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We have investigated coexisting four-wave mixing and six-wave mixing (SWM) in ultra-thin, micrometre and long

vapour cells. There exists competition between Dicke-narrowing features and polarization interference in the micrometre

cell. The oscillation behaviour of SWM signal intensities and linewidths results from destructive interference. With a

larger destructive interference, the SWM signal in ultra-thin cells shows a narrow spectrum, in contrast to the long cell

case. Due to the Dicke-narrowing features, a narrow spectrum can be obtained, and such spectra can be used for high

precision measurements and metrological standards.

Keywords: Dicke-narrowing features, polarization interference, multi-wave mixing

PACC: 4265, 3280

1. Introduction

High-resolution spectroscopy of atoms confined in
an ultra-thin cell is a promising tool for the investi-
gation of complex spectra of atoms and molecules.!!
Recently, electromagnetically induced transparency
(EIT) has led to the observation of dark resonances
in free space,2~4 micrometric cells,’ and even in
ultra-thin cells.[® In addition, Ai et all” have ob-
served a significantly enhanced degenerate four-wave
mixing (FWM) signal at noncycling transitions in

(7l Later on, enhanced FWM processes

a thin cell.
due to atomic coherence were experimentally demon-
strated in a four-level system.!®) Efficient six-wave
mixing (SWM) has also been observed in a four-level
close-cycled N-type rubidium atomic system.['% In the
previous experimentally studied close-cycled system,
FWM and SWM processes could not coexist in a given
configuration and different order nonlinearities could
only be observed individually. In our recent studies,
we demonstrated that third-order and fifth-order non-
linear processes can coexist in open atomic systems.
In terms of amplitude, coexisting SWM processes can
become comparable or even greater than the compan-

ion FWM processes by manipulating the atomic coher-

ence and multi-photon interferences between different
energy levels in the systems.['!]

Compared with previous works, we find that some
features are different from the previous ones and sev-
eral advantages are present in this paper. Firstly, we
present coexisting FWM and SWM in ultra-thin, mi-
crometre and long cells, which are good systems for
studying the interplay between nonlinear optical pro-
cesses of different orders. Secondly, Dicke-narrowing
features (12 are dominant in ultra-thin cells, while
polarization interference'®! is dominant in long cells,
and there exists competition between Dicke-narrowing
features and polarization interference in micrometre
cells. Thirdly, the oscillation behaviour of SWM sig-
nal intensities and linewidths results from destructive
interference in the thin cell. When strong destructive
interference occurs in an ultra-thin cell, the SWM sig-
nal shows a narrow spectrum. The purpose of this pa-
per is to theoretically analyse the main spectroscopic
feature of FWM and SWM in ultra-thin, microme-
tre and long cells. We put an emphasis on the study
of line shape, intensity, AT splitting, suppression and
enhancement of the FWM and SWM signals.
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2. Basic theory

Consider a five-level confined atomic system with
four laser beams as shown in Fig.1(a). Three en-
ergy levels (|0) — |1) — |2)) form a ladder type sys-
tem when the pump beam Ej3 (w3, k3, G3) is blocked.
Simultaneously the probe beam (E;(ws, k1, G1)) to-
gether with one of the pump beams (Fz(ws, k2, G2)
or Ef(we, k5, GY)) is shown as an EIT window, since
the probe beam FE; and the pump beam Fs, are in
the two-photon Doppler-free (first-order) configura-
When both beams FEj
and EY are tuned on, an efficent FWM process can

l

tion (counter-propagating).

be generated to produce a conjugate signal at fre-
quency wi. The generated FWM signal propagates
in the ky = k1 + ko — kj direction due to the phase-
matching condition, Via the perturbation chain (F1)
(p\0 L1y plb) 22y y(2) —2 3y By adding another
energy level |3) and another laser field E3 for level
|3), the original energy level |2) will be dressed to pro-
duce two dressed states. Such a four-level system with
a dressing field will modify the original FWM pro-
cess (called singly dressed FWM) and generate SWM
signals (ks = k1 + ko — kb + ks — k3 via the SWM
perturbation chain (S1) p(%) 4 pgl) p%) —
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Fig.1. (a) Phase-conjugation geometry. (b) Energy-level diagram of the four-level confined atomic system.

