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This paper theoretically investigates the orbital magnetization of electron-doped (n-type) semiconductor het-

erostructures and of hole-doped (p-type) bulk semiconductors, which are respectively described by a two-dimensional

electron/hole Hamiltonian with both the included Rashba spin–orbit coupling and Zeeman splitting terms. It is the

Zeeman splitting, rather than the Rashba spin–orbit coupling, that destroys the time-reversal symmetry of the semi-

conductor systems and results in nontrivial orbital magnetization. The results show that the magnitude of the orbital

magnetization per hole and the Hall conductance in the p-type bulk semiconductors are about 10−2–10−1 effective Bohr

magneton and 10−1–1 e2/h, respectively. However, the orbital magnetization per electron and the Hall conductance in

the n-type semiconductor heterostructures are too small to be easily observed in experiment.
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1. Introduction

The orbital magnetization (OM) of Bloch elec-

trons has been an outstanding problem in solid state

physics and attracted renewed interest due to the new

recognition.[1−3] In particular, in recent years, Xiao

et al [3] proposed a semiclassical formula for calculat-

ing the equilibrium OM density at a weak external

magnetic field B, in which an important Berry phase

correction term is added to the conventional OM. This

powerful semiclassical formula is:

M(r) =
∑
n

∫
d3kmn(k)fn(r,k)

+
1

β

∑
n

∫
d3k

e

h̄
Ωn ln

[
1 + eβ(µ−εMn )

]
≡ Mc +MΩ, (1)

in which Mc is the conventional term and MΩ the

Berry phase correction term. Ωn(k) is the Berry cur-

vature (gauge flux) of electronic Bloch states defined

by

Ωn(k) = i⟨∇kun(k)| × |∇kun(k)⟩ (2)

with |un(k)⟩ being the periodic part of the Bloch wave

for the n-th band. εMn = εnk−mn(k)·B is the electron

band energy in the presence of the external magnetic

field, mn(k) is the crystal orbital magnetic moment

and is conventionally defined by[4,5]

mn(k)

= −i
e

2h̄
⟨∇kun(k)| × Ĥ(k)− εn(k)]|∇kun(k)⟩, (3)

where Ĥ(k) is the crystal Hamiltonian acting on

|un(k)⟩. In Eq.(1) fn(r,k) is the local equilibrium

Fermi–Dirac distribution function for the n-th band,

µ is the electron chemical potential, (−e) is the elec-

tronic charge and β = 1/kBT . The Berry phase cor-

rection term is of topological nature, arising from a

bulk consideration. At zero temperature and mag-

netic field the general expression (1) reduces to[2,3]

M

=
∑
n

∫ µ0

d3k
(
mn(k) +

e

h̄
Ωn(k) [µ0 − εnk]

)
, (4)

where the upper limit means that the integral is over

states with energies below the Fermi energy µ0.

The Berry phase effect on the OM was until now

partially presented in very few models,[3,6] which in-

clude the two-dimensional (2D) Haldane model,[7] the

2D ferromagnetic Kagomé lattice with spin chirality,[8]

and the three-dimensional (3D) antiferromagetic dis-

torted face-centred-cubic (fcc) lattice.[9] These models

are rare examples to show the zero-field quantum Hall
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effect. Due to its basic importance in understanding

the magnetism and transport features of the materi-

als, obviously, more work is needed on exploiting the

properties of the OM in various kinds of realistic phys-

ical systems.

On the other hand, electron-doped (n-type) semi-

conductor heterostructures (SHs) and hole-doped (p-

type) bulk semiconductors (BSs) are extensively stud-

ied theoretically and experimently in condensed mat-

ter physics for their fundamental quantum mechanics

and technical applications.[10−15] However, the orbital

magnetism is still confused in these two popular types

of semiconductors. Although the time-inversion sym-

metry contained in these semiconductor systems re-

sults in trivial OM, the Zeeman splitting due to the

external weak magnetic field or the internal exchange

field will break this time-inversion symmetry. So, the

main goal of the present paper is focused on exploiting

the properties of the OM in these semiconductors in

the presence of a weak Zeeman splitting field.

