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A study is made of the effects of Doppler broadening on pure gain without inversion, which means that neither

one-photon nor two-photon inversions are allowed, and non-pure gain without inversion, which means that one-photon

inversion does not occur but two-photon inversion is present, in a closed Λ-type three-level system with incoherent

pumping. It is shown that when the driving field is resonant but the probe field is not, in a certain range of Doppler

width, for the case of the lower degree of frequency up-conversion, generally, pure gain without inversion increases

monotonically and non-pure gain without inversion does not monotonically increase or decrease with increasing Doppler

width; for the case of the higher degree of frequency up-conversion, pure gain without inversion decreases monotonically

but non-pure gain without inversion cannot be produced. In the case of two-photon resonance, in some range of Doppler

width, pure gain without inversion does not monotonically increase or decrease while non-pure gain without inversion

decreases monotonically with Doppler width increasing. Finally, an experimental scheme for examining our theoretical

result is given.

Keywords: Λ-type three-level system, Doppler broadening, gain without inversion, frequency up-

conversion
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1. Introduction

Since the seminal work of Kocharovskaya, Harris

and Scully et al, lasing without inversion (LWI) has

attracted tremendous attention (for example, see re-

cent review paper[1] and papers[2−14] and references

therein). Production of LWI is a result of atom co-

herence and quantum interference. The LWI could

achieve laser action in short wavelength (e.g. the x-

ray, even γ-ray, range) regions where lasing is imprac-

tical with conventional pumping schemes. Since the

gain without inversion (GWI) that one can realize is

usually quite small, it is important to not only iden-

tify the optimal atom and field parameters, but also

explore any other issues that may affect the maxi-

mal gain that one can achieve. On the other hand,

the experiment on GWI is usually performed by using

atomic vapour, which is typically accompanied by ob-

vious Doppler broadening, so in attempting to find the

conditions under which the largest GWI is produced,

some attention has been paid to the effect of Doppler

broadening on GWI.[15−26] However, almost all these

studies are devoted to the analysis of the effect of

Doppler broadening on non-pure GWI, i.e. gain with-

out one-photon inversion but with two-photon inver-

sion. Pure GWI should be the gain that neither one-

photon nor two-photon inversion is allowed to have.

Only pure GWI can lead to pure LWI, i.e. LWI in the

exact sense. In addition, in the studies of the effect

of Doppler broadening on GWI the influence of the

degree of frequency up-conversion is usually not taken

into account. In the present paper we investigate the

effects of Doppler broadening on pure and non-pure

GWI for different degrees of frequency up-conversion

in a closed Λ-type system.

2. Model and equations of motion

Consider a closed Λ-type three-level atomic sys-

tem with an upper state |1⟩ and two lower states |2⟩
and |3⟩, as illustrated in Fig.1. Transition between lev-
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els |1⟩ and |2⟩ is driven by a strong coherent driving

field with the amplitude Ed, frequency ωd and Rabi

frequency Ω. Incoherent pumping with a pumping

rate 2Λ and a weak coherent probe field with the am-

plitude Ep, frequency ωp and Rabi frequency α are

applied between levels |1⟩ and |3⟩. 2γ1 and 2γ2 de-

note the spontaneous emission rates from level |1⟩ to
|3⟩ and |2⟩, respectively.

In the interaction picture, using the rotating-wave

approximation, the semiclassical interaction Hamilto-

nian for the system can be written as follows:

HI = ∆p |1⟩ ⟨1|+ (∆p −∆d) |2⟩ ⟨2|

− [Ω |1⟩ ⟨2|+ α |1⟩ ⟨3|+ c.c.], (1)

where ∆p (= ω13 − ωp) and ∆d (= ω12 − ωd) are the

detunings of the probe and driving fields from their

relevant atomic transitions, respectively.

Fig.1. A closed Λ-type three level system.

In the rotating-wave and the electric dipole ap-

proximations, the semiclassical density matrix equa-

tions of motion for the closed Λ-type atomic system

can be written as follows:

ρ̇11 = −2(γ1 + γ2)ρ11 + iαρ31 − iαρ13 + 2Λρ33 + iΩρ21 − iΩρ12, (2a)

ρ̇22 = 2γ2ρ11 + iΩρ12 − iΩρ21, (2b)

ρ̇12 = −(γ1 + γ2 + i∆d)ρ12 + iαρ32 − iΩ(ρ11 − ρ22), (2c)

ρ̇13 = −(γ1 + γ2 + Λ+ i∆p)ρ13 + iΩρ23 − iα(ρ11 − ρ33), (2d)

ρ̇23 = −(Λ+ i∆p − i∆d)ρ23 + iΩρ13 − iαρ21, (2e)

along with the equations of their complex conjugates,

ρij = ρ∗ji (i ̸= j, i, j = 1, 2, 3) and the closure relation

ρ11 + ρ22 + ρ33 = 1.

