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Polarized spin transport in mesoscopic quantum rings
with electron phonon and Rashba spin orbit coupling∗

Liu Ping(刘 平)a)† and Xiong Shi-Jie(熊诗杰)b)

a)Basic Department, The Jinling Institute of Technology, Nanjing 211169, China

b)National Laboratory of Solid State Microstructures and Department of Physics,

Nanjing University, Nanjing 210093, China

(Received 24 January 2009; revised manuscript received 4 May 2009)

The influence of electron–phonon (EP) scattering on spin polarization of current output from a mesoscopic ring

with Rashba spin–orbit (SO) interaction is numerically investigated. There are three leads connecting to the ring at

different positions; unpolarized current is injected to one of them, and the other two are output channels with different

bias voltages. The spin polarization of current in the outgoing leads shows oscillations as a function of EP coupling

strength owing to the quantum interference of EP states in the ring region. As temperature increases, the oscillations

are evidently suppressed, implying decoherence of the EP states. The simulation shows that the magnitude of polarized

current is sensitive to the location of the lead. The polarized current depends on the connecting position of the lead

in a complicated way due to the spin-sensitive quantum interference effects caused by different phases accumulated by

transmitting electrons with opposite spin states along different paths.
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1. Introduction

Quantum phenomena, such as the Aharonov–

Bohm (AB) effect, universal conductance fluctuations,

and weak localization, which occur in various nanos-

tructures or mesoscopic systems, may provide us with

useful information for a further understanding of the

coherence properties of electrons when they travel

in different systems. The spin Hall effect, as an-

other interesting phenomenon in mesoscopic systems,

originates from spin–orbit (SO) coupling and has at-

tracted great interest recently due to the potential

applications in spintronics. The investigations focus

on the properties related to the spin filter and spin

polarization of current in the transport of electrons

through nanostructures with various geometries and

sizes.[1−10] For AB mesoscopic rings, both the Rashba

and Dresselhaus types of SO interaction have been

introduced in addition to the external magnetic field

to control the spin precession during the travelling of

electrons. The effective magnetic field created by the

SO coupling will induce phase shift during the spin

precession as the electrons propagate in clockwise and

anticlockwise directions, which results in the interfer-

ence of spin components in the wave function and then

causes changes in the charge and spin conductance of

the ring.[11−16] Recently several schemes for adopting

the coherent effect of spin components in AB rings

with SO interaction have been proposed.

On the other hand, the study of the effects of

different scattering mechanisms on electron trans-

port is one of the central issues in condensed matter

physics.[16,17] It has been found that electron trans-

port in mesoscopic structures is very sensitive to the

disorder created by nonmagnetic and magnetic im-

purities. Besides the static impurities or disorder,

electron–phonon (EP) interaction, as another impor-

tant scattering mechanism, has also been studied ex-

tensively, which induces inelastic scattering during the

transport of electrons and can lead to the loss of co-

herence or dephasing.[18−20]

In the present paper we investigate the effect of

EP interaction on spin-polarized transport through a

ring-shaped mesoscopic system with Rashba SO cou-

pling. The ring is connected to one input lead and

two output leads at different positions. By solving the

Schrödinger equation we calculate the spin polariza-

tion of currents in the output leads when unpolarized

∗Project supported by the National Natural Science Foundation of China (Grant Nos 10474033 and 60676056) and the State Key

Projects of Basic Research of China (Grant Nos 2006CB0L1000 and 2005CB623605).
†Corresponding author. E-mail: ppliu978@sina.com
http://www.iop.org/journals/cpb　http://cpb.iphy.ac.cn



No.12 Polarized spin transport in mesoscopic quantum rings with electron–phonon and . . . 5415

electrons are injected into the input lead. The results

show the interesting quantum interference of the EP

states in the ring and the sensitivities of charge and

spin currents to the EP interaction strength and the

location of output lead.

2. Model and method

Figure 1 shows the simplified structure of the

mesoscopic ring-shape conductor used to study the

spin and charge transport properties in the presence of

the EP interaction. Symbols L, U, and D denote three

leads connecting to the ring at points 1, N + 1− d,

Fig.1. Mesoscopic ring-shape lattice connecting to three

leads L, U and D. In the ring electrons are subject to EP

interaction and SO coupling.

and N + 1+ d, respectively. In the tight-binding rep-

resentation the total number of sites in the ring is 2N ,

and the number of included phonon modes is M . The

SO and EP couplings only exist in the ring region.

