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Extending the double Jaynes—Cummings model to a more complicated case where the mode-mode competition

is considered, we investigate the entanglement character of two isolated atoms by means of concurrence, and discuss

the dependence of atom-atom entanglement on the different initial state and the relative coupling strength between

the atom and the corresponding cavity field. The results show that the amplitude and the period of the atom—atom

entanglement evolution can be controlled by the choice of initial state and relative coupling strength, respectively. We

find that the phenomenon of entanglement sudden death (ESD) is sensitive to the initial conditions. The length of

the time interval for zero entanglement depends not only on the initial degree of entanglement between two atoms but

also on the relative coupling strength of atom—field interaction. The ESD effect can be weakened by enhancing the

mode—-mode competition between the three- and single-photon processes.
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1. Introduction

Entanglement plays a key role in quantum com-
putation and quantum information processing. It has
been extensively studied theoretically in a range of
systems, including trapped ions,!* atomic ensembles!?

Bl A fundamental feature of entan-

and photon pairs.
glement is that it is easily degraded when the entan-
gled system interacts with another. Therefore, it is
important to study dynamical creation of entangle-
ment and its disentangled properties. Recently, Yonac
et al*5 have proposed a double Jaynes-Cummings
(J-C) model, and investigated the pairwise entan-
glement dynamics. They have observed that a two-
qubit affected by uncorrelated reservoirs can experi-
This drastic

non-asymptotic feature of entanglement, termed en-

ence disentanglement in a finite time.

tanglement sudden death (ESD), has deserved great
attention in recent years. Lately, it has been found
that ESD is present in different scenarios for certain

6-21] Quite recently, this phenomenon

classes of states. |
was demonstrated in experiments.[?2:23] However, in

their studies, a given mode is assumed to act only on

one optical transition, i.e., the two modes do not act
simultaneously on one transition.

From the semiclassical point of view, if an atom
interacts with different fields, several nonlinear pro-
cesses can take place at the same time, leading to
many new dynamical aspects as a result of mode—

24-26] guch as Stokes and anti-

mode competition,!
Stokes processes.[>”) In Ref.[28], Iyotsna and Agarwal
found that the quantum effects were rather dominant
in the mode—mode competition model. The authors
have studied the atomic dynamical properties, the
statistic properties of the photon and the entangle-

ment dynamics in this model. 2934

In this paper, we
shall propose a double mode-mode competition model
by extending the work in Refs.[4] and [5] to a more
complicated case where the mode-mode competition
is involved, and study the entanglement dynamics of
two isolated atoms, each in its own mode-mode com-
petition system. It shows that the atom—atom entan-
glement is highly dependent on the initial state and
the relative coupling strength between the atom and
the corresponding cavity field. Moreover, the ESD can
be weakened by enhancing the mode—mode competi-
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tion between the three- and single-photon processes.

2. The double mode-mode com-

petition model

We consider a system consisting of two two-level
atoms labeled A and B, each interacting with a two-
mode cavity field (denoted by a and b) via two dif-
ferent competing transitions, as shown in Fig.1. We
assume that one of the modes interacts with the atom
through a three-photon process and the other through
a single-photon process, resonantly. Following Refs.[4]
and [5], we also assume that each atom—cavity sub-
system is isolated. The interaction Hamiltonian of
the considered system in the rotating-wave approxi-
mation and in the interaction picture can be written
as (assuming ii = 1)

Hy = Hp, + Hpyp (1

~—

with[28]

Hpo = ki(ofa} +0Aa1 )+91(0Aa2+0Aa£)

Hgp, = ko(ofb3 + 05b1®) + g (075 ba + 05 bh), (2)

where oi. (i = A, B) are the raising and lowering op-
erators of the i-th two-level atom, a; (a;) and b, (b;)
(j = 1,2) are the annihilation (creation) operators of
the j-th mode of fields a and b. k; and g; (j = 1,2) are
the coupling constants for the three-photon process
and the single-photon process in the j-th subsystem,
respectively.

subsystem 1 subsystem 2

atom B

atom A

cavity a with two cavity b with two

modes labeled modes labeled

a1 and as b1 and bo

Fig.1. Schematic diagram of the system considered, two
distant and non-interacting subsystems 1 and 2 each with
a two-mode cavity containing a two-level atom.