The probe gain corresponds to the imaginary part

of ρ31. If Im ρ31 > 0, the system exhibits gain for the

probe field; if Im ρ31 < 0, the probe field is attenu-

ated. For convenience of calculation, in the following

discussion we choose α and Ω to be real, and this does

not affect the generality of the discussion.

For the steady state case, dρij/dt = 0, thus equa-

tions involved in Eq.(2) reduce into a set of coupled al-

gebraic equations. We can obtain exact nonlinear an-

alytical expressions for Im ρ31, ρ11, ρ22, ρ33 as follows:

Im ρ31 =
b3α

3 + b1α

2(h6α6 + h4α4 + h2α2 + h0)
, (3a)

ρ11 =
c4α

4 + c2α
2 + c0

h6α6 + h4α4 + h2α2 + h0
, (3b)

ρ22 =
n6α

6 + n4α
4 + n2α

2 + n0

2(h6α6 + h4α4 + h2α2 + h0)
, (3c)

ρ33 = 1− ρ11 − ρ22, (3d)

where bi (i = 1, 3), ci (i = 0, 2, 4) and ni, hi (i =

0, 2, 4, 6) are functions of Ω, α, ∆p, ∆d and other

parameters of the system. The concrete expressions

of Im ρ31, ρ11, ρ22, ρ33 are very complex, so we do

not list them in this paper.

3. Effect of Doppler broadening

on GWI

As already stated above, Im ρ31, ρ11, ρ22, ρ33

given by equations (3) are only valid for static atoms.

Now we consider atomic motion and the resulting

GWI when the Doppler effect is included. For a single

atom, moving at a speed v along the z-axis, the probe

frequency ωp(v), as seen by the atom, is given by

ωp (v) = ωp (1± v/c) , (4a)

where the negative (positive) sign corresponds to co-

propagating (counter-propagating) atom and probe.

Similarly, the frequency of the driving field ωd(v), as

seen by the atom is

ωd (v) = ωd (1± v/c) . (4b)

We denote by δp(v) (δp (v) = ω13 − ωp (v)) and

δd(v) (δd (v) = ω12−ωd (v)) the detunings of the probe

and driving fields from their respective transitions, as



5344 Fan Xi-Jun et al Vol.18

seen by the moving atom. In terms of δp(v) and sta-

tionary parameters, δd(v) can be written as

δd (v) = ∆d ± 1

R
[δp (v)−∆p] , (5a)

δp (v) = ∆p ∓ ωpv

c
, (5b)

where R = ωp/ωd denotes the degree of the frequency

up-conversion. Assuming that the atomic velocities

have a Maxwell–Boltzmann distribution, we denote a

probability distribution function for δp(v), which is

given by

ρ(δp) = exp[−(δp −∆p)
2/2D2]/

√
2πD2. (6)

The gain averaged over the Doppler distribution can

be represented as

G =
Nd213
h̄α

Im

∫ ∞

−∞
ρ31(δp)ρ(δp)dδp, (7)

where N is the medium density, d13 is the electric

dipole matrix element of the optical transition |1⟩ →
|3⟩. Similarly, the population ρ11, ρ22 and ρ33 aver-

aged over the Doppler distribution can be represented

as

ρ̄ii =

∫ ∞

−∞
ρii (δp) ρ (δp) dδp , (8)

