of the Per mRNA and total amount of PER protein
is shorter and about 4 h. These results are consistent
with experimental observations that Per and Bmall
mRNA levels oscillate almost in antiphase and there
exist delays of several hours between Per (Bmall)
mRNA and PER (BMAL1) protein.?3 Figure 2(b)
illustrates that the cAMP level oscillates with a high
amplitude of about 2.5 nM. Such results hold with the
experimental data that the concentration of cAMP in

organotypic SCN slice-culture is highly rhythmic.*%

3.2. Effects of interplay between TTFLs
and cAMP signalling
In this subsection, we will investigate the inter-

action of TTFLs with cAMP signalling.
PTFL involving the Rev-erba gene is not necessary

Because

for rhythm generation,!®! we mainly focus on the in-
terplay between NTFL and cAMP signalling. To that
end, the strength of NTFL is changed by varying the
activation constants kiper, whilst the strength of the
cAMP-mediated feedback loop is reflected by varying
the activation constants kap,. Note that the strengths
of NTFL and cAMP-mediated feedback fall as kiper
and kope, rise, respectively.

3
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Fig.3. Effect of interplay between TTFLs and cAMP-
dependent signalling in the model. Panel (a) shows depen-
dence of the amplitude on the strengths of NTFL (k1per)
and cAMP-mediated feedback (k2per), and panel (b) dis-
plays dependence of the period on the strengths of NTFL
(k1per) and cAMP-mediated feedback (kaper).

1

Figure 3 depicts the phase diagram in two-
dimensional parameter space (kiper, koper) for the
model given in Fig.1, where the dependences of am-
plitude and period of the system on kiper and koper
are shown in Figs.3(a) and 3(b) respectively. For
small values of kiper (e.g., kiper < 1.65) which cor-
respond to strong NTFL, the model always exhibits
sustained oscillations for koper € (1,3.5), indicating
that the TTFLs alone can sustain circadian rhythm.
Such a mechanism for mammalian rhythm genera-
tion has been modelled previously as an intracellu-
lar process.l5=8] We also find that the TTFL-based
model alone cannot sustain circadian oscillations in
some parameter space (Fig.3). From Fig.3, it can be
seen that for both weak NTFL (Kipe, > 1.65) and
weak cAMP-mediated feedback (kaoper > 2.65), the
NTFL and cAMP-mediated feedback cooperatively
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drive rhythmic oscillations of the SCN, implying that
the TTFLs and the cAMP-mediated feedback loops
in circadian rhythm generation are functionally non-
redundant. These results are consistent with experi-
mental data that the cAMP is a core component of the
oscillatory network and the cAMP signals participate
in another feedback loop that integrates with TTFLs
on clock genes to generate circadian rhythms.%

In addition, the effects of changes of kip., and
kaper on amplitude and period in our model are non-
trivial. Figure 4 illustrates the dependences of the am-
plitude and the period on kgpe, (for two typical values
of Kiper) and kiper (for two typical values of koper).

l
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For a strong NTFL (k1pe, = 1.2), both amplitude and
period first become larger and then remain constant
with decreasing cAMP-mediated feedback (i.e. koper
rises in value) (see Figs.4(a) and 4(b)). But for a weak
NTFL (kiper = 2.5), the amplitude monotonically de-
creases until zero at kope, = 2.65, and a local maxi-
mum of the period appears at some koper € (1,2.65).
It is seen from Figs.4(c) and 4(d) that the amplitude
and period changes with kqpe, (with two fixed param-
eter values of kaper) exhibit similar behaviours except
that they decrease slightly before remaining constant
when kjp., is increasing for the weak cAMP-mediated
feedback loop (kgper = 1.5).
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Fig.4. Dependences of amplitude (a) and period (b) of the model on kaper for two fixed parameter values of k1per,
and dependences of amplitude (c¢) and period of model (d) on kiper for two fixed parameter values of kaper-.

3.3. Simulation of gene mutant pheno-
types

Experiments have shown that reducing cAMP
levels by pharmacological means dampens circadian
rhythms of clock gene expression.['9) To test whether
our model can explain this observation, we create a
mathematical mutant which corresponds to mice with
a reduced level of cAMP by setting the synthesis rate
of cAMP (veamp in Eq.(10)) to be 0.2 nMh~t. We as-
sume that there may be other mechanisms contribut-
ing to the synthesis of cAMP, so that the parame-

ter vcamp might remain greater than zero. Figure
5(a) shows that the circadian oscillations have dis-
appeared. Figure 5(b) plots the phenotypes of the
Rev-erba”/~ mutant mice, where kpmq1 is set to be
500 nM such that the effect of the negative feedback
of BMAL1 on Bmall expression is negligible at such
a high value of inhibition constant. It can be seen
that although Bmall mRNA is expressed at a con-
stant high level, the Per mRNA and the cAMP are
rhythmically expressed with a period of about 22.9 h.