(c) Energy-level diagram for singly dressed four-wave mixing (DFWM). (d) Dressed-state picture.

In the SWM perturbation chain (S1), the sub-
chain “p%) - pé% S p4)” of the dressing field
E5 takes the place of péo) in the chain F1. So we
can modify the FWM chain as a singly dressed FWM

chain (F2) pé%) L ,0%) =2 p(GSi — plo, where
This

means that the dressing field Fs5 influences the co-

the subscript “2” of Péo) is replaced by “G3t”.

herence p ) of the FWM process and creates dressed
states |Gst) from level |2).

chain, we can obtain coupling equations:

According to this sub-

P(Qo) =

—Aaoply) —iGpso+1G3ptG, pso = —Azopso+iGaply
(here we consider all the matrix elements in the sub-
chain “p (2) i é%) o Pgé)”
trix elements (péo) and p(g)) in the chain (F2)), and
obtain L{pS%)} = i Gh(s+As0)/[(s+ Ao ) (s+A30)+G3]

from the coupling equation for E3 interaction terms.

and the connected ma-

Here L is the Laplace transform operator defined as
L{f®)} = fo t)e~%tdt; the Doppler-shifted detun-
ings are deﬁned as /120 = Ipg+i[A1+As— k1 (1—E&)v],
Azp = I30 +i[A1 + Ay — Az — k1 (1 — & — £3)v], where
& =ko/k1, &3 = ks/ky, and I; = I';; = (I + I)/2
represents the decay rate from level |i) to |7) (i,5 =
0,1,2,3,5 # j). L{p%)} = iG1/[s(s + Aip)] and

\
L{p(3) = iGgL{p%)}/(s + Ayp) (here we only con-
sider the connected matrix elements in the chain (F1)
and neglect other matrix elements), and finally obtain
—-iG ikys- A
L{p®y = iGaexp(iky - 7)(s+ Aso)

s(s 4+ A10)*{(s + Az0) (s + A30) + Gg};l)

where G4 = G1G2(Gh)*.
After the normalization of Eq.(1), we have

L{p(g)} (s + As30) )
s(s+ A10)%{(s + A20) (s + A3p) + G%}( )
2
The inverse-Laplace transformed solution of

Eq.(2) can be expressed as
4 4
pio () = A+ D7 Difol /N + 3 Diexp(=Ait), (3)

i=1 i=1
where D; and \; are two tedious expressions, and
A = Azo/ A3y (Aa0As0 + G3).

If the atomic thermal motion is taken into ac-
count, which is assumed to obey the Maxwell dis-
tribution W (v) = (uy/7) " exp(—v?/u?), where u =
V/2kT/m with m being the mass of an atom, k is
Boltzmann’s constant, and T is the absolute tempera-

ture, then the medium polarization in Eq.(4) is given
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by

L o)
P(2) = Npng / ax [ expl-(o/w2iO()ef}”
+O(—v)plydv. (4)

Here L is the length of the thin cell, ©(v) and O(—v)
are Heaviside functions, N is the density of atoms in

the vapour, p%ﬂ and p%_)

are the density matrix
elements for v > 0 and v < 0, respectively.['¥] As
usual in an ultra-thin cell, the initial conditions for
the system are different for arriving (v < 0) and de-
parting (v > 0) atoms. One has indeed [pgo(L) = 1,
pii(L) =0 (3,5 =0,1,2,3)] for v < 0; and [pgo(0) = 1,
pij(0) =0 (i,5 = 0,1,2,3)] for v > 0.8] Atoms expe-
rience inelastic collisions with the walls during which
they lose optical excitation and all memory about the
previous state, so it is justified to assume that the
atoms will get de-excited with a collision with the wall,
and are in the ground states at the instant they leave
the wall after a collision. Thus, we use t = z/v for
v>0andt = (z—L)/vfor v < 0. Equation (4)
changes the integration orders of v and z, so one has
P(z) = Npyo [~ W (v)Bp(v)dv, where

Br(v) = AL+ D; |[v| /\i+D; |v| exp(LA;/ |[v]) /i (5)
We assume

Sp1 = / W (v)ALdwv,

Sy = /_OO W ()(Ds [v] /As)dv,

Sps :/ W (v)(D; [v] exp(LA:i/ [v]) /Xi)dwv,
Srp = Sp1+ Sr2 + SF3.

