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Bifurcation control and the existence of chaos in a class of linear impulsive systems are discussed by means of both

theoretical and numerical ways. Chaotic behaviour in the sense of Marotto’s definition is rigorously proven. A linear

impulsive controller, which does not result in any change in one period-1 solution of the original system, is proposed to

control and anti-control chaos. The numerical results for chaotic attractor, route leading to chaos, chaos control, and

chaos anti-control, which are illustrated with two examples, are in good agreement with the theoretical analysis.
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1. Introduction

Many systems in physics, chemistry, biology, and
information science have impulsive dynamical be-
haviours due to abrupt jumps at certain instants dur-
ing the evolving processes. These complex dynami-
cal behaviours can be modelled by impulsive differ-

12l Recent years have seen

ential equations (IDEs)
wide-scope potential applications of IDEs in various
scientific fields, such as pulse vaccination® and im-
pulsive synchronization,® etc.

For a dynamical system to be classified as chaotic,
it must have the following properties: it must be sen-
sitive to initial conditions, it must be topologically
mixing, and its periodic orbits must be dense. Many
papers about the chaos theory for continuous and dis-
crete systems appeared during the last decades, (see
Refs.[5] and [6]), however, little is known about the
existence of chaos in the impulsive differential system.
Many authors, such as Wang et al " and Georgescu

(8 obtained the results of the existence

and Morosanu
of chaos in the impulsive differential system by numer-
ical way. Thus, how to prove that an impulsive differ-
ential system is indeed chaotic in a rigorous math-
ematical sense, is an important problem for study.
Jiang et al ¥ discussed the existence of chaos in an
impulsive differential system. Unlike the nonlinear

autonomous impulsive system considered in Ref.[9],

a linear impulsive system with impulses at periodic
fixed time is discussed in this paper. As we know,
chaos does not exist in linear continuous and discrete
systems, but the situation in linear impulsive system
is different. In the following we give the rigorous proof
of the existence of chaos in the sense of Marotto’s def-
inition in this paper.

Chaos is useful in some cases while harmful in
other cases. In recent years, research on chaos control
and chaotification (chaos anticontrol) has seen in rapid
evolution and extension toward engineering applica-
tions. Many methods for chaos control and chaotifi-
cation were proposed (see Refs.[10]-[12] and references
cited there for example). Bifurcation control, is one of
these methods and is usually used in continuous and

[13] controlled chaos

14]

discrete systems. Wang and Abed
by controlling associated bifurcations. Ding et al
discussed bifurcation control in a one-dimensional dis-
crete dynamical system.

In this paper, bifurcation control is introduced in
an impulsive system and is used to control and an-
ticontrol chaos; while bifurcation control and the ex-
istence of chaos of a linear impulsive system are dis-
cussed. The rest of this paper is organized as follows:
A linear impulsive system is introduced in Section 2.
In Section 3, rigorous proof of existence of chaos is
given. In Section 4, a linear impulsive controller is
presented and chaos is controlled and anticontrolled
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through bifurcation control. The conclusion is finally
presented in Section 5.

2. The linear impulsive system

It is easy to see that to analyse the vibration of
a mass m on a spring with a dashpot, a second-order
linear differential equation m& + c& + kx = F(t) is
usually used, where c¢ is the damping constant of the
dashpot, k is the spring constant, and F'(t) is a given
external force. This equation transforms via substi-
tuting © = y into the two-dimensional linear system

T =y,

) k c

y=——z——y+ F(t).
m m

In view of the external force F(t), the continuous con-
trol is used here. However, in many cases impulsive
control is more efficient than continuous control. By
using impulsive control of inputs, the velocity of mass
m changes impulsively. It follows from the above lin-
ear system that

T =y,
. IC C t#nT7
y=——x——y,
m m
Ax =0,
t=nT.
Ay = h(z, y),

Moreover, reference [15] has investigated the com-
plex dynamics of the following linear impulsive system

P = az+ by,
&= az -+ by ¢k
Uy =cr— ay,
A (1—p)x+h .
xr=—(1—-px ,
P t=nT,

Ay =qy® -y,

where ¢ > 0, b = 0, ¢ < 0, ¢q > 0,0 < p < 1,
n € Ny, and T is the time between two consecutive
pulses; Az(t) and Ay(t) are the impulsive terms, with

Ax(t) =a(th) —a(t),  Ay(t) =yt") —y().

