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This paper concerns the disturbance rejection problem of a linear complex dynamical network subject to external

disturbances. A dynamical network is said to be robust to disturbance, if the Hoo norm of its transfer function matrix

from the disturbance to the performance variable is satisfactorily small. It is shown that the disturbance rejection

problem of a dynamical network can be solved by analysing the Ho, control problem of a set of independent systems

whose dimensions are equal to that of a single node. A counter-intuitive result is that the disturbance rejection level of

the whole network with a diffusive coupling will never be better than that of an isolated node. To improve this, local

feedback injections are applied to a small fraction of the nodes in the network. Some criteria for possible performance

improvement are derived in terms of linear matrix inequalities. It is further demonstrated via a simulation example

that one can indeed improve the disturbance rejection level of the network by pinning the nodes with higher degrees

than pinning those with lower degrees.
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1. Introduction

The notion of complex dynamical networks has
received compelling attention from various fields of
scientific communities in recent years (see Refs.[1]-[6]
and references therein). The main motivation is that
many physical systems can be represented and charac-
terized by various complex network models, in which
nodes are the elements of the system and edges are the
interactions among them. Typical examples of com-
plex networks include the Internet, the World Wide
Web, metabolic networks, scientific citation webs, and
so forth.["]

Traditionally, complex dynamics have been stud-
ied in the framework of random graph theory, intro-
duced by Erdés and Rényi.[®! This model dominates
the research of complex networks for nearly half a cen-
tury. The past few years have witnessed dramatic
advances in this direction. Watts and Strogatz in-
troduced the so-called small-world network model to
represent the transition from a regular network to a
random one.! Such networks exhibit a high degree of
clustering along with a short average distance between
nodes. Another even more important discovery is the
scale-free network model, introduced by Barabési and

Albert, of which the connectivity distribution has a
power-law form.[®) A distinctive feature of scale-free
networks is that most nodes have very few connec-
tions while a small number of nodes have many con-
nections, leading to the interesting “robust yet fragile”
characteristics.!'0)

Recently, a large body of literatures have focused
on the research of dynamics and control problems of
complex dynamical networks. The synchronization
phenomenon in both small-world networks and scale-
free networks is investigated in Refs.[11]-[17], and the
synchronization of general complex dynamical net-
work with coupling delays is considered in Refs.[18]-
[20]. The control problem of scale-free networks is in-
vestigated by applying local feedback injections only
to a small fraction of nodes in Ref.[21], and the pin-
ning control strategy is further used to study the sta-
bility of general complex networks with or without
coupling delays in Refs.[1], [22]-[26]. The controlla-
bility of complex networks via pinning is addressed in
Ref.[27]. The synchronizability of complex dynamical
networks is completely analysed through a graph and
control theoretic viewpoint in Refs.[28]—[30]. More-
over, reference [31] concerns the synchronization prob-
lem of dynamical networks from a state-observer ap-
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proach, where only a scalar coupling signal is required
to achieve network synchronization, in contrast to the
common diagonally coupled networks where full state
coupling is typically needed.

This paper studies the disturbance rejection prob-
lem of a linear complex dynamical network subject to
external disturbances. A dynamical network is said
to be robust to disturbance, if the H,, norm of its
transfer function matrix from the disturbance to the
performance variable is satisfactorily small. The dis-
turbance rejection problem of a dynamical network is
converted to the H,, control problem of a set of inde-
pendent systems whose dimensions are equal to that of
a single node. A counter-intuitive result of this paper
is that the disturbance rejection level of the dynamical
network with a diffusive coupling will never be better
than that of an isolated node. To improve this, local
feedback injections are applied to a small fraction of
the nodes in the network. Some criteria for possible
performance improvement are derived in terms of lin-
ear matrix inequalities. It is further demonstrated via
a simulation example that one can indeed improve the
disturbance rejection level of the network by pinning
the nodes with higher degrees than pinning those with
lower degrees.

The rest of this paper is organized as follows: A
linear dynamical network perturbed by additional dis-
turbances is proposed in Section 2. The H., perfor-
mance (i.e., the disturbance rejection level) of the net-
work is analysed in Section 3. The pinning control
problem of the dynamical network is investigated in
Section 4. In Section 5, a simulation example is pre-
sented to illustrate the effectiveness of the conditions

derived. Section 6 concludes the paper.