The first term (“Doppler-broadened term”) in Eq.(5)
provides the usual steady-state Doppler-broadened
spectra expected in confined cells.'3 Since Dicke-
narrowing features are associated with transient ef-
fects as comnsidered in both latter terms (“Dicke-
narrowing terms”), it can be seen that the second term
in Eq.(5) originates from the buildup of the atomic re-
sponse to the excitation fields. It illustrates the inte-
gration of all possible interactions inside the medium,
while the third term in Eq.(5) reflects the finiteness
of the interaction time L/v, which is limited by the
film thickness. When L is long enough, Sgo and Spgj3
can be neglected (i.e. Sp & Sp1). Only polarization
interference needs to be considered in this case.

The FWM signal intensity is also given by

2

Toc|Spf? = \ | wwsrwa

when L is long enough, corresponding to the free
space. So the nonlinear polarization P to the FWM
signal is given P oc [% dvW (v)Fp(v), where

Fp(v) = Aso/[A35(A20430 + G3)], (6)

In particular, we can see that equation (6) is equal
to the first term in Eq.(3). This means that the
“Doppler-broadened term” A in the thin cell is ex-
pected to be the same as the long cell term F(v). So
when L is long enough, the FWM signal spectra in
the long cell are similar to those in the case of a hot
atom sample in free space.

When L is long enough and v = 0, we will have
the following equation corresponding to the case of a

cold atom sample,

p(g) _ —iGaexp(iky-r) 7)
10 @B (dao + |G /dso)’

where dig = I'g + 141, doo = Ipo + i(A1 + As),
dso = I'30 +i(A1 + Ay — Ag).

We obtain the fifth-order matrix p(lso) of SWM in
the |0) — |1) —|2) — |3) system, as shown in Fig.1(b).
According to the SWM perturbation chain, we can
obtain

iGsexp(iksr)
s+ M10)%(s + A20)%(s + Aszo)”

where G5 = G1G2G5G3Gh.

Similar

Lini'} = (8)

FWM signal
spectra, we can obtain the medium polarization
P = Npio [ W(v)Bg(v)dv, where Bg(v) =
AL + D;|v| /A + Dj|vlexp(LX;/|v])/Ai, and A =
1/ A2, A3, Asp.

Similarly, we assume

to the procedure for

Ss1 = / W (v)ALdv,

ssa= [ S W )(Ds o] fA0)dv,

Sg3 = / W (v)(D; |v] exp(LA;/ |v])/Ai)dv,
and
Ss = Ss1 + Ss2 + Ss3-
The SWM signal intensity is given by I o< |Ss|2. Ob-

viously, when the cell length is large enough, we can
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obtain P oc [7°_ dvW(v)F(v) in the case of a hot
atom, where Fis(v) = i /A2,A3,A30.

We have discussed the coexistence of FWM and
SWM in the four-level confined system. It is well
known that when the cell length is large enough,
the sub-Doppler feature vanishes, and only a resid-
ual Doppler-broadened response is allowed. We have
analysed the Doppler-broadened term in the thin cell,
which is expected to be the same as the long cell term
Fs(v). From the expressions of FWM and SWM sig-
nal intensities, we can see that there exists polariza-
tion interference. To investigate the polarization in-
terference, instead of calculating (|Sp|?) and (|Sg|*),
we can sum up the signal intensity of each atom mo-
tion, i.e., fjs dvW (v)(|Bs(v)|?) without considering
the inter-atomic polarization interference. In the next
section, we will plot the normalized FWM and SWM
spectra in ultra-thin, micrometre and long vapour

cells, based on the analytic expressions above.