The existence and stability of the period-one solution
are discussed by using a discrete map and the condi-
tions of existence for flip bifurcation are derived by
using centre manifold theorem and bifurcation theo-
rem.

In this paper, we further discuss the chaotic dy-
namics and bifurcation control of system (1). In the
case of a mechanical system (1) subject to an im-
pulsive force, the external impulsive force will make
the displacement xz(nT) and velocity y(nT) change

to x(nT") and y(nT™") instantaneously at t = nT,
where z(nTt) = z(nT) + Az(nT) = px(nT) + h and
y(nTT) = qy*(nT). For more details about the impul-
sive system and its application see Ref.[2]. It follows
from Ref.[15] that the impulsive system (1) is com-
plex in dynamics, although the corresponding linear
system without impulses is simple. Impulse plays an
important role in the change of dynamics. It generally
occurs at the discrete moments 71, 7o, ..., Ty, .... To
reveal the essence of the dynamics, we study a simple
and important case: impulses are assumed to occur at
periodic fixed moments T', 27, ..., nT, .... Hence, it
is easy to investigate the effect of impulses on the dy-
namics of linear systems by viewing T' as a parameter
in system (1).

In order to discuss chaos, the results of Ref.[15]
needed in this paper are as follows. The trajec-
tory of system (1) originating from the initial point
Ap(zk, yr) reaches the point By (T, k), and then
jumps to point Agi1(zk41, Yr+1) by the effect of im-
pulse. It follows from system (1) that

zp+1 = pexp(al)zy + h,

c 2
Yet1 = q (ﬂJ(T)l‘k + exp(—aT)yk> ,

where J(T') = exp(aT) — exp(—aT’). For each fixed
point of map (2) there is an associated periodic solu-

(2)

tion of system (1), and wice versa. Map (2) has two
fixed points

h (HW)Q

Bliz pexp(al)’ 4qexp(—24T) |’
) (3)
“l1= pe}j(p(aT)’ <41q exp(H;ZC)Z?) ’
where
H(T) - 1 — 20h0 = exp(=2aT)) @

a(l — pexp(aT))

There exists a unique

1 1
Ty € (O, ln)
a p

such that H(Ty) = 4. For0<T < i1n %, the period-1
solution corresponding to the fixed point B is unsta-
ble. The period-1 solution corresponding to the fixed
point C' is stable for 0 < T' < Ty while unstable for

1 1
To<T < —In-.
a p
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Lemma 1 Assume that the following condition holds:

A T 24 T
Ay (A7— 1Pt eXp (0 0)) - (Asapa:o exp(aTh) + Ag 4 2P0 XD 0)) #0.

1+ p exp(aTp)

Then a flip bifurcation occurs at T = Tp in system (1).

period-two solution for T' € (Tp, Ty + €).

1+ pexp(aTp)

For some e > 0, system (1) has a positive stable

For more details about xg, yo, 41, Aa, As, A4, A5, Ag, and Ay see Ref.[15].

3. Existence of chaos

Both theoretical and experimental investigations
have revealed that three main routes to chaos are the
route via torus bifurcation, period-doubling route, and
intermittency. Lemma 1 implies that period-doubling
bifurcation can exist in system (1). Does chaos exist
in our case? Now we search a snap-back repeller(® to
prove that system (1) is indeed chaotic in the sense of
Marotto’s definition.

Definition 1 Suppose z is a fixed point of f
with all eigenvalues of Df(z) exceeding 1 in magni-
tude and suppose there exists a point zg # z in a
repelling neighbourhood B,.(Z) of z such that x5, = z
and |Df(xy)| # 0for 1 < k < M, where z = f* ().
Then z is called a snap-back repeller of f.

Lemma 2 (Marotto Theorem!®l) If f possesses a
snap-back repeller, then the map f is chaotic.

Theorem 1 Assume the following conditions
hold:

(F1) To<T < glng,

(Fo) —1 + H(T —2\/H )+ 2 /H(T) -3 >
exp(2a(Ty — T)), Where H(T) is defined in Eq.(4)
and H(Tp) = 4. Then system (1) is chaotic in the
sense of Marotto’s definition.