We denote the excited and ground states of the
atoms by |e) and |g) respectively. We take the two
atoms initially in Bell-like pure states, and the fields
Thus the initial state for
the double mode—mode competition system is given

initially in vacuum states.
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by
() = {oos (5 ) ea) +3in (5 ) lae |
® 00) ® |00), (3)
and
9(0)) = {eos (§ ) lec) +sin (5 ) o)}
® 00) ® |00), (4)

where 0 < 0 < /2.

The state vector at any time ¢ can be expressed
in terms of a complete set of possible states in the
interaction picture as

[W(t)) = x1(t)|eg0000) + 2 (t)|ge0000)
+ 23(t)|993000) + 24(t)|990100)
+ @5(t)]9g0030) + 4 (t)]9g0001),  (5)

where the probability coefficients are given by
0
x1(t) = sin (2> cos({21t),
0
xo(t) = cos 3 cos({291),

x3(t) = _1!2\/16]{;1 sin (g) sin((1t),
—ig1 . 0\ .

x4(t) = o, sin | 5 sin((t),

x5(t) = _1}26]{2 cos <Z> sin(f221),

x6(t) = _(1222 cos <Z) sin(§2:t) (6)
with

01:\/9%4'6]{%7 922\1954-6/{%, (7)

and

[2(t)) = y1(t)][ee0000) + y2(t)|gg0000)
+ y3(t)|ge3000) + y4(t)|ge0100)
+ y5(t)|eg0030) + ye(t)|eg0001)
+ y7(t)]993030) + ys(t)[gg3001)
+ y9(t)|990130) + y10(t)[gg0101), (8)

where the complex amplitudes are derived from the
Schrédinger equation in the interaction picture. It is
difficult to obtain the analytical solution for the coef-
ficients in expression (8), so we use the fourth-order
Runge-Kutta method to obtain their numerical so-
lution. Here, |egijén) represents the atom A in the
excited state |e), the atom B in the groud state |g), 1,
jand €,
ba, respectively.

1 photons in the field modes a1, as and by,
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3. Entanglement between two

isolated atoms

Several different measures have been proposed to
identify entanglement between two qubits, and we
choose the Wootters entanglement measure,®® the
concurrence C', defined as

C = max (0, VA1 = VA2 = VA = VA1), (9)

where Ap,...,\; are the eigenvalues of the matrix
p = ploy ®oy)p*(oy @ oy). p is the density matrix
representing the quantum state, and the matrix ele-

ments are taken with repect to the basis of |ee), |eg),

0 0 0
any _ | 0 mOP w00
I 0 2 (t)wa(t) |wa(t)]?

0 0 0

The concurrence of the density matrix (10) is ex-
pressed by

CAB(t) = 2|a1 (t)[a2(1)]. (11)

Now we study the influence of the initial state on
the atom—atom entanglement. For simplicity, we sup-
pose that the correponding coupling strength in both
subsystems is equivalent (so-called symmetric atom—
field couplings), i.e., k1 = ka =k, g1 = g2 = g. So we
can find that 1 = 2 = 2. The expression (11) is
easily reduced to

CAB(t) = |sin(0)] cos?(£2t). (12)

We plot the time evolution of the concurrence C4B(t)
given by Eq.(12) when k/g = 1 for different 0 in Fig.2.
In the case of # = 7/2, that is, the two atoms are
maximally entangled initially, the concurrence CAB(t)
evolves periodically between 0 and 1 (solid line), and
the period is ﬂ/\ﬁ When 6 takes the value 7/4 and
7/8, we can see that the maximum of CAB(¢) is re-
duced to 0.7071 (dashed line) and 0.3827 (dot-dashed
line), respectively. It is clear that the smaller the ini-
tial degree of entanglement between the two atoms,
the smaller the maximum of CAB(¢). But the evolu-
tion period of the atom—atom entanglement keeps in-
variant, which is easily obtained from the expression
(12).

lge), lgg). The range of the concurrence is from 0 to
1. For unentangled qubits C' = 0 whereas C' = 1 for
maximally entangled qubits.