With this model, the Hamiltonian of the whole sys-

tem can be written as follows:

⌢

H =
⌢

Hring +
⌢

HL +
⌢

HU +
⌢

HD +
⌢

HL,ring

+
⌢

HU,ring +
⌢

HD,ring, (1)

where
⌢

Hring describes the motion of electrons in the

ring subject to both Rashba SO coupling and EP in-

teraction and is given by

⌢

Hring =
⌢

Hel +
⌢

Hph +
⌢

Hel−ph,

where the fist term represents the sub-Hamiltonians

of electrons in an isolated ring subjected to Rashba

SO interaction as

Hel =
⌢
p
2

2m∗ +
α

h̄
(
⌢
σ × ⌢

p)z,

where m∗ is the electron effective mass,
⌢
p is the mo-

mentum operator,
⌢
σ is the vector of the Pauli spin

operators, and α is the strength of the Rashba SO

coupling. In cylindrical coordinates it is

⌢

Hel = − h̄2

2m∗R2

∂2

∂φ2
− iα

R
(cosφ

⌢
σx + sinφ

⌢
σy)

∂

∂φ

− iα

2R
(cosφ

⌢
σy − sinφ

⌢
σx), (2)

where R is the radius of a one-dimensional (1D) ring

(R = Na/2π with α being the lattice spacing along the

radial direction), and φ is the angular coordinate. In

the second quantized representation, it is given by[1,9]

⌢

Hel

=
∑
i,s

ε1c
†
R,i,scR,i,s +

∑
i,s,s′

[t0
⌢

I s − itso(cosφi,i+1
⌢
σx

+ sinφi,i+1
⌢
σy)]c

†
R,i,scR,i+1,s′ +H.c., (3)

where c†R,i,s(cR,i,s) creates (annihilates) an electron

with spin s(= ↑, ↓) at site i of the ring, which is the lat-

tice site index along the radial direction; ε1 is the on-

site energy; φi,i+1 = (φi+φi+1)/2; φi = 2π(i− 1)/N ;

t0 ≡ h̄2/2m∗a2; tso ≡ α/2a is the SO hopping param-

eter;
⌢

I s is the 2× 2 identity matrix. The second part

is sub-Hamiltonians of phonons

⌢

Hph =
∑
q

h̄ωqa
†
qaq.

The interaction between them is described by the fol-

lowing Hamiltonian:

⌢

Hel−ph =
∑
i,s

∑
q

(λq,ic
†
R,i,scR,i,saq +H.c.), (4)

where a†q is the creation operator for a phonon in the

q-th mode with energy h̄ωq, and λq,i is the EP cou-

pling strength between the q-th mode and the electron

at site i. In the investigation we take into account

only a finite number of acoustic modes with uniform

frequency distribution ωi = iω0 with ω0 being the fre-

quency spacing. If the wavelengths of the acoustic

waves are larger than the size of the ring, the position

dependence of λq,i can be neglected. The strength of

EP interaction is dependent on the phonon energy and

can be written as[18,21] λq = c0/h̄ωq with coefficient c0

depending on density, dielectric constant, system size,

and average strain.
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⌢

HL,
⌢

HU, and
⌢

HD are sub-Hamiltonians of elec-

trons in leads L, U, and D, respectively, and can be

written as

⌢

HQ = t0
∑

⟨i,i′⟩,s

c†Q,i,scQ,i′,s +
∑
i,s

ε0c
†
Q,i,scQ,i,s, (5)

where Q = L, U, D,
⌢
cQ,i,s creates an electron with

spin s at site i of the Q-th lead, and ε0 is the site

energy in the leads.

The sub-Hamiltonian of the coupling between the

ring and the Q-th lead is

⌢

HQ,ring = t0
∑
s

(c†Q,1,scR,lQ,s +H.c.), (6)

where the connecting point between the ring and the

Q-th lead is indexed as lq in the ring and as 1 in the

lead. So, lL = 1, lU = N+1−d, and lD = N+1+d are

defined as the connection positions in the ring of the

corresponding leads, while for the leads the connecting

sites are the starting points to index. For simplicity

and to reduce the number of parameters, we assume

that the hopping strength between the leads and the

ring is t0 and the hopping integrals in the leads and

the ring are the same.