Proof From the above, the fixed points B and

C' of map (2) are unstable under condition (F). Note

that the first map g1 = pexp(aT)zr + h of map

(2) is independent of yi; it may be rewritten as

1 - (pexp(aT))*
1 —pexp(aT)

Tipr = (pexp(aT))* 2y + h, which

possesses the fixed point T = . Substi-

1 —pexp(aT)
tuting this fixed point into the second map of map (2)
gives the sub-map yir+1 = G(yr, T), where
(1= H(T)) exp(aT)

4q

+ exp(—aT )y
(5)

Under condition (F;), one of the fixed points of

Gyr, T) =¢q (

map (5) is
D= ety o
and Y
oy W (D), T)=1= VAT < -1 (1)

Now suppose G%(yo, T) = y*(T), then there ex-
ists Y such that

(1 - H(T)) exp(aT)
I ( 4q

2
+exp<—aT>yo) —v @)

and

¢ ((1 — H(T)) exp(aT)

2
1q + exp(—aT)Y)

(1 - H(T))2

T 4 exp(—2aT) ©)

It follows from H(T) > 4 for T € (TO7 L1n %) that

equation (9) has two positive roots

()
“dgexp(—2daT) ’

T)+2/HT) -3 10)

Yo — H
T 4qexp(—2aT)

Substituting Y5 into Eq.(8) yields

-1+ H(T +2\/H )+2H -3
vor = 4qexp(—2aT)

1+ H(T) - 2y/H(T) + 2/H(T) - 3
Yoz =

4qexp(—2aT)

which means that

G*(yo2, T) = y*(T). (11)
For T = Ty, H(Tp) = 4 and then y*(Tp) =
m. In view of Eq.(6), v*'(T) > 0 and then

y*(T) > y*(Tp) for T € (Tg, Lln %)
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It follows from condition (F3) that

14 H(T) — 2\/H(T) + 2 /H(T) - 3 . )

4q exp(—2aT)

4q exp(—2aTp)’

that is, yo2 > y*(To). Taking account of y*(T") > yoz2, now set r = y*(T) — yo2 + %(yog — y*(Tp)), then in view

of Eq.(7),

oG
—(y, T) < —1,
O (y, T)

From sub-map (5),

0*G oG

oG
T2 ooy T) = 2 (Yo, T) x =
Oy (o2, T) 6yk( 2 T) Oy

ye W (T)—r y"(T)+r). (12)

(yo2, T)

— 2 exp(—aT) (41(](1 — H(T)) exp(aT) + eXp(—aT)Y2>

x 2qexp(—aT) (
)

-~ (VHT) -1
£0.

In view of Egs.(6), (11), (13), and inequality (12),
y*(T) is a snap-back repeller. From the Marotto The-
orem, sub-map (5) is chaotic, and then system (1) is
chaotic under conditions (F;) and (F3). The proof is
then completed.

Now consider the following system

T =ux,
t #nT,
y:—QQL'—y,
(14)
Az = —(1—-0.5)x + 0.5,
( ) t=nT.
Ay = 1.5y% -y,

In our case, a =1, b=0,c= -2, p = 0.5, ¢ = 1.5,
h=0.5, %ln% =1In2. H(Ty) =4 yields Tp = %1n2.

Set T' = 0.44, then condition (F;) holds obviously.
On the other hand,

2gch(1 — exp(—2aT))
a(l —pexp(aT))

H(T)=1- ~ 8.8501,

—1+ H(T) - 2\/H(T) +2/H(T) — 3 ~ 0.9799,

and

exp(2a(Ty — T)) ~ 0.6584,

then condition (F2) holds. It follows from Theorem
1 that system (14) is chaotic for T = 0.44. For the
initial point (0.5, 0.1) and ¢ € (1555, 1580), a chaotic

1
4q

(1 — H(T)) exp(aT) + exp(—aT>y02)

VHT) +2/H(T) -3

(13)

solution of system (14) with T' = 0.44 is given in Fig.1
and the time-series of y is given in Fig.2.

22 24 26 28 30 32 34 36

Z

Fig.1. A chaotic solution of system (14) with T" = 0.44.

1555 1560 1565 1570 1575 1580
t

Fig.2. The time-series of y of system (14) with 7" = 0.44.

Figure 3 shows the bifurcation diagram of stable

periodic solutions of system (14) and figure 4 shows
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the variation of Lyapunov exponents with respect to
the parameter T. In our case, the route to chaos
is period-doubling bifurcation, and the positive Lya-
punov exponents further claim the existence of chaos

in system (14).