3.1. Atom-atom entanglement for the
initial atomic state |¥(0))

We are only interested in the entanglement dy-
namics of the two isolated atoms. In order to obtain
the atom-atom density operator pRB(t), we trace over
the field variables from Eq.(5). For the initial atomic
state [¥(0)), the atom-atom density matrix pi*B(t)
written in the basis of |ee), |eg), |ge), |gg) is given
by

0
0

0 (10)

|23(t)|* + [2a(t)]* + |25 (8)[* + |6 (t)]?

—6=n/2-—-0=rx/4 - 0=1/8

CAB

gt

Fig.2. The time evolution of the concurrence CAB with the
initial atomic state |¥(0)) when k/g = 1 for different 6.

Now we shall examine the influence of k;/g;
(j = 1,2) (the relative coupling strength between the
atom and the corresponding cavity field) on the atom—
atom entanglement when the two atoms are initially
in the state v/2/2(|eg) + |ge)) (8 = 7/2), as shown
in Fig.3 and Fig.4.
symmetric atom—field couplings, i.e., ky = ko = k,

Figure 3 displays the case of

g1 = g2 = g. Comparing the two curves in Fig.3 with
the solid line in Fig.2, we can find: (i) the concur-
rence CAB(t) exhibits periodical evolution between 0
and 1; (ii) the evolution period of concurrence CAB(t)
is m/y/1+ 6k2/g?, decreasing with k/g. Figure 4 il-

lustrates the case where the relative coupling strength
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in both subsystems is not equivalent (so-called asym-
metric atom—field couplings), i.e., k1/g1 # ka/ga. For
simplicity, we also suppose that g1 = g2 = ¢g. In this
case, the expression (11) becomes

CAB(t) = | sin(0) cos(£21t) cos(2t)|. (13)

Fixing the value of k1/g = 0.01, the dependence on
time of the concurrence C*B(t) changes when ko /g is
varied from 2 (Fig.4(a)) to 5 (Fig.4(b)).
comparison between Fig.4(a) and Fig.4(b), we can see

Drawing a

that the number of the peaks in the latter is larger
than that in the former. This is explained as follows.
From expression (13), we can see that the atom-atom
entanglement has two periods: one is the envelope os-
cillation period with a value of w/$2; ~ 7, the other is
the oscillation period /{25, which decreases with the
increase of ky/g. We also see that the time evolution

|

— k1/9=10.01, k2/g =2
1.0

(a)

0.8 1
Eg 0.6
QO

0.4t

0.2

0 L
0 2 4 6 8
gt

of atom—atom entanglement in the case of symmet-
ric atom—field couplings (marked by * in Fig.4(b)) is
modulated by the asymmetric atom—field couplings.

— k/g=0.5

- kfg=2

CAB

Fig.3. The time evolution of the concurrence C*B with
the initial atomic state |¥(0)) when 6 = /2 for the case
of symmetric atom—field couplings.

— k1/9g=0.01, k2/g =5 *k/g=0.01
1.04
(D) y
0.8 * ﬂ ﬁ
ﬁ 0.6
O
0.4
0.2
O - L1 ] L1 11
0 2 4 6 8

Fig.4. The time evolution of the concurrence CAB with the initial atomic state |¥(0)) when 8 = m/2 for the

case of asymmetric atom—field couplings.

3.2. Atom-atom entanglement for the
initial atomic state |®(0))

For |®(0)), the atom-atom density matrix pfB(2)
is obtained by tracing over the field variables from
Eq.(8)

at) 0 0 w(t)
A= | OMD0 0y
0 0 ¢t) 0
W) 0 0 d(t)
where
at) = [y (b)),

d(t) = ly2(O)1 + ly7 (O + lys(B)]?
+ lyo ()1 + lyr0 (1),
w(t) = y1(t)ys(t). (15)

The concurrence for this matrix is

CAB(t)
= 2max{0, [y1(t)y3 (t)|
—V/(lys(®)2 + [ya ()12 (ly5 () > + lye (£)[?)}- (16)