l

3. Numerical results and discus-
sion

Figure 2(a) shows the SWM signal intensity spec-
tra versus n(L/\). First, when L is short (i.e. L <
10, corresponding to the thin cell), the SWM signal
intensity varies with a 5\ period, the value of |Sg|? can
be approximated to the value of |Sga + 553\2, and the
“Doppler-broadened term” can be neglected. Second,
there exists competition between Dicke-narrowing fea-
tures and polarization interference in the micrometre
cell. When L increases, the contribution of polariza-
tion interference increases, while the effect of Dicke-
narrowing features decreases. Finally, when L is large
enough (i.e., L > 500\, corresponding to the long
cell), the SWM signal intensity |Ss|> can be approx-
imated to |Sg1|%, ie., the effect of Dicke-narrowing
features can be neglected as shown in the inset in
Fig.2(a).

To investigate how the oscillation behaviours are in the SWM signal intensity, we have Figs.2(b) and 2(c)

that present the imaginary part B¢(v), and real part Bg(v) of Bg, respectively. Since the contribution of
the "Doppler-broadened term” can be neglected, as compared to “Dicke-narrowing term”, only the latter is
considered in Fig.2(a). The real part By(v) shows a dispersive line shape, which leads to [*_ dvW (v)B(v)=0;
therefore, only the imaginary part B¢(v) makes a contribution to the SWM signal. Since B¢ (v) changes sign on
the wings of both the v < 0 and v > 0 sides, destructive interference occurs between atoms, thereby suppressing
the total polarization P. When L = 3)\/2, destructive interference is minimal, so the SWM signal intensity shows
a maximal value, with periodic revivals at L = (10k+3)A/2. When L = 4, destructive interference is maximal,
so the SWM signal intensity is minimal. Therefore, the oscillation behaviour of the SWM signal intensity results
from destructive interference. In addition, the imaginary parts of Bg can be expressed by Euler transformation
(the real part does not contribute to the signal): AL+ B[1—cos(brL/)\)]+C[1—cos(cwL/A)]+D[1—cos(drL/N)],
where B, b, C, ¢ and D, d are coefficients of one-photon, two-photon and three-photon terms, respectively. As we
know, for the absorption in a two-level system in the thin cell,! the second term corresponds to the one-photon
term (“Dicke-narrowing term”). Thus, for the absorption spectrum, it shows the period A, while the second,
third and fourth terms correspond to the one-photon, two-photon and three-photon terms (“Dicke-narrowing
term”) respectively, causing the periodic behaviours of the SWM signal intensities and the drastic change in

linewidths.

=

Normalized signal intensity

o
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Fig.2. (a) SWM signal intensity versus n(L/)) for |Sg|? (solid curve), |Ssa + Sg3|? (dashed curves) and |Sgq |2
(dot-dashed curves); (b) and (c) the imaginary and the real parts of Bg when the “Doppler-broadened term”
is neglected. n = L/X\ = 1.5 (solid curve), 4 (dashed curve) and 6.5 (dot-dashed curve). Other parameters are
Al/Flo =10, AQ/FlO = —10, Flo/klu = Fgo/klu = Fgo/klu =0.02, & =12, &3 =1.2.

Figure 3 shows the line shape of SWM spectra
dependent on cell length. In Fig.3, we can see that
minimal values of the SWM spectra linewidth can
be acquired at the cell length L/A = 4 and 9. When
L/X = 1.5 and 6.5, the linewidths of the SWM spectra
are broadened. There exists destructive interference
in the ultra-thin cell; when L/A = 1.5, destructive
interference is minimum as shown in Fig.2(b), and
But de-
structive interference is maximum at L/A = 4, and

the SWM signal linewidth is maximum.