In this model the full Hilbert space is spanned by

many-body quantum states each of which can be ex-

pressed as the direct product of an electron state and

a multi-phonon state. A wave function of the system,

denoted as |ψ⟩, can be written as a linear combination

of these basis functions[9]

|ψ⟩ =
∑
P,i,s

∑
{nq}

bP,i,s,{nq}c
†
P,i,s

∏
q

(a†q)
nq√
nq!

|0⟩ , (7)

where the sum for P runs over the leads (L, U, and

D) and the ring (R); |0⟩ denotes the vacuum; nq is

the number of phonons in the q-th mode; bP,i,s,{nq}

is the corresponding coefficient in the linear combi-

nation; {nq} denotes a set of phonon numbers in the

modes n1, n2, . . . , nq, . . . , and can be used to specify

the phonon state in the ring.

The system is open and the same values of bias voltage Vb are applied between leads U and L and between

leads D and L separately. We suppose that initially an incident electron wave with unity amplitude, spin s,

and energy εµ is injected into lead L, and the phonon state in the ring is {nq}µ. Because the total energy E

of wave function |ψ⟩, including the energies of electron and phonons, should be a good quantum number under

the Hamiltonian, for this injected wave we have E = εµ +
∑

q n
µ
q h̄ωq with nq ∈ {nq}µ. This electron wave can

be transmitted to lead U or D, or be reflected back to lead L, with the phonon state in the ring changed to

{nq}µ′ . In this case the coefficients bP,i,s′,{nq} of the wave function outside the ring can be written in the form

of plane waves[9]

bQ,i,s′,{nq}µ′ =

 e ikµiδµ,µ′δs,s′ + rsµ,s′µ′ e−ikµ′ i, for Q = L,

tQ,sµ,s′µ′ e ikµ′ i, for Q = U or D,
(8)

where rsµ,s′µ′ (tQ,sµ,s′µ′) is the amplitude of reflection (transmission) to lead Q with spin flipped from s to s′

and the phonon state in the ring changed from {nq}µ to {nq}µ′ , and kµ is the wave vector of the plane wave

satisfying 2t0 cos kµ + ε0 = εµ. The reflection amplitude and the transmission amplitude, together with other

coefficients bR,i,s,{nq} within the ring, are unknown variables which can be solved by a set of linear equations

obtained from the Schrödinger equation H |ψ⟩ = E |ψ⟩. Obviously the calculated transmission amplitudes are

functions of E.

With the solved coefficients, under a small bias voltage Vb the current to an output lead Q (U or D)

polarized in spin s′ can be calculated as[9]

Is
′

Q (Vb, T ) =
e

h

∫
dE

∑
µ,µ′,s

|tQ,sµ,s′µ′(E)|2 |sin kµ′ |Fµ(T )

|sin kµ|

{
f

(
E −

∑
q

nµq h̄ωq,
eVb
2
, T

)

×

[
1− f

(
E −

∑
q

nµ
′

q h̄ωq,−
eVb
2
, T

)]}
− f

(
E −

∑
q

nµq h̄ωq,−
eVb
2
, T

)

×

[
1− f

(
E −

∑
q

nµ
′

q h̄ωq,
eVb
2
, T

)]
, (9)
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where

f(ε, V, T ) =
1

1 + exp

(
ε− EF − V

kBT

)
is the Fermi distribution of electrons in the leads with

given bias and temperature T , and

Fµ(T ) =
1

Z
exp

(
−
∑

q n
µ
q h̄ω

kBT

)
with z =

∑
µ exp(−

∑
q n

µ
q h̄ω/(kBT )) being the sta-

tistical probability of the phonon state {nq}µ in the

ring. By taking the limitation Vb → 0, we can obtain

the charge transport conductance from the lead L to

both leads U and D as follows:

Gc(T ) = lim
Vb→0

∑
Q=U,D

∑
s

∂IsQ(Vb, T )

∂Vb
. (10)

The difference Is=↑
Q −Is=↓

Q gives the spin polariza-

tion of the output current in lead Q when unpolarized

electrons are injected into the input lead L.

3. Numerical results

In the whole numerical calculations we consider

only the case where the phonon number in every mode

does not exceed 1. We first study how the spin polar-

izations of the outgoing current, I↑U − I↓U and I↑D − I↓D,

vary with the temperature and strength of EP cou-

pling. Figures 2 and 3 present the simulation results

of the polarized current for a fixed value of the phonon

frequency. The oscillation behaviour of the polarized

current can be observed in the up and down outgoing

leads within a range of small EP coupling strengths.

By increasing the temperature these oscillations are

obviously suppressed as can be seen from Fig.3 where

the amplitude and the frequency of the oscillations

decrease rapidly although some oscillation behaviours

still exist.