where i = 1, 2, 3. ρ̄11 + ρ̄22 − ρ̄33 < 0 means

that neither one-photon nor two-photon inversion oc-

curs; ρ̄11 − ρ̄33 < 0 but ρ̄11 + ρ̄22 − ρ̄33 > 0 corre-

sponds to the absence of one-photon inversion but

the presence of two-photon inversion. When G > 0

and ρ̄11 + ρ̄22 − ρ̄33 < 0 we obtain pure GWI, which

means that neither one-photon nor two-photon inver-

sion is allowed; when G > 0 and ρ̄11 − ρ̄33 < 0 but

ρ̄11 + ρ̄22 − ρ̄33 > 0, we acquire gain without one-

photon inversion but with two-photon inversion (non-

pure GWI). In the following we will discuss the effect

of Doppler broadening on GWI by using the numerical

results. The numerical algorithm involves calculating

Im ρ31 and ρ11, ρ22, ρ33, ρ11 + ρ22 in the presence of

Doppler broadening, i.e., we replace ∆p and ∆d in

Eqs.(3) with δp(v) and δd(v). For given D and ∆p,

we generate a probability distribution of δp(v) via the

use of Eq.(6). The resulting values of δp are centred at

the selected value of ∆p. By choosing optimal inter-

vals in the Doppler line-width D we assure that suf-

ficient atoms participate in producing consistent and

accurate results. In the following, we will study the

case where the driving field and the probe field co-

propagate.

Figure 2 shows population ρ̄11, ρ̄22, ρ̄33, ρ̄11 +

ρ̄22 as functions of the probe detuning for different

Doppler widths when the probe field and the driv-

ing field are co-propagating, the driving field is res-

onant (∆d = 0) and the degree of the frequency

up-conversion R = ωp/ωd = 1.2. The numerical

result shows that for the parameter values given in

the caption of Fig.2, with the Doppler width increas-

ing, ρ̄11 and ρ̄33 decrease but ρ̄22 increases, when

D ≤ 1.4, ρ̄11 + ρ̄22 is always smaller than ρ̄33 (shown

in Figs.3(a)–3(c)) in the probe detuning region cor-

responding to the gain (see Fig.3), i.e. neither one-

photon inversion nor two-photon inversion occurs;

when D > 1.4, ρ̄11 − ρ̄33 < 0 but ρ̄11 + ρ̄22 − ρ̄33 > 0

(shown in Fig.3(d)), i.e., one-photon inversion is ab-

sent but two-photon inversion is present.
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Fig.2. Populations ρ̄11, ρ̄22, ρ̄33, ρ̄11 + ρ̄22 versus probe detuning for different Doppler widths when PDF are

co-propagating. The parameter values are ∆d = 0, R = ωp/ωd = 1.2, Ω = 8.0, α = 0.3, 2γ2 = 1.0 and 2Λ = 0.3

and Ω, α, 2γ2, 2Λ, ∆d, ∆p and D are scaled by 2γ1. For the 87Rb atomic system described in this paper,

2γ1 = 38.11 MHZ. Panel (a) is for D = 0, panel (b) for D = 0.5, panel (c) for D = 1.2, and panel (d) for

D = 1.5.

Fig.3. Curves for gain versus probe detuning for different Doppler widths when the probe field and the driving

field are co-propagating with the same parameter values as those in Fig.2.
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Taking the same parameter values as those in

Fig.2, figure 3 shows the gain G as a function of the

probe detuning for different Doppler widths. In Fig.3

and the following figures, the values of G are marked

in units of Nd213/(ε0h̄). Both Fig.3(b) and Fig.3(d)

are the enlarged parts corresponding to Fig.3(a) and

Fig.3(c), respectively. The following conclusions can

be drawn from Figs.2 and 3. 1) When D = 0, i.e.,

Doppler broadening is absent, we obtain pure GWI,

which means that neither one-photon nor two-photon

inversion is allowed, and we can obtain the maximum

value at ∆p = ∆d = 0 (two-photon resonance). 2)

When 0 < D ≤ 1.4, we can obtain pure GWI, the gain

maximum value increases monotonically with increas-

ing Doppler width; the value of the probe detuning

corresponding to the maximum value increases but the

region of the pure GWI spectrum decreases as Doppler

width increases. Corresponding to some values of D,

for example, D = 1.2 and 1.4, pure GWI does not

monotonically decrease or increase as the probe de-

tuning increases. 3) When D > 1.4 (Fig.3(e)), we

obtain non-pure GWI; the gain maximum value does

not monotonically decrease or increase with increas-

ing Doppler width; corresponding to a fixed value of

D, non-pure GWI does not monotonically decrease or

increase as the probe detuning increases.