hence the SWM signal linewidth is minimum. So,
at a larger destructive interference, the SWM signal
shows a narrower spectrum, but this is opposite to
the long cell case. When L/A = 20, corresponding
to the micrometre cell case, there exists competition
between Dicke-narrowing features and polarization in-
terference, the former acting in the line centre and the
latter broadening the two shoulders of the SWM spec-
tra, which increase monotonically as the cell length
keeps increasing. When L is long enough, correspond-
ing to the long cell case, the polarization interference

is dominant, the “Dicke-narrowing term” in Bg can be

>
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Fig.3. SWM spectra forn = L/ = 1.5, 4, 6.5, 9, 20, 100,
1000, respectively, with A/l = 10, Ag/Io = —10,
TIo/kiu = o /kiu = I30/k1u = 0.02, €2 = 1.2, £3 = 1.2.

neglected, and only “Doppler-broadened terms” are
considered, thereby the SWM spectra are broadened
(e.g., L/X\ =1000).

We now investigate FWM spectra in the case of
Figure 4(a)
shows a comparison of the FWM spectra between

ultra-thin, micrometre and long cells.

the ultra-thin cell and the homogeneously broadened
cases; both are in a general state and polarization in-
terference is neglected. There is no destructive inter-
ference (see solid curve in Fig.4(c)) in the ultra-thin
cell, therefore its FWM spectra are the same as those
of the homogeneously broadened cases. As the inten-
sity GG3 increases, a dip appears in the line centre,
and then the spectrum splits into two separate peaks
as shown in Fig.4(a). This is typical AT splitting.
Moreover, the distance between the two peaks can
be approximated as Ag, =~ 2G5 under the condition
|G3]? > Iyol30, where Ag, is the separation induced
by the dressing field F3. On the other hand, as dis-
cussed in the previous section, when L is long enough,
due to the polarization interference, the linewidth of
the FWM spectrum is much larger than that of the
homogeneously broadened case in the absence of the
dressing field (solid curve in Fig.4(b)). As G3 in-
creases, the linewidth of FWM spectra first becomes
narrower, and then exhibits Doppler-free AT splitting
again. This can be understood by studying the influ-
We can see in
Fig.4(d) that the application of the dressing field can
suppress the polarization of atoms with v = 0, leading

ence of the dressing field on B (v).

to a reduction of the destructive interference. Conse-
quently, the linewidth of FWM spectra reduces, and
Doppler-free AT splitting is exhibited.
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Fig.4. FWM spectra versus Ay for comparison: (a) the corresponding results of the homogeneously broadened

cases (solid curves), n = L/X = 0.65 (dashed curves) and when polarization interference is neglected (dot-dashed

curves) (Ga/kiu is given near the curves). (b) FWM spectra versus Ag for G3/kiu = 0 (solid curve) G3/kiu =
0.01 (dashed curve), G3/kiu = 0.2 (dotted curve), G3/kiu = 0.5 (dot-dashed curve), when n = L/X = 100,
Ap = Az = 0. (c) Real part B}.(v) (solid curve), imaginary part B (v) (dashed curve) and absolute value
|Br(v)| (dotted curve) when n = L/A=100. (d) B”(v) for G3/kiu = 0 (dot-dashed curve), Gg/kiu = 0.01
(dashed curve), Gs3/kiu = 0.02 (solid curve) when the coupling field is exactly in resonance, when A; = Ay =0
and n = L/ = 100. Other parameters are I'io/kiu = I'z0/k1u = I'30/k1u = 0.02, 2= 0.6, 3= 1.2.

Finally, we deal with the suppression or enhance-
ment of the FWM signal intensity versus Aj in ultra-
The FWM inten-

sity with no coupling field is normalized to 1 and

thin, micrometre and long cells.

an intensity above or below “1” means enhancement
Firstly, at the

exact two-photon resonance, we see that the FWM

or suppression of the FWM signal.

signal intensity is suppressed when the frequency of
the dressing field is scanned across the resonance
(A3 = 0) in the homogeneously broadened cases (dot-
ted curve in Fig.5(f)). Specifically, when L = 0.65),
the FWM spectra shows the line shape of suppres-
sion (Fig.5(a)) for there exists no destructive inter-
ference (Fig.4(c)).

large enough, corresponding to free space, figure 5(e)