These results are roughly consistent with reported ob-
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servations that in Rev-erba™/~ mutant mice, the os-
cillatory pattern of Per mRNA remains stable, al-
though Bmall mRNA levels do not oscillate but are
expressed at constant high levels.[') In addition, Rev-
erba knockout mice display a significantly shorter pe-
riod than wild-type animals under DD conditions.?!
In the absence of the negative feedback exerted by
BMALTL on the expression of the Bmall gene, oscil-
lations can be driven by PER/CRY-mediated nega-
tive feedback, cAMP-mediated feedback or both. We
also find that such oscillations are indeed sustained
by PER/CRY-mediated negative feedback as shown
in Fig.5(c) where the effect of cAMP-mediated feed-
back on Per expression is negligible at the very low
value veanp = 0.1 nMh~!. This analysis leads to an
experimentally testable prediction: circadian oscilla-
tions can be rescued when arrhythmic mice with con-
stitutively low concentrations of cAMP by pharma-
cological means are crossed with Rev-erba”/~ mutant

mice.
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Fig.5. Simulations of phenotypes of cAMP mutant and
Rev-erba™/~ mutant. Panel (a) shows that sustained oscil-
lations are blocked in the cAMP mutant mice by reducing
veaMP from 3.8 nMh~! to 0.2 nMh~!. Panel (b) exhibits
that oscillations are preserved in Rev-erba™/~ mutant mice
with kpmei1 = 500 nM, vy, = 0.93 nMh—1.
(c) displays rescued oscillations of cAMP mutant mice

Panel

crossed with the Rev-erba”/~ mutant mice with veanp =
0.1 nMh~1, kpmern = 500 nM and vy,p = 0.93 nMh—1.

3.4. Entrainment to LD cycles

In mammals, light is transmitted to the SCN
through the retinohypothalamic tract (RHT), and

thus induces acute induction of Per expression.[20:21]

In terms of modelling, we simulate light exposure by
increasing the maximum rate of Per expression (vpe,
in Eq.(1)). Consequently, the dynamics of Per mRNA
is described as

dzy _ (‘Tg/klper)m + (xll/k2per)m
N (Uper + klight)
dt 1 + (xS/klper)m + (xll/kZper)m
Z1
— Ump7—— — d1 71, 1
v pkmp+x1 171 ( a)

where parameter kiighe denotes the light effect on Per
gene expression. Figure 6(a) shows the entrainment
of circadian oscillations displayed in Fig.2 to an LD
cycle. The LD cycle is equally divided into light and
dark portions and the period is set to be 24 h, i.e. a
12:12 LD cycle. The parameter kjgn; varies periodi-
cally (as a square wave) going from 0 h~! during the
dark phase to 0.07 h~! during the light phase. It can
be observed that the light phase occurs during the ris-
ing portion of Per mRNA time course and Per mRNA
reaches its maximum in the middle of the light phase.
The antiphase relationship between Per and Bmall
mRNAs is also maintained as in DD. For parameters
as in Fig.6(a), we find that the entrainment range ap-
pears reasonably broad, i.e. entrainment can occur for
an LD cycle length of non-24 h as shown in Fig.6(b)
for a 22-h LD cycle, where kijgnt is set to be 0.2 h—!
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Fig.6. Effects of light on the molecular clocks. Panel (a)
shows circadian oscillations after entrainment by a 24-h
LD cycle. Panel (b) displays circadian oscillations after
entrainment by a non-24 LD cycle, i.e. a 22-h LD cycle.
Panel (c) exhibits rhythmic oscillations under conditions
of constant light (LL).
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during the light phase. By comparing entrained oscil-
lations in Fig.6(a), we observe two interesting points
from oscillations entrained by such a non-24 LD cycle.
First, the 22-LD cycle alters the phase of the circadian
clock such that the maximum of Per mRNA appears
during the early dark phase. Second, the amplitude
of Per mRNA (= 3.38 nM) becomes smaller. We next
simulate constant light (LL) by maintaining kjgne at
its high value 0.07 h=!. The oscillations are still rhyth-
mic but with a period of 23.35 h and an amplitude of
3.48 nM as shown in Fig.6(c), resembling those of the

experimental reports.m]

4. Conclusion and discussion

In the field of mammalian circadian oscillator
modelling, our model is unique in the sense that it in-
corporates the newly found clock component cAMP,
except for other core components (e.g. negative ele-
ments Perand Cry genes, positive elements Bmall and
Clock genes). In agreement with experimental obser-
vations, the model produces 23.4 h sustained oscilla-
tions in DD and entrains to both 24 h and non-24 h LD
cycles. We have uncovered the novel roles of cytoplas-
mic cAMP in generating circadian oscillations: they
can cooperatively drive circadian oscillations of the
SCN. Such functionally non-redundant roles of TTFLs
and cAMP-mediated feedback loop may increase the
stability of mammalian circadian clocks to environ-
mental changes, such as nutrient condition, metabolic

sate of the cell, or redox potential.23] Our model not
only reproduces the phenotypes of several mutants but
also predicts that oscillations in arrhythmic mutant
mice with constitutively low concentrations of cAMP
can be rescued by an additional mutation of Rev-erba.

However, how transcriptional feedback rhythms
influence oscillations in the concentration of cyto-
plsmic cAMP is still an open question.['%1] The syn-
thesis of cytoplasmic cAMP may be regulated by
PER, BMALIL, or other mechanisms, but here we
assume that the synthesis of cAMP is repressed by
PER in the cytosol.

shown to be consistent with underlying rules because

Such an assumption has been

of successful simulations of the mammalian circadian
clock. This suggests that the transcriptional feed-
back oscillator may influence oscillations of cAMP
through the PER protein. Indeed, we have found that
the model in which ¢cAMP is repressed by cytosolic
BMAL1 exhibits a similar behaviour to that of the
present paper (data not shown). Future investigations
need to explore the mechanisms through which tran-
scriptional feedback oscillations influence oscillations
of cytoplasmic cAMP. Moreover, considering the evi-
dence that cytoplasmic cAMP signalling is involved in
VIP-mediated intercellular communication,?42%! the
molecular model proposed here provides a valuable
tool to study the questions of coupling and synchro-
nization of networked circadian oscillators at the tis-
sue level.[26—29]
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