2. Dynamical network model

Consider a complex network consisting of N iden-
tical linearly and diffusively coupled nodes, with each
node being a linear dynamical system perturbed by
additional disturbances:

N
;= Az + Y Gi;L1(y; — vi) + Buwi,
j=1

J#i

N
Z; = CI'Z —|— ZGULQ(% — yz) + th
i#i
i=1,2,... N, (1)

,zin]T € R™ is the state vari-

able, y; € R is the output variable given by

where x; = [2;1, T2, . - .

where H = [hy,ha,... h,] € R™™ is the output
matrix, w; € R™ denotes the external disturbance,
z; € R™2 is the performance variable of node 7, de-
noting the parameter or a combination of parame-
ters one is interested in; Ly = [l11, 12, .. T and
Ly = [la1, 122, .. )t

to be designed to meet some performance index, and

. 7lln
., lon]T € R™¥1 are the gain matrices
G = (Gij)nxn is the coupling matrix. The entries of
G are defined as follows: If there is a connection be-
tween node ¢ and node j (¢ # j), then G;; = Gj; = 1;

otherwise, G;; = G;; = 0 (¢ # j). The diagonal
elements of the coupling matrix (i.e., the degrees of
the corresponding nodes) are G;; = — Zﬁvzl Gjj, for
J#
1=1,2,...,N, which define the diffusive connection

of the network. Clearly, all the rows of the coupling
matrix G have a zero sum, which implies that zero
is an eigenvalue of GG, and the corresponding eigen-
vector is an all-one vector. Assume, hereafter, that
the network has no isolated clusters, i.e., the net-
work is connected. Then, the coupling matrix G is
symmetric and irreducible. In this case, it can be
shown that zero is a simple eigenvalue of G and all the
other eigenvalues of GG are strictly negative, namely,
0=XA > X > > \y.B2
Substituting Eq.(2) into Eq.(1) gives

N
T; = Az + Z GileHJJ]’ + Bw;,
j=1
N
zi = Cux; + ZGijLQHCL'j + Dwy;,
j=1
1=1,2,...,N. (3)
Let z = [z],..., 25T, 2 = [T,... 25T, w =
[wi,...,wy]T. Then, one can write the network

model in a compact form, as

t=(INQA+GRLiH)x+ (In ® B)w,

where ® denotes the Kronecker product and Iy means
the identity matrix of dimension N.
3. H,, performance analysis

The intention of this paper is to investigate the
disturbance rejection ability of the complex dynami-
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cal network (3) or (4). In order to quantify the distur-
bance rejection level of the network, the H., norm will
be used as the measure. A system is said to possess a
better level of disturbance rejection, if the H,, norm
of its transfer function matrix from the disturbance
to the performance variable is smaller. Denote by T,
the transfer function matrix from w to z of system
(4). Then, the robustness to disturbance problem of
the complex dynamical system (4) can be stated as
follows: For a given (small) v > 0, find appropriate
gain matrices Ly and L, such that (i) the dynamical
network (4) is asymptotically stable; (ii) || Tz |lco < 7-

Let 0 = Ay > X > -
values of the coupling matrix G. Since G is sym-

> An be the eigen-

metric, there exists a unitary matrix U such that
U GU = A = diag(\1,... ,A\x). Let 2 = (U ® I,,)€,
where € = [£],... ,&5]T, and & has the same dimen-
sion as x;. Then, network (4) can be rewritten in
terms of £ as

f=(UN®A+ARLiH)+ U '@ B)uw
2= (U®C+GU & LyH)E + (Iy @ Dyw.  (5)

Further, reformulate the disturbance variable w and
the performance variable z via

w=U®In )w, z=U®QILy,)Z, (6)
where @ = [@],... , %%,z = [2f,...,ZL]T. Then,
substituting Eq.(6) into Eq.(5) gives

E=(IN@A+ARLIH)+
2=(IN®CH+AR® Ly

(In ® B)w,
H)¢+ (In @ D)yw.  (7)

It is worth while noting that equation (7) is composed
of the following N isolated systems

& =(A+NLH
% = (C 4 MLy

)& + B,

H) +Di; i=1,2,...,N. (8)

Denote by Tz and T,z the transfer function ma-
trices of systems (7) and (8), respectively. Then, it
follows from Eqs.(4), (6)—(8) that

wz - dlag( W1Z19 -+ 7T1DN2N)7

= (U™ ® Iiny ) Tz (U @ Iy, (9)

