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This paper studies delay-dependent asymptotical stability problems for the neural system with time-varying delay.

By dividing the whole interval into multiple segments such that each segment has a different Lyapunov matrix, some

improved delay-dependent stability conditions are derived by employing an integral equality technique. A numerical

example is given to demonstrate the effectiveness and less conservativeness of the proposed methods.
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1. Introduction

In recent decades, much attention has been de-
voted to the studies of neural networks due to the fact
that neural networks can be applied to signal process-
ing, image processing, pattern recognition, control and
optimization problems. It is well known that the exis-
tence of time delay may cause oscillations and instabil-
ity in neural networks. Therefore, the stability analy-
sis of neural networks with time delay is an important
issue.l!'=23] The criteria for such systems can be clas-
sified into two categories, namely, delay-independent

[1=4] and delay-dependent criteria.[>=23] Gener-

criteria
ally speaking, the former cases tend to be conservative
especially for small delays.

Recently, various approaches have been proposed
to obtain stability criteria for time-delay neural net-
works. In Refs.[15]-[17], some sufficient conditions for
global stability of neural networks have been provided,
yet only constant delays are allowed in their results.
But in practice, time-delay is usually time-varying,
which can even largely change the dynamics of sys-
tem in some cases. Therefore, the stability of neural
networks with time varying delays has become more
interesting than that of networks with constant time
delays. Although stability criteria for neural networks
with time-varying delay were derived in Refs.[5], [18]-
[20], the constraint /2(¢) < 1 on time-varying delay was
imposed. Such a restriction is very conservative and

[10,24]

has physical limitations. Recently, He et al and

Wu et al[?) proposed a new method for dealing with
time-delay systems, which employs free weighting ma-
trices to express the relationships between the terms
in the Leibniz—Newton formula, and all the negative
terms in the derivative of the Lyapunov functional
are retained. This approach avoids the restriction on
the derivative of a time-varying delay. Moveover, in
Ref.[15], by dividing the delay interval into multiple
segments and choosing proper functions with differ-
ent weighted matrices corresponding to different seg-
ments, a novel delay-dependent stability criterion is
derived. However, the author in Ref.[15] employed

an integral inequality technique to handle the term
t—(i—1)T . T

T Jt—ir z

erable conservativeness.

(s)Z;i(s)ds, which may lead to consid-

In this paper, the asymptotic stability of the neu-
ral network with time-varying delay is studied. By
employing a special Lyapunov functional form based
on delay-decomposition approach, some new delay-
dependent stability conditions are derived in terms of
integral equality technique. The proposed criterion
is both delay-dependent and rate-dependent. There-
fore the methods in this paper are less conservative
than those by previous approaches. Finally, a numer-
ical example is given to show the effectiveness of the
proposed methods.

Note: Throughout this paper, the T stands for
matrix transposition. R™ is the n-dimensional Eu-
clidean space. R"*™ is the set of all (n x m)-dimen-

sional matrices. I denotes the identity matrix of ap-
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propriate dimensions. P > 0 means that P is positive- Ve, 20, i=1,2,....n, (5)
definite. The * represents the elements below the main
diagonal of a symmetric matrix. which is equivalent to

9i(wi)(gi(z:) — kizi) <0, g;(0) =0,
2. Problem statement Vi £0. i=1.2..n. (©)

The neural network with time-varying delay in
this paper can be described by the following normal-
ized equations

u(t) = —Cu(t) + Af(u(t))
FATf(u(t — () + J, (1)
(ur(-),u2(-), .. un ()T € R™ s

the state vector with the m neurons; f(u(:)) =

(fr(u(), fa(w())s ..., fn(u(-))T € R" is called an ac-

tivation function indicating how the j-th neuron re-

where u() =

sponses to its input; C = diag(cy,...,c,) is a di-
agonal matrix with each ¢; > 0 controlling the rate
with which the i-th unit will reset its potential to
the resting state in isolation when disconnected from
the network and external inputs; A = (a;;)nxn and
AT = (a{j)nxn are the feedback and the delayed feed-
o)t e R?
is a constant input vector, and h(t) is time-varying

back matrix, respectively; J = (Jy, Jo, ...

delay, which satisfies

0<h(t)<h<oo, [h(t) <, (2)

where h and g are constants. Throughout this paper,
it is assumed that each of the activation functions f;

(j =1,2,...,n) possess the following condition
o< fW S0y
u—v
uzveR, i=1,2,...,n, (3)

where k; (i =1,2,...