Secondly, when the cell length is

shows a sharp contrast with that of the homogeneously
broadened cases. To study the anomalous behaviour,
we neglect polarization interference when calculating
75 doW (v) |Fp(v)[%; the results are shown by the

solid curve in Fig.5(f), and are consistent with those
of the homogeneously broadened cases, proving that
the anomalous behaviour is caused by polarization in-
terference. It can be understood that the dressing
field can suppress the polarization of atoms with v=0,
leading to a reduction of the degree of destructive in-
terference (Fig.4(d)). As a result, the FWM signal
intensity is enhanced. Finally, for the micrometre
cell, there exists competition between the polariza-
tion interference and Dicke-narrowing features. When
the cell length keeps increasing, the contribution of
the polarization interference increases and the effect
of Dicke-narrowing features decreases, which result
in an increase in the FWM signal intensity, so the
FWM signal intensity shows the change from sup-
pression in the ultra-thin cell, to semi-suppression and
semi-enhancement, and to enhancement, as shown in
Figs.5(b)-5(d).

In a strong dressing field with a large two-photon
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detuning, the FWM signal intensity can be hugely en-
hanced due to the polarization interference,'3! while
the FWM signal intensity is enhanced for the three-
photon (|0) — |1) — |2) — |+)) resonance (Fig.1(d)).
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Fig.5. FWM signal intensity versus As: (a) L/X = 0.65,
(b) L/AX=1.38, (c) L/X=5, (d) L/X =10, (¢) L/X = 100.
When G3/kiu = 0.01 (solid curves), Gz/kiu = 0.02
(dashed curves), G3/kiu = 0.04 (short dashed curves),
G3/kiu = 0.08 (dot-dashed curves). (f) Corresponding
results when polarization is neglected with &= 0.6 (solid
curves) and the homogeneously broadened cases (dotted
curves) (G3/kiu is given near the curves). Other param-
eters are A1=Ag = 0, I'o/ki1u = I'ag/k1u = I'30/k1u =
0.02, £2= 0.6 and £3= 1.2. The FWM signal intensity with
no coupling field is normalized to 1.

4. Discussion and conclusion

We have investigated coexisting FWM and SWM
in ultra-thin, micrometre and long cells in detail. The
narrow spectra of the SWM signal results from Dicke-

narrowing in the ultra-thin cell. The SWM signal

spectrum is broadened due to the polarization inter-
ference in the long cell. There exists competition be-
tween Dicke-narrowing features and polarization in
the micrometre cell, so the SWM signal spectrum
shows a Lorentz line shape. Dicke-narrowing features
act in the line centre and the polarization interference
broadens the two shoulders of the SWM spectrum; the
linewidths of the SWM signal spectra increase mono-
tonically as the cell length keeps increasing. We have
shown the oscillation behaviour that results from de-
With a
larger destructive interference, the SWM signal inten-

structive interference in the ultra-thin cell.

sity shows a minimum. We have also investigated
multi-wave mixing (MWM) signal intensities which
are drastically changed due to the polarization inter-
ference in the long cell. In the micrometre cell, the
dressing field can suppress the polarization interfer-
ence, leads to the narrowing of the linewidth of FWM
spectra, and then exhibits Doppler-free AT splitting.
In addition, the FWM signal is suppressed when the
frequency of the dressing field is scanned across the
resonance (Az = 0) in the ultra-thin cell. In contrast,
the FWM signal is enhanced due to polarization inter-
ference. The FWM signal spectra show a change from
suppression in the ultra-thin cell to semi-suppression
and semi-enhancement, and to enhancement as the
cell length increases.

In conclusion, we have investigated the coexis-
tence of FWM and SWM in a confined four-level
atomic system. The oscillation behaviour of the SWM
signal intensity and linewidth is due to destructive in-
terference. In the thin cell the narrow spectra can be
used for high precision measurements and metrolog-
ical standards. FWM and SWM processes in multi-
level confined atomic systems can be utilized to help
us to understand the QED mechanism and optimize
the generated high-order multi-channel nonlinear op-
tical signals, which have potential applications in high
precision measurements and production of better non-

linear optoelectronic devices.
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