Recall that the H., norm of a transfer function ma-
trix F(s) is defined as |[F(s)||oc = sup &(F(jw)),!
weER

where d(F) represents the maximal singular value of

F. Then, by observing that both U®I,,,, and U®I,,,

are unitary matrices, one obtains the relationships be-
tween the Ho, norms of T, Tyz, T,z from Eq.(9)
as follows:

”Tu?%”oo = ||TwZ||oo =
1=

m. ax

yee

17,2 || oo-

(10)

Equation (10) shows that the H,, norm of the
transformed system (7), which is represented by the
maximum of the H,, norms of the set of N systems
(8), is equal to the H., norm of the original network
(4). Hence, the disturbance rejection problem of net-
work (4) is cast into designing some common gain ma-
trices L1 and Lo such that all the systems in expression
(8) are simultaneously asymptotically stable, and that
all the Ho, norms of their transfer function matrices
are less than a desired value. The above discussions
are summarized in the following theorem.

Theorem 1 For a given scalar v > 0, the
dynamical network (4) is asymptotically stable and
|Twzlloo < 7, if and only if there exist gain matri-
ces L1 and Ly such that all the systems in expres-
sion (8) are simultaneously asymptotically stable, with
||Tﬁ}i§i o <7, fori=1,2,... N.

Remark 1 When the number N of nodes is large,

the stability and disturbance rejection level of the dy-
namical network is generally very hard to determine.
Theorem 1 relaxes this difficulty significantly by con-
verting the disturbance rejection problem of the net-
work into the disturbance rejection problem of a set of
independent systems whose dimensions are the same
as that of an isolated node. The key tools leading to
this result rely on the input and the output transfor-
The
number of systems to be verified is equal to the num-

mations, apart from the state transformation.

ber of distinct eigenvalues of the coupling matrix G,
sometimes much less than N. For example, for the
globally-coupled network studied in Ref.[14], only two
systems need to be tested, since in this case G has
only two distinct eigenvalues, —N and 0.

Remark 2 Since A\; = 0 in expression (8), the
corresponding system is the same as an isolated node,
ie.,

& = A& + B,
Z1 = C§1 + D . (11)

Therefore, one can see that the H,, norm of network
(4) is impossible to be less than v for any gain matrices
L; and L, if the Hy, norm of the isolated node (11)
is not less than . Thus, Theorem 1 yields a counter-
intuitive result that the H., norm of the whole net-
work (4) is bigger than or equal to that of an isolated
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node, which means that the disturbance rejection level
of the network as a whole does not become any better,
as compared to that of an isolated node. This implies
that coupling will not benefit the robustness in the
sense of disturbance rejection for the network model
under consideration.

Remark 3 A necessary condition for the ex-
istence of the desired gain matrix L; in Theorem 1
is that (A, H) is observable, or slightly weaker, de-
tectable, which follows immediately from expression
(8). Therefore, it will be assumed hereafter that
(A, H) is observable.

4. Pinning control for improving

robustness

In the last section, it was shown that the dis-
turbance rejection level of the dynamical network (4)
is not any better than that of an isolated node. In
this section, this is improved by applying local control
injections to a small fraction of nodes in the dynam-
ical network, which is known as the pinning control
strategy.[l’m_zm

Assume that one applies the pinning control strat-
egy to a small fraction § (0 < § < 1) of the nodes in
network (4).

arrange, if necessary, the order of the nodes in the

Without loss of generality, one can re-
network such that nodes 1,2, ... ,q in the rearranged
network are selected to pin, where ¢ = [§N] stands for
the smaller but nearest integer to the real number d V.
Then, the controlled network can be described by

N
T; = Az + ZGileH-Tj + Bw; — d; L Hzx;,
j=1
N
zi = Cu; + Z Gingij + Dw; — d;LoHx;,
j=1 (12)

where d; > 0 are the feedback gains to be determined,
satisfying

d; >0, 1€{1,2,...,q};

d;=0,ie{qg+1,... N} (13)
Let D = diag(dy,da, ... ,dn), z = [z],... ,2%]7,
z = [zf,..., 25", and w = [w],... ,wk]". Then,

equation (12) can be rewritten in a compact form by

using the Kronecker product as did in the last section:

i=(In®A+GeLiH)x+ (In ® Bw,
2=(Un®C+G®LyH)x+ (Iy @ D)w, (14)

where G = G — D.