Excluding the phonons from our system for a

while, when electrons travel along a ring, the phase

difference acquired by opposite spin states plays an

important role for the modulation of the polarized cur-

rent, which can be achieved by solving the eigenstates

Fig.2. Spin current I↑ − I↓ in two outgoing leads as a function of EP coupling strength λ0 at temperature

kBT = 0.002t0 (a) in the outgoing lead L and (b) in the outgoing lead D. The number of phonon modes and the

size of the ring are set to be M = 10 and N = 20 respectively. The positions of connecting points of the leads

are specified by d = 5 as illustrated in Fig.1. The Rashba SO interaction strength is Vso = 0.6t0. The phonon

energy is h̄ω0 = 0.0008t0.

Fig.3. Values of spin current I↑ − I↓ in two outgoing leads as a function of EP coupling strength λ0 at

temperature kBT = 0.003t0 (a) in the outgoing lead L and (b) in the outgoing lead D. Other parameters are

the same as those in Fig.2.
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of Eq.(2) and calculating the quantum probabil-

ity of transmission between incoming and outgoing

states based on the Landauer formula.[5,22] The spin-

dependent phases are signatures of the Aharonov–

Casher effect[23−25] for spins travelling in the presence

of an electric field, which is the electromagnetic dual of

the Aharonov–Bohm effect. When EP coupling is con-

sidered, inelastic scattering can lead to complicated

phase-breaking processes, which suppress the quan-

tum interference of electrons. However, on the other

hand, the EP states themselves, as a whole, can be

coherent among the tunnelling paths associated with

different phonon states because of the conservation of

the whole energy. Consequently, the interference ef-

fect remains which can be observed from oscillations

of the curves in Fig.2 when the EP coupling is not too

large. The oscillations are obviously suppressed by

increasing the temperature. As the temperature in-

creases, more phonon states are involved in the trans-

port process, which in turn destroys the coherence of

the EP states. On the other hand, both figures show

that by increasing the EP coupling strength the oscil-

lating feature of the polarized outgoing current is also

suppressed, implying that weak EP scattering may in-

duce quantum interference more easily than strong EP

scattering.

To illustrate the effect of the connection position

of the outgoing lead on the spin current and find an

effective way to control the magnitude of the outgo-

ing spin current the strong dependence of the polar-

ized current on the connection location of the lead is

shown in Fig.4 for different temperatures.

Fig.4. Values of spin current I↑ − I↓ in three outgoing leads as a function of different connecting sites of up

and down leads to the quantum ring at (a) zero temperature and (b) at finite temperature kBT = 0.002t0. The

Rashba SO interaction strength is Vso = 0.3t0, the EP coupling strength is λ0 = 0.4t0, and the phonon energy

is h̄ω0 = 0.0008t0.

As the locations of the up and down leads change, oscillations in both the magnitude and the sign of the

polarized current can take place. This behaviour can be attributed to the position dependence of the phase

difference accumulated by opposite spin electron transmitting states between the clockwise and the counter

clockwise paths within the range of elastic phonon scattering, which does not break the quantum interference

of electrons within weak EP coupling strength and low environmental temperature. The amplitude of the

oscillations is rapidly reduced by increasing the temperature from zero. This is due to the destruction of quantum

coherence by inelastic scattering with phonons which is enhanced by hot phonons at higher temperatures.

This oscillation behaviour dependence on connection locations for spin-polarized current may provide another

potential application for the control of polarized current in spintronics.

4. Conclusion

In this paper we studied the spin-polarized transport influenced by inelastic scattering due to EP interaction

in a ring-shape mesoscopic system with Rashba SO interaction. The ring is connected to three leads at different

locations and a small bias is applied between one input lead and two output leads. The effect of the EP

interaction is clearly exhibited in the polarized spin currents in the two output leads, which indicates that

when the EP coupling strength is not large enough the EP states are quantum-mechanically coherent. As a

result, quantum interference can be induced when electrons pass through the whole region of the ring. The

dependence of the spin current on the strength of the EP interaction and ambient temperature is also calculated.
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The destruction of quantum coherence at finite temperatures and large EP coupling strength caused by inelastic

scattering with phonons can be seen from the decrease of the oscillation amplitude of the spin current. We

also studied the influence of the position of the outgoing lead on the magnitude of the spin polarized current.

The sensitive character can be found in our simulation results, which provides the possibility of control of

spin-polarized current.
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