Before investigating the OM in these semiconduc-

tors in detail, we present the main results obtained in

this paper. Firstly, with the help of the semiclassi-

cal formula (1), we derived analytical expressions of

the OM in the n-type SHs and the p-type BSs at zero

temperature. Then, when the manipulated parame-

ters in the analytical expressions are chosen as those

which can be realized in experiment, as we will show

in the following, the OM in the p-type BSs is about

0.1 effective Bohr magnetons while the OM remains

trivial in the n-type SHs. Finally, we also calculate

the Hall conductance (HC) σxy in these two types of

semiconductors. We find that the magnitude of the

HC is about e2/h in the p-type BSs, which is about

103 times larger than that in n-type SHs. Moreover,

the OM and the HC satisfy the thermodynamical re-

lation ∂M/∂µ = (−1/e)σxy. This is a remarkable

relation between the OM and the HC, because it def-

initely tells one that the topological ingredient in the

OM may be faithfully mapped out through the HC.

2. The n-type semiconductor het-

erostructures

Now let us consider the n-type SHs, which can

be described by a 2D electron gas (2DEG) Hamilto-

nian. This Hamiltonian includes the kinetic energy

term and the Rashba spin–orbit (SO) interaction aris-

ing from the quantum well asymmetry in the growth

(z) direction, and is given by

HSH
0 = γk2 + α (σxky − σykx) , (5)

where γ = h̄2/2m∗ with m∗ being the band effective

mass, σi (i = x, y, z) denote the Pauli matrices, and

α is the Rashba SO coupling coefficient. Note that

although the Rashba SO coupling behaves like an ef-

fective magnetic field in k-space, it does not destroy

time-reversal symmetry. However, Zeeman splitting

due to an external weak magnetic field or the internal

exchange field will destroy this time-reversal symme-

try and results in a nontrivial OM. When this Zeeman

splitting term is included, the Hamiltonian is given by

HSH = HSH
0 + h0σz, (6)

where h0 = g∗BµB/2 denotes Zeeman splitting with

g∗ being the effective g-factor and µB being Bohr mag-

netons. The eigenvalues of the Hamiltonian HSH can

be easily obtained as ε1,2(k) = γk2 ∓∆k with ∆k =(
h2
0 + α2k2

)1/2
. The corresponding Bloch eigenstates

are given by

Φ1(r) =

 sin
θk
2
eiχk

− cos
θk
2

 eik·r ≡ u1ke
ik·r, (7)

Φ2(r) =

 cos
θk
2
eiχk

sin
θk
2

 eik·r ≡ u2ke
ik·r, (8)

where unk (n = 1, 2) are introduced to denote the

momentum-dependent spinors. The factors θk and χk

in Eqs.(7) and (8) are defined by cos θk = αk/∆k and

tanχk = kx/ky.

After a straightforward calculation with Eqs.(2)

and (3), one can get the Berry curvatures Ωn(k) and

the crystal orbital magnetic moment mn(k) along the

z direction with the final expressions as

Ωz
1 (k) = −Ωz

2 (k) =
1

2

h0α
2

∆3
k

, (9)

and

mz
1 (k) = mz

z (k) = − e

h̄

h0α
2

2∆2
k

, (10)

respectively. When h0 = 0, the time-reversal sym-

metry is recovered and the Berry curvature and the

conventional magnetic moment for both bands van-

ish. Substituting Eqs.(9) and (10) into Eq.(4), one

obtains the analytical expression of the OM as

M =
e

2h
h0

(
µ0 +

γh2
0

α2

)(
1

F2
− 1

F1

)
− e

2h

h0γ

α2
(F1 − F2) , (11)
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where Fn = (h2
0 +α2k2fn)

1/2 with kfn being the Fermi

vector of the energy band n. The corresponding HC

is also easily obtained, and is given by

σxy = −e2

h̄

2∑
n=1

∫
d2k

(2π)2
Ωz

n (k)

=
e2

2h
h0

(
1

F1
− 1

F2

)
. (12)

Comparing Eq.(11) with Eq.(12), one can find

∂M
∂µ0

= −1

e
σxy. (13)

This is an important relation between the OM

and HC, which can be straightforwardly derived by

the thermodynamical relation ∂M/∂µ0 = ∂N/∂B,

where the quasiparticle density has the form in the

semiclassical picture N =
∑

n

∫
d2k/[1/(2π)2][1 +

(e/h̄)BΩn]fn with fn being the Fermi distribution.