Lemma 1[22:23]

Let M = (Mij)NxN be a
symmetric matrix satisfying M;; > 0, ¢ # j, and
S My = 0, for i = 1,2,...,N, and R =
diag(r1,ro, . ..
i=1,2,..

M — R are negative.

,7n) be a nonzero matrix with r; > 0,
.,N. Then, all the eigenvalues of matrix

From Lemma 1 and the definitions of matrices G
and ﬁ, it is obvious that G = G — D is negative-
definite. Let 0 > ;\1 > ;\2 >
ues of (. Denote by T» the transfer function matrix
By fol-
lowing the same steps in deriving Theorem 1, one can

> Ay be the eigenval-
from w to z of the controlled network (14).

obtain the following result.

Theorem 2 For a given scalar v > 0, the
controlled network (14) is asymptotically stable and
| Tw=loe < 7, if and only if there exist gain matrices L;
and Lo such that the following N systems are simul-
taneously asymptotically stable and the H., norms of
their transfer function matrices are all less than ~:

i=1,2,... N. (15)

Remark 4 In this case, 5\2»7 i=1,...,N, are all
nonzero, which makes it possible that, for some gain
matrices Ly and Lo, the H,, norm of the controlled
network (14) is less than that of an isolated node,
i.e., the disturbance rejection level of the controlled
network does become better than that of an isolated
node. It is easy to see that one can even achieve this
by pinning only one single node of the network.

In what follows, some sufficient conditions are de-
rived for the existence of the required gain matrices
L1 and Lo in Theorem 2. The next lemma is another

representation of the bounded real Lemma. 3]

Lemma 2034

Consider system (11), and denote
by T, the transfer function matrix from @; to 2.
Then, || T,z [l < 7, where v > 0 is a prescribed
value, if and only if there exist matrices P = PT > 0,

F', and K such that
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~-KT-K P-F+ATKT™ KB 0
P-FT+ KA ATF"+FA FB (C7
BTKT BTFT —~I DT
0 C D —I

<0. (16)

By introducing two slack variables, F' and K, the Lyapunov matrix P in LMI (16) is rendered independent
of the dynamical matrices of systems (11). Matrices F' and G need not be symmetric nor positive-definite, thus
providing extra degrees of freedom for the design. With Lemma 2, an LMI method can be applied to the design
of the gain matrices L1 and L.

Theorem 3 The controlled network (14) is asymptotically stable, with || Ty:||cc < 7, if for some scalar p,
there exist matrices P; > 0 € R™", K € R"*", § ¢ R"*! and Q € R"*! that together satisfy the following
inequalities for ¢ = 1, N:

—K — KT @171' KB 0
o7, By, KB CT+ \HTQT
Li 24 # © | <o, (17)
BT uBT —~1 DT
0 C+MNQH D —~T

where

&y, =P, — pK + AK" + \,HST,
By ;= p(KA+ NSH + KTAT + L H"ST).
If inequality (17) holds for i = 1, N, then the gain matrices are given by L1 = K~1S and Ly = Q.

Proof From Lemma 2, the set of systems in Eq.(15) are asymptotically stable and the H., norms of their
transfer function matrices are less than -, if and only if

~K; - KT 21 K;B 0
7T, Q9 EB (C+ NLyH)T
b . ( 5 co iz N, (18)
BTKT BTFT 4T DT
0 C+MNLH D —I
\
where 21, =P, — F, + (A4+ A\ Ly H)TKiT and (29 ; = responding to the largest eigenvalue A\; and the small-

(A+ NLiH)TE + Fi(A + NLiH). Note that in gt eigenvalue A, need to be verified. If these two
Ref.[18], the gain matrix Ly is coupled with matrices LMIs hold, then the other N —2 LMIs in inequalities

F; and K;, i = 1,2,... ,N, so it is necessary to im-
(17), for i = 2,... , N — 1, hold as well.

pose the following additional constraint in order that

the problem is tractable: If inequalities (17) are feasible for i = 1, N,
then K + KT > 0, which implies that K is nonsin-
Ki=Ky = =Ky=K,
gular. Therefore, one obtains the gain matrices as
F1:F2:"':FN:‘LLK, (19)

Li =K 'Sand L, = Q.