Figure 4 presents the values of gain maximum

Gmax as a function of Doppler width D for different

values of the degree of the frequency up-conversion,

R(= ωp/ωd). Figure 4(b) shows an enlarged part of

Fig.4(a). The solid dots, which are marked by the val-

ues of D, denote the critical points between the region

of neither one-photon nor two-photon inversion and

the region without one-photon but with two-photon

inversion for different values of R. Figure 4 indicates

the following points. (i) When Doppler broadening is

absent, we can obtain pure GWI and its maximum

values for different values of R are the same. (ii)

When Doppler broadening is present, generally, for

the same value of D, a smaller value of R corresponds

to a larger maximum value of pure GWI; with increas-

ing Doppler width the variation rules of the maximum

values of pure GWI corresponding to different values

of R become very different. When R = 1 and 1.2, the

maximum values of pure GWI increase monotonically

with the increase of Doppler width. When R = 1.3,

pure GWI, absorption and pure GWI arise succes-

sively with the increase of Doppler width; A compar-

ison between the cases of R = 1, 1.2, 3 shows that

we can obtain larger maximum values of pure GWI.

When R = 3, the maximum value of pure GWI de-

creases rapidly and monotonically with the increase

of Doppler width. (iii) For R = 1, 1.2, 1.3, the case of

the lower degree of frequency up-conversion, the max-

imum value of non-pure GWI does not monotonically

increase or decrease as Doppler width increases, we

can obtain the largest gain maximum value at a suit-

able Doppler width; for the same value of D, a smaller

value of R corresponds to a larger maximum value of

non-pure GWI. For R = 3, the case of the higher de-

gree of frequency up-conversion, non-pure GWI does

not occur.

Fig.4. Curves for gain maximum value versus Doppler width for different values of R with the same parameter

values as those in Fig.2.
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Using the same values of system parameters as

those in Fig.2 except ∆p = 0, we obtain the val-

ues of gain G as a function of Doppler width for

the cases of two-photon resonance, i.e., ∆p = ∆d,
[27]

and ∆p = ∆d = 0, as shown in Fig.5. The cal-

culation results corresponding to Fig.5 indicate that

when D ≤ 1.4, neither one-photon inversion nor two-

photon inversion occurs; when D > 1.4 one-photon

inversion is still absent but two-photon inversion is

present. Considering the numerical result, from Fig.5

we can see the following points. When D ≤ 1.4, the

gain is pure GWI, the gain does not monotonically in-

crease or decrease with increasing Doppler width and

is always larger than that without Doppler broaden-

ing; when D = 1.3, the system obtains the largest

pure GWI. The variation of the gain with increasing

Doppler width is similar to that when ∆d = 0 and

∆p ̸= 0 (see Fig.4(b)). When D > 1.4 the gain is non-

pure GWI and decreases monotonically with increas-

ing Doppler width. Comparing Fig.5 with the curve

corresponding to R = 1.2 in Fig.4, we find that with

increasing Doppler width, the variation rule of pure

GWI (non-pure GWI) for the case of ∆p = ∆d = 0 is

very different from that of the maximum value of pure

GWI (non-pure GWI) for the case where ∆d = 0 and

∆p ̸= 0.

Fig.5. Curves for gain versus Doppler width in the case

of two-photon resonance with the same parameter values

as those in Fig.2 but ∆p = 0.

It should be pointed out that in the above dis-

cussion on the effect of Doppler broadening on pure

and non-pure GWI, we have taken 0.3 as the value

of the incoherent pumping rate (2Λ), but this value

has no special meaning. Our numerical calculation

result shows that varying the value of the incoherent

pumping rate, with the values of the other parameters

fixed, will produce obvious effects on the size of the

population and gain and even the properties of the

gain. Generally speaking, with the incoherent pump-

ing rate increasing, gain increases, the population of

the upper level |1⟩ increases but the populations of

two lower levels |2⟩ and |3⟩ decrease. Now we take

an example to show the above conclusion. Taking the

same parameters values as those in Fig.2 and Fig.3 ex-

cept for the incoherent pumping rate, we can obtain

the following conclusions. i) When 0.16 > 2Λ, G < 0

always holds when ρ̄11 + ρ̄22 − ρ̄33 < 0 which means

that neither one-photon nor two-photon inversion oc-

curs but no gain exists for any Doppler width; ii) when

0.16 < 2Λ < 0.5, then G > 0 when ρ̄11+ ρ̄22− ρ̄33 < 0

or ρ̄11 − ρ̄33 < 0 but ρ̄11 + ρ̄22 − ρ̄33 > 0, i.e. pure

GWI or non-pure GWI can be realized, and this de-

pends on the value of the Doppler width; iii) when

0.5 < 2Λ < 1.3, then only ρ̄11 − ρ̄33 < 0 but

ρ̄11 + ρ̄22 − ρ̄33 > 0, hence only non-pure GWI is pos-

sible; iv) when 2Λ > 1.3, then ρ̄11 − ρ̄33 > 0 i.e. both

one- and two-photon inversions exist simultaneously,

only gain with inversion can be obtained.