This thermodynamical relation between the OM and

HC in Eq.(13) definitely tells one that the topologi-

cal ingredient in the OM may be faithfully mapped

out through the HC. Note that this thermodynami-

cal relation in Eq.(13) obtained here can be reduced

to a linear relation M = (−µ0/e)σxy in some special

physical systems described by an effective two-level

massless Dirac Hamiltonian.[16]

At zero temperature, the Fermi vectors are deter-

mined by the following equations:

µ0 = ε1(k)||k|=kf1
= ε2(k)||k|=kf2

, (14)

and

Ne =
2∑

n=1

∫
d2k

(2π)2
θ [µ0 − εn(k)]

=
1

4π

(
k2f1 + k2f2

)
, (15)

where Ne is the electron number density. Solving the

simultaneous equations (11), (14) and (15), one can

get the OM in this 2DEG model in Eq.(6) describing

the n-type SHs.

Now let us consider a realistic GaAs 2DEG system

with parameters γ = h̄2/2m∗ = 568 meV ·nm2 with

m∗ = 0.067me and Ne = 0.05 nm−2. The Rashba SO

coupling strength α can be varied over a wide range

by engineering the external potential which is applied

perpendicularly to the plane. The weak Zeeman split-

ting is set here as h0 = 0.1 meV. Figure 1 plots the

energy spectrum of this 2DEG system with α chosen

as 18 meV ·nm. Under these parameters, numerical

calculations give the Fermi vectors as 0.578 nm−1 and

0.543 nm−1, respectively. Simultaneously, the Fermi

energy µ0 is obtained as 178.1 meV (see the dotted

line in Fig.1).

Fig.1. Energy spetrum of the n-type SHs described by

the Hamiltonian (6) with γ = 568 meV · nm2, α =

18 meV · nm and h0 = 0.1 meV. The dotted line denotes

the Fermi energy µ0 = 178.1 meV.

We plot the OM per electron (in units of effective

Bohr magneton) and its two components in Fig.2(a)

as a function of the weak Zeeman splitting h0 with

other parameters being set the same as those in Fig.1.

Clearly, one can see that the total OM is very tiny

(about zero) over the whole varying regions of h0.

However, the magnitudes of its two components are

about 10−4–10−3 effective Bohr magneton. They in-

crease with increasing h0 and overall Mc and MΩ have

opposite contributions to M, which implies that these

two parts carry oppositely-circulating currents. We

also draw the HC in Fig.2(b) as a function of Zeeman

splitting h0. The results show that the HC in the n-

type SHs is about 10−4–10−3e2/h, which is also a very

faint signal detected in experiment.

Fig.2. (a) The OM (solid line) and its two components

(dashed line for Mc and dottted line for MΩ) and (b) the

HC σxy in the n-type SHs versus Zeeman splitting h0. In

both figures, Ne = 0.05 nm−2 and the other parameters

are the same as those in Fig.1.
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3. The p-type bulk semiconduc-

tors

Now we turn to consider the properties of the

OM in the p-type BSs, which can be described by

a 2D hole gas (2DHG) system. The spin–orbit in-

teraction in this system is modelled by combined

Luttinger and spin-3/2 space-inversion asymmetric

Rashba spin–orbit coupling terms. The resultant k ·p
Hamiltonian reads[17,18]

Hk·p =

(
γ1 +

5

2
γ2

)
k2

2m
− γ2

m
(k · S)2

+α(S × k) · ẑ. (16)

For a typical band structure for GaAs, γ1 = 6.92 and

γ2 = 2.1. Since the light hole bands are usually unoc-

cupied by the holes in the experiment, one can approx-

imate the four-band Hamiltonian (16) by an effective

two-band one.[18] The effective two-band Hamiltonian

for heavy holes has a usual form given by

HBS
0 = γk2 + i

α

2
(k3−σ+ − k3+σ−). (17)