The results for the concurrence CAB(t) with the

initial atomic |@(0)) are illustrated in Figs.5, 6 and 7,

which differ from those with the initial atomic state
[Z(0)). This is due to a “dark” state |gg0000) in
|®(0)), i.e., the state |gg0000) is unaffected by cou-

pling to the fields. Unlike the previous case, figure
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5 shows that the atom-atom entanglement can fall
abruptly to zero (which is the so-called ESD), and
will remain zero for a period of time before it recovers.
The length of time interval for the zero entanglement
is dependent on the initial degree of entanglement be-

tween two atoms. The smaller the initial degree of
entanglement is, the longer the state will stay in the
disentangled separable state. In addition, the max-
imum of the concurrence CAB(t) increases with the

initial degree of entanglement between two atoms.

|

—f=n/2---0=n/d - 0=n1/8 —k/g=05 --- k/g=2

CAB
CAB

Fig.5. The time evolution of the concurrence CAB CAB

with the initial atomic state |®(0)) when k/g = 1
for different 6.

Fig.6. The time evolution of the concurrence
with the initial atomic state |$(0)) when 6 = /2
for the case of symmetric atom—field couplings.

— k1/g=0.01, ka/g =2 —k1/g =001, ka/g=5 *k/g=0.01
1.0 1.0 %
0.8 (@) 0.8 | ‘ ®) l l [ l‘
4 061 a 0.6l |
| | “ ll ‘ l
04} 04 | ’ l l
0.2+ 0.2 1 {1 b |
0 ol ' ‘Ali’l'l l“l”v'l ‘Ll
0 2 4 6 8 0 2 4 6 8

Fig.7. The time evolution of the concurrence CAB with the initial atomic state |#(0)) when 0 = 7/2 for the
case of asymmetric atom—field couplings.

We let § = 7/2, and discuss the dependence of atom—atom entanglement on the relative coupling strength
between the atom and the corresponding cavity field in Fig.6 where k; = ko = k, g1 = g2 = g and in Fig.7
where k1 # k2, g1 = g2 = g. For the case of symmetric atom—field couplings, e.g., k/g = 0.5, which means the
three-photon transition is much weaker than the single-photon transition in both subsystems, the atom—atom
entanglement suffers ESD (solid line in Fig.6). In contrast with the other curve in Fig.6 and the solid line
in Fig.5, it is evident that the length of time interval for the zero entanglement is dependent on the relative
coupling strength of the atom-field interaction. The stronger the relative coupling strength is, the shorter
the state will stay in the disentangled separable state. This implies that the ESD effect can be weakened by
enhancing the mode-mode competition between the two different transitions, which stems from the fact that
the increase in k;/g; (j = 1,2) leads to a stronger interaction between the atom and the corresponding field.
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However, the maximum of the concurrence C*B(t) remains the same value, 1. For the case of asymmetric
atom—field couplings, the two atoms are periodically entangled and disentangled, as shown in Fig.7. Comparing
Fig.7 with Fig.4, we can see that the time evolution properties of the concurrence CAB(t) are similar to those
for the initial atomic state |¥(0)) except for the abrupt disappearance of entanglement. Further study shows
that the same entanglement dynamics appears when the values of k1 /g1 and ks/gs are exchanged in the case of
asymmetric atom-field couplings for both initial atomic states |&(0)) and |$(0)).

4. Conclusion

In this paper, we have proposed a double mode—-mode competition model, and studied the entanglement
dynamics of two isolated atoms by means of concurrence. We find that the atom—atom entanglement is highly
dependent on the initial state and the relative coupling strength between the atom and the corresponding
cavity field. Firstly, the initial degree of entanglement between two atoms and the relative coupling strength
can control the amplitude and the period of the atom—atom entanglement evolution, respectively. Secondly, the
atom—atom entanglement in the case of symmetric atom—field couplings is modulated by the asymmetric atom—
field couplings. Furthermore, the atom—atom entanglement presents exactly the same time evolution properties
when the values of k1/g; and ko/ge are exchanged in the case of asymmetric atom—field couplings. Thirdly,
so-called entanglement sudden death occurs when the atoms are initially in the state |@(0)), although it is
absent for the state [#(0)). Finally, the ESD effect can be weakened by enhancing the mode—mode competition
between the two different transitions. We expect that our work will be helpful for studying the entanglement
dynamics of qubit pairs in practical experiments.
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