Now there arises the question of why GWI can be

obtained under the effect of Doppler broadening only

in some cases but not in any other cases. The answer

is briefly given below.

Quantum coherence and interference in an atomic

system lead to amplification without inversion and las-

ing without inversion. Generally speaking, Doppler

broadening will produce detuning of the laser frequen-

cies from the atomic transitions, which may affect the

coherent recycling in atoms and damp the intensity of

the laser radiation, thereby leading to a gain decrease.

The effects from the Doppler broadening, coherent

driving and probe fields will produce quantum de-

structive or constructive interference which is mainly

determined by the Doppler width, propagating direc-

tion, strength and detuning of the driving and probe

fields and is also related to the incoherent pumping

and spontaneous emission rates. In some cases, quan-

tum destructive interference arises and leads to ab-

sorption or gain decreases; in other cases, quantum

constructive interference appears and leads to gain

and gain increases.

In order to validate the above theoretical result,

one can perform an experiment with 87Rb atomic

vapour contained in a Pyrex cell. The energy-level

diagram of 87Rb is shown in Fig.6. The extended cav-

ity diode lasers are tuned to the D2 line and form a

Λ-type system. The probe (with Rabi frequency α)

and drive (with Rabi frequency Ω) laser fields excite
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transitions 5S1/2(F = 1) → 5P3/2 (F ′ = 0, 1, 2)

and 5S1/2(F = 2) → 5P3/2(F
′ = 1, 2, 3), respec-

tively, as shown in Fig.6. The double and single lines

represent the drive and probe laser fields, respectively.

The drive and probe fields cannot couple the ground

states via the hyperfine levels F ′ = 0 and 3 of 5P3/2

state due to the selection rules, and these states are

marked by dashed lines. The spontaneous emission

rates of both transitions are 2γ1 = 2γ2 = 38.11 MHZ.

The amplitudes of the dipole moments d12 and d13 are

4.227(5)ea0, where e and a0 are elementary charge and

Bohr radius, respectively. Ep and Ed are in V/cm.

To be accurate, one can choose the driving frequency

around 5S1/2(F = 2) → 5P3/2(F
′ = 1) transition.

The Rabi frequency Ω of the driving laser can be es-

timated from the formula Ω = 2πΓ
√
I/8, where I is

the drive intensity (mW/cm2) and Γ (≈ 6 MHZ) is the

natural width of

Fig.6. Energy-level diagram of atomic 87Rb. Double and

single lines represent the driving and probe laser fields,

respectively. Dashed lines depict uncoupled states in the

energy diagram.

the P -state of the Rb atom.[28] The incoherent pump-

ing with pumping rate 2Λ, which is applied between

levels |1⟩ and |3⟩, can be realized by an incoherent

pump laser.[29] Generally speaking, in the experiment,

we can obtain the required value of the incoherent

pumping rate by modulating the intensity of the inco-

herent pumping laser field, but the concrete manipu-

lation manner is determined by concrete experimental

conditions.

4. Conclusion

In this paper, using the numerical calculation re-

sults from the steady analytical solution of the density

matrix equations of motion, we studied the effect of

Doppler broadening on pure and non-pure GWI in a

closed Λ-type three-level system with an incoherent

pump applied between the high level |1⟩ and the low

level |3⟩. Our findings are as follows. When the driv-

ing field is in resonance but the probe field is not as

Doppler width increases, generally speaking, for the

case of the lower degree of frequency up-conversion,

pure GWI increases monotonically, but non-pure GWI

does not monotonically increase or decrease; for the

case of the higher degree of frequency up-conversion,

pure GWI decreases monotonically, non-pure GWI

does not arise. In the case of two-photon resonance, in

a certain range of the Doppler width, pure GWI does

not monotonously increase or decrease while non-pure

GWI decreases monotonically with increasing Doppler

width. Finally, an experimental scheme, in which the
87Rb atomic system is used to examine the above the-

oretical result, is given.
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