The above equation uses the notations k± = kx ± iky,

σ± = σx ± iσy. These Pauli matrices operate on

the total angular momentum states with spin projec-

tion ±3/2 along the growth direction; in this sense

they represent a pseudospin degree of freedom rather

than a genuine spin 1/2.[19] γ = h̄2/2m∗ with m∗ be-

ing the band effective mass. α is the Rashba spin–

orbit coupling coefficient due to structure inversion

asymmetry across the quantum well grown along the

[001]-direction chosen as the z-axis. For a symmetri-

cally grown quantum well, the coefficient α is essen-

tially proportional to an electric field applied across

the well and therefore experimentally tunable.[19−22]

When weak Zeeman splitting is introduced to the

Hamiltonian (17), one can get the final total Hamilto-

nian as

HBS = HBS
0 + h0σz. (18)

Similar to the case in the n-type SHs, one can

get the eigenvalues of the Hamiltonian HBS which are

ε1,2(k) = γk2 ∓ ∆k with ∆k =
(
h2
0 + α2k6

)1/2
. The

corresponding Bloch eigenstates are given by

Φ1(r) =

 sin
θk
2

− cos
θk
2
eiχk

 eik·r ≡ u1ke
ik·r, (19)

Φ2(r) =

 cos
θk
2
eiχk

sin
θk
2

 eik·r ≡ u2ke
ik·r, (20)

where unk (n = 1, 2) is introduced to denote

momentum-dependent spinors. The factors θk and χk

in Eqs.(19) and (20) are defined by cos θk = h0/∆k

and cosχk = ky(3k
2
x − k2y)/k

3. After a straightfor-

ward calculation with the definitions (2) and (3), one

can get the Berry curvatures Ωn(k) and the crystal

orbital magnetic moment mn(k), which are given by

Ωz
1 (k) = −Ωz

2 (k) =
9h0α

2k4

2∆3
k

, (21)

and

mz
1 (k) = mz

2 (k) = − e

h̄

9h0α
2k4

2∆2
k

, (22)

respectively. Substituting Eqs.(21) and (22) into

Eq.(4), one can get the OM of this 2DHG system at

zero temperature as follows:

M =
3e

2h
h0µ0

(
1

G2
− 1

G1

)
− 9e

2h
h0γα

2

∫ kf1

kf2

k7dk

∆3
k

, (23)

where Gn = (h2
0+α2k6fn)

1/2 with kfn being the Fermi

vector of the energy band n. The corresponding HC

of the p-type BSs with the Hamiltonian (18) is also

calculated and obtained as[23]

σxy = −e2

h̄

2∑
n=1

∫
d2k

(2π)2
Ωz

n (k) θ [µ0 − εn(k)]

=
3e2

2h
h0

(
1

G1
− 1

G2

)
. (24)

Comparing Eq.(24) with Eq.(23), one can find that

the thermodynamical relation between the OM and

the HC (Eq.(13)) also holds true. At zero tempera-

ture, the chemical potential and the Fermi wave vec-

tors can be also obtained by solving the simultaneous

equations (14) and (15). Note that the electron num-

ber density Ne in Eq.(15) becomes the hole number

density Nh in this case.

Now we use the above analytical expressions to

study the properties of the OM and the HC in a re-

alistic 2DHG system, which is consists of GaAs-based

quantum well samples with heavy-hole densities of a

few 10−4 nm−2.[21] Given the value of the effective

Zeeman factor, g∗ = 2.2 for bulk GaAs, the Zee-

man splitting h0 can be varied over a range of 0–

0.30 meV, which is relatively small in comparison with

the other energy scales. However, the situation is

totally different if the Zeeman splitting is tuned by
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magnetic impurity doping in the paramagnetic semi-

conductor hosts. Recent advances in diluted magnetic

semiconductors[24] have made it possible to manipu-

late the kinetic exchange interaction of the free carri-

ers in a controllable way. In the mean-field approxi-

mation, the kinetic exchange interaction splitting can

be expressed as h0 = −N0βxSBS(ξ). Here, N0β is

the exchange integral, x is the magnetic ion concen-

tration, BS(ξ) is the standard Brillouin function[25]

and ξ = gSµBSB/kBT with S and gS being the total

spin quantum number and the Landau actor of the

magnetic ions. For Mn doping in a GaAs host, it has

been acknowledged[26] that the Mn ions substitute the

cations, and are in 3d5 configurations, thus leading to

S = 5/2 and gS = 2. The p–d exchange integral in

(Ga,Mn)As has been measured[27] to beN0β ≈ −1 eV.