2

0.20 0.25 0.30 0.35 0.40 0.45
T

Fig.3. The bifurcation diagram of system (14) with re-

spect to T'.

0.8
[} L 4
=}
2 0
& tr
13 r ]
% v
g —04f 1
=
=% L i
g,
= —0.8F ,

—1.2

0.20 0.25 0.30 0.35 0.40 0.45

T

Fig.4. Variation of the Lyapunov exponents with respect
to T in map (2).

4. Bifurcation control

Chaos is needed to be controlled or anti-controlled
for practical reasons in some cases. To control and
anti-control chaos in system (1), we first control the
bifurcation in it by using a linear impulsive controller
u = ki + kay(t) for t = nT, that is,

T = ax + by,
) Y t £ nT,
Y = cx — ay,
(15)
Ax = —(1—p)x+h,
( 2 t=nT.

Ay = qy?® —y + ki + kay,

From condition (F1), system (15) is discussed un-

der condition 0 < T < %ln% in this section. In

view of y, k1, and ks in the controller, a hybrid con-
trol strategy using both state feedback and param-
eter perturbation is employed impulsively to control
the bifurcation in our case. The trajectory of sys-
tem (15) originating from the initial point Ay (zx, yx)
reaches point By, (Zr, Ux), and next jumps to the point
Api1(ra1, yra1) due to the effect of impulse. From
the first and second equations in system (15), it fol-

lows that

Ty = zy exp(al),

_ CT k — CTL
e = g eplal) + B

Taking account of the effect of impulse in system (15),

16
exp(—aT). 16)

one obtains

x = pIk + h,
k41 P72k (17)
Yrt1 = qUj + ki + Ray.
From Egs.(16) and (17), we have the following map
g1 = pexp(aTl)xy + h,

c 2
Yetr1 = ¢ (7J(T)$k: + eXp(—aT)yk)

2a
+ ki + ko (;(lJ(T)xk + eXp(—aT)yk>.
(18)
Set
c h
= —ko| —J(T)————
h k2 (2aJ( ) 1 —pexp(aT)

1—+/H(T) ’
(4qexp(—2aT)) ) (19)

It is easy to calculate that one of the fixed points of

+ exp(—aT)

map (18) is one of the fixed points of map (2), that is,

)

C
dgexp(—2aT) |’

1 —pexp(aT)’

and the eigenvalues of the fixed point C' are
Aic = pexp(aT)7
Xoc =1—+/H(T) + kaexp(—aT).

Thus the period-1 solution corresponding to the fixed

(20)

point C' in the system keeps the same under the linear
impulsive controller u = k1 + koy(t) for t = nT, where
k1 and ko satisfy the condition (19).

It follows from expression (3) that Ay = —1 for
T = Ty. Flip bifurcation occurs at T' = Tj in system
(1) according to Lemma 1. Under the linear impulsive
controller u = k; + kay(t) for t = nT', the bifurcation

value is different from T = Tj.
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In the case of ks > 0, there exists some T* > T
such that

Xoc =1—+H(T*)+ ke exp(—aT™) = —1.

The stable range of the period-1 solution is extended
and the bifurcation is suppressed to occur at T' =T >
To. Then some chaos in system (1) is controlled.

In the case of ko < 0, there exists some T** < T}
such that

Xoc =1—H(T*)+ ke exp(—aT*") = —1.

The stable range of the period-1 solution is com-

pressed and the bifurcation occurs at T = T** < Tj.

Hence some chaos in system (1) is anti-controlled.
Consider the controlled system

==

’ t#nT,
y = -2z — Y,
(21)
Az = —(1—0.5)z + 0.5,
( ) t=nT.
Ay = 1.5y —y + ky + kay,
Now set ko = 0.3 in Eq.(19), then |A2c| = —1 for
T =~ 0.28. Flip bifurcation occurs at T' = Ty =

+In2 ~ 0.2310 in system (14), and is suppressed to
occur at T =~ 0.28 in system (21). The bifurcation
diagram of stable periodic solutions of system (21) is

given in Fig.5.

0.20 0.25 0.30 0.35 0.40 0.45
T

Fig.5.
k2 =0.3.