where p is a scalar to be determined. Let S = KL, Remark 5 A tuning parameter g is contained
so one obtains the set of nequalities in (17) for ¢ = in inequalities (17), so it is actually a quasi-convex
1,2,...,N. For any fixed pu, the inequalities (17) are
LMIs about the variables P, >0 (i =1,2,... ,N), K,

S and Q = Lo, and thus have the convex property. rem 3 can be ascertained by following the approach

Therefore, only the two LMIs in inequalities (17) cor-  proposed in Remark 5 of Ref.[35].

optimization problem. The optimum value in Theo-
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5. A simulation example

In this section, a simple simulation example is
shown, which demonstrates the effectiveness of the
conditions derived in this paper. Consider a dynami-
cal network composed of 8 nodes, described by system

(1) with
o, ) e[l

A=
c=[2 0], D=0. (20)

Choose the output matrix H = [2 3]. The Ho, norm
of an isolated node is 6.8, obtained by the LMI Tool-
box in MATLAB.[B¢I

Suppose the coupling matrix is

-6 1 0 1 1 1 1 1
1 =10 0 0 0 0 0

0 0 -3 1 1 0 1 0
G|t 0 1 =30 1 0 0
1 0 1 0 -4 0 1 1

1 0 0 1 0 -2 0 0

1 0 1 0 1 0 -4 1

1 0 0 0 0o 1 -3

(21)

The objective is to stabilize this dynamical net-
work and meanwhile render the disturbance level v to
be less than 2 by first applying local linear feedback
injections to only one node, and then designing the
gain matrices L1 and Lo.

Consider here two different pinning control
schemes: to pin the node with the biggest degree, i.e.
node 1, and to pin the node with the smallest degree,
i.e. node 2.

To pin node 1, choose di = 1. The eigen-
values of G are {—0.11,—0.9593, —1.4259, —2.5938,
—3.8916, —5, —5.0248, —7.9946}. Let v = 2, p =1
in Theorem 3. By employing the LMI Toolbox in
MATLAB, one can find feasible gain matrices L1 =
[250.8463, 136.8075]T and Ly = 0.7438, along with the
following two common positive-definite matrices:

12949981 396.1785
' 1396.1785  589.5869 |

11.1679 —2.2124

—2.2124 14.1850

such that conditions (17) are satisfied, for ¢ = 1,8.
Therefore, by Theorem 3, the controlled network (14)

is asymptotically stable, and the disturbance rejection
level of the controlled dynamical network is 0.28973,
which is less than v = 2.

To pin node 2, choose do = 1. The eigenval-
ues of (7 in this case are {—0.0642, —1.4221, —1.8460,
—2.5947, —3.8862, —4.9818, —5, —7.2051}.  Let the
gain matrices be as before, ie., L1 = [250.8463,
136.8075]T and Ly, = [0.7438]. The stability of the
controlled network is guaranteed and the disturbance
rejection level of the dynamical network is 0.42914 in
this case, which is also less than v = 2 but larger than
the one obtained above.

Comparing the above two pinning schemes, one
can see that the dynamical network yields a better
level of disturbance rejection by applying a pinning
control strategy to the nodes with higher degrees than
to those with lower degrees. This is in accordance with
the intuition that the “big” nodes with higher degrees
play a more important role in stabilizing the dynami-
cal network and in attenuating external disturbances.

6. Conclusions

In this paper, the disturbance rejection prob-
lem of a dynamical network perturbed by external
disturbances has been addressed. It is shown that the
disturbance rejection problem of a high-dimensional
dynamical network can be solved by converting it into
the H. control problem of a set of independent sys-
tems whose dimensions are equal to that of a single
node. A surprising result is presented that the distur-
bance rejection level of the whole network with a diffu-
sive coupling will never be better than that of an iso-
lated node. To improve this, pinning control strategy
is applied to a small fraction of nodes in the network.
It is then shown, via a simulation example, that the
dynamical network will yield a better level of distur-
bance rejection by pinning the nodes with higher de-
grees than pinning those with lower degrees. It implies
that the “big” nodes with higher degrees play a more
important role in stabilizing the dynamical network
and in attenuating external disturbances. This result
may be further extended to networks with inhomoge-
neous connectivity distributions, such as scale-free dy-
namical networks. The disturbance rejection problem
of complex dynamical networks with coupling delays
is yet another interesting topic for future research.
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