The exchange interaction h0 can be changed over a

wide range of 4–16 meV under a weak external mag-

netic field of the order 10–100 mT at a typical low

temperature T = 1 K and Mn concentration x = 0.05.

Figure 3(a) plots the energy spectrum of the

2DHG system with the Rashba SO coefficient and the

Zeeman splitting which are set at reasonable values

of 400 meV ·nm3 and 0.02 meV, respectively. The

effective mass of the hole is chosen as m∗ = 0.5me,

which results in γ = 76 meV ·nm2. Taking these

parameters into Eqs.(14) and (15) and after a self-

consistent calculation, one can get the Fermi wave

vectors kf1 = 0.096 nm−1, kf2 = 0.059 nm−1 and

the chemical potential µ0 = 0.34 meV. The Fermi

wave vectors are shown in Fig.3(b) as a function of

the Zeeman splitting h0 with the hole number density

Nh = 10−3 nm−2, the parameters are chosen as those

in Fig.3(a).

Fig.3. (a) Energy spectrum of the p-type BSs described

by the Hamiltonian (18) with γ = 76 meV · nm2, α =

400 meV · nm3, and h0 = 0.02 meV. (b) The Fermi vec-

tors as a function of the Zeeman splitting h0. The hole

number density Nh = 10−3 nm−2 and the other parame-

ters are the same as those in Fig.3(a).

The OM of the 2DHG is shown in Fig.4(a) versus

the Zeeman splitting. One can clearly see from this

figure that the magnitude of the OM increases with in-

creasing h0 and is about 0.1 effective Bohr magneton.

The conventional and Berry phase correction terms

are also shown in the inset in Fig.4(a). Similar to

that in the n-type SHs, overall Mc and MΩ have op-

posite contributions to M. With the results obtained

in the n-type SHs and other systems, one can summa-

rize that the Berry phase correction always weakens

the contribution from the conventional term. The cor-

responding HC as a function of h0 has also been ob-

tained and is shown in Fig.4(b), which is about e2/h.

Compared with Fig.2(b), one finds that the magni-

tude of the HC in the p-type BSs is about 103 times

larger than that in the n-type SHs.

Fig.4. (a) The OM (solid line) and its two components (dashed line for Mc and dotted line for MΩ

in the inset) as a function of the Zeeman splitting h0. (b) The corresponding HC as a function of the

Zeeman splitting. The parameters in both figures are the same as those in Fig.3(b).
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Before ending this section, we summarize in Fig.5

the behaviour of the OM in the parameter space (h0,

Nh) (contour plot). The Rashba coupling has been

fixed to be α = 400 meV ·nm3. One can see that the

Fig.5. The contour plot of the OM (in units of 10−2

effective Bohr magneton) of the p-type BSs modelled

by the 2DHG Hamiltonian (18) in the parameter space

(h0, Nh) by fixing the values of γ = 76 meV ·nm2 and

α = 400 meV · nm3.

magnitude of the OM increases as the hole density or

Zeeman splitting strength increases.

4. Conclusion

In conclusion, we theoretically studied the proper-

ties of the OM in n-type SHs and in p-type BSs, which

are respectively described by a 2DEG and 2DHG

Hamiltonian with the included Rashba SO coupling

and Zeeman splitting. Based on the semiclassical for-

mula proposed in Ref.[3], we obtained analytical ex-

pressions of the OM in both these semiconductors at

zero temperature. The results show that the OM

in the n-type SHs is too small to be observed. In

the p-type BSs, the magnitude of the OM is about

10−2−10−1 effective Bohr magneton. The correspond-

ing HC in the semiconductors is also calculated. The

magnitude of the HC in the p-type BSs is about 10−1–

1 e2/h, which is about 103 times larger than that in

the n-type SHs. In addition, we obtain a very impor-

tant thermodynamics relation between the OM and

the HC in Eq.(13), which tells one that the OM and

the HC have the same topological nature.
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