The bifurcation diagram of system (21) with

To show chaos control clearly, set ko = 0.85 in
Eq.(19). Figure 6 shows the bifurcation diagram of
stable periodic solutions of system (21) with ky =
0.85. In Fig.3 we show that system (14) is chaotic
for T = 0.37. However, figure 6 indicates that the
controlled system (21) with k2 = 0.85 has a stable

period-1 solution for T" = 0.37. Figure 7 shows the
result of chaos control. The linear impulsive con-
troller u = ki + koy(t) is used to control system
(14) at t = nT, where n € Ni, n > 160, and
T = 0.37. It shows that system (14) is chaotic for
t < 160 x 0.37 = 59.2 and is stabilized to the period-
1 solution rapidly after applying the linear impulsive

controller.

0

—0.4r1

712 L

0.20 0.25 0.30 0.35 0.40 0.45

Fig.6. The bifurcation diagram of system (21) with
ko = 0.85.

0.4f e
7“-
0 L
§ —04p
—08L
~12 __’:'.". .
N R N
0 100 200 300 400 500

Fig.7. Time response of y (without controlling (n < 160),
after controlling (n > 160)), with parameters k2 = 0.85,
T =037, n€N,.

Set ks = —0.3 in Eq.(19). The bifurcation di-
agram of stable periodic solutions of system (21) is
shown in Fig.8. Flip bifurcation occurs at T~ 0.155 <
0.2310 in advance and the controlled system is chaotic
for T = 0.34. However, it is shown in Fig.3 that
a stable period-2 solution exists in system (14) for
T = 0.34. The result of chaotifacation (chaos anticon-
trol) is shown in Fig.9. The linear impulsive controller
u = k1 + koy(t) is used to anticontrol system (14) at
t = nT, where n € Ny, n > 120, and 7" = 0.34. It
shows that the chaotic behaviour occurs rapidly after

applying this linear impulsive controller.
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0.15 0.20 0.25 0.30 0.35 0.40 0 100 200 300 400
T n
Fig.9. Time response of y (without controlling (n < 120),
Fig.8. The bifurcation diagram of system (21) with after controlling (n > 120)), with parameters k2 = —0.3,
ks = —0.3. T =034, n € Ny.

5. Conclusion

The existence of chaos and the bifurcation control of a class of linear impulsive systems are discussed.

Unlike Refs.[7] and [8], not only numerical results but also the theoretical analysis of the existence of chaos are

given. A linear impulsive controller is proposed to control bifurcation. An important feature of this controller

is that it does not result in any change in the period-1 solution of the original system. Numerical simulation

results have demonstrated that chaos is controlled and anticontrolled effectively. These results about linear

impulsive systems are of significance in the dynamics analysis of nonlinear impulsive systems. We will adopt

more real economics, ecology and environment models for further study.

References

(1]

(2]

Lsksmikantham V, Bainov D D and Simeonov P S 1989
Theory of Impulsive Differential Equations (Singapore:
World Scientific)

Bainov D D and Simeonov P S 1993 Impulsive Differen-
tial Equations: Periodic Solutions and Applications (New
York: Longman Scientific & Technical)

D’Onofrio A 2004 Applied Mathematics and Computation
151 181

Haeri M and Dehghani M 2006 Phys. Lett. A 356 342

Chen G R and Ueta T 2008 1999 Int. J. Bifur. Chaos 9
1465

Marotto F R 2005 Chaos, Solitons and Fractals 25 25

7
8]
9]
[10]
[11]
[12]
[13]

(14]

(15]

Wang X Q, Wang W M and Lin X L 2008 Chaos, Solitons
and Fractals 37 706

Georgescu P and Morosanu G 2008 Mathematical and
Computer Modelling 48 975

Jiang G R, Lu Q S and Qiang L N 2007 Chaos, Solitons
and Fractals 34 1135

Wang X Y and Wang M J 2008 Acta Phys. Sin. 57 731
(in Chinese)

Chen G R and Yang L 2003 Chaos, Solitons and Fractals
15 245

Li R H, Xu W and Li S 2007 Chin. Phys. 16 1591

Wang H O and Abed E H 1995 Automatica 31 1213
Ding D W, Zhu J and Luo X S 2008 Chin. Phys. B 17
105

Jiang G R and Yang Q G 2008 Chin. Phys. B 17 1674