Next, the equilibrium point v* = (ui, u3, ..., u})

,n) are positive constants.

of system (1) is shifted to the origin through the trans-
formation z(t) = u(t) — u*, then system (1) can be
equivalently written as the following system

#(t) = —Cx(t) + Ag(z(t)) + ATg(x(t — h(t))), (4)

where z() = (z1(), 22(),-.,2a()", g(x()) =
(91(z1(); g2(2()); - - gn(@a (1)), and gi(@:(-)) =
fi(zi(-) +ul) — filul),i = 1,2,...,n. It is obvious
that the function g;(-) (j = 1,2,...,n) satisfies the
following condition,
gi(x:)
z;

0<

In order to derive the maximum allowable delay
for stability, we divide h(t) into multiple segments by
an integer N with the length of each segment denoted
by 7(t), i.e.,

Therefore, 7(t) represents a partition of the time-
varying delay h(t), which satisfies

0<7(t) <7 <00, [7(D) <v, (7)

where 7 = h/N,v = p/N.

Before processing further, the following lemma is
introduced which will be used in the proof of the main
results.

Lemma 116 Given any constant appropriately
dimensioned matrices R, N, X, a scalar h > 0 and vec-
tor value function f(x) and #n such that the following
integration is well defined, then

= | FTRIG)
= 277TN/t f(s)ds+hntXn
t—h
T
/t g X N T as. (8)
t—h \ f(s) N R f(s)

3. Stability analysis

In this Section, we first present a delay-dependent
asymptotical stability criterion for the system (1) with
time-varying delay (2).

Theorem 1 For given scalars 7, v and pu, the ori-
gin of system (1) with time-varying delay (2) is glob-
ally asymptotically stable if there exist positive defi-
nite matrices P > 0, Q > 0, Q; > 0, Z; > 0, diagonal
matrices S > 0, A; > 0 and appropriately dimen-
sioned matrices M; = [M}Y, M3, .. .,MENJFS]T,Z' =
1,2,...,N;j =1,2 such that the following symmetric
linear matrix inequality (LMI) holds:
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© I'TA M, TM, ... TMy
AT —A 0 o ... 0
MET 0 -2 o ... 0
T T <0, 9)
TM2T 0 0 —7Z4,... 0
TME, 0 0 0 ...—7Zn
where
N
I'=[-C,0,A,A7,0,...,0, A=71) 7,
=1
0=6,+6,+07,
©11 0 613 PAT 0 0 0
¥ O 0 KAy 0 O 0
* * (“)33 SAT 0 0 0
* x % 6O 0 0 0
o, = 44 7
* * * * 855 0 0
ok % * *  Ogg 0
ok ok ok x % . Oitaita
[
K = diag{k, k2, ..., kn}, where
011 = —PC—CTP+ Qs Vi(t) = «"(6)Pa(t), (11)
n ml(t)
O3 = PA—CS + KA, Va(t) = zzsi/ gi(s)ds
i=1 70
@22:—(1—NV)QN, t T
+[ Qs a2)
O33 = SA+ ATS +Q — 244, t—h(t)
N t—(i—1)7(t)
Oui = —(1-p)@ — 241, v =3 [ @eeis 09
i=1 Jt—iT(t
Oitaiva = —(1 —iw)Qi + (1 +iv)Qi1, N o —(i-D7(t) gt
Va(t) = Z/ / T () Zii(s)dsdO.
i=1,2,...,N -1, i—1 Y —iT(t) t+6
(14)

@2 = (MI;_MN3070a_M1 +M27"'a
—Mpy_1+ Mn).

Proof Choose a Lyapunov functional candidate
V(t) for the system (1)

V(t) = Vi(t) + Va(t) + Va(t) + Va(t), (10)

i=1

N t—(i=1)7(t)
T (s)Zii(s)ds = 225%)1\@/ 1

Here P = PT >0, Q = Q" >0, Q; = Qf > 0,
Zi=2F>0(G=12...
S = diag{si, s2, ..

,N) and diagonal matrice
., 8n} > 0 are to be determined.

In addition, for given appropriately dimensioned
matrices M;, X; and vector value function £(t), by
Lemma 1 we can derive

N

i(s)ds +7(t) Y ET(6)XiE(t)

t—it(t) =1
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Now, calculating the derivative of V (¢) with respect to ¢ along the solution of system (1) yields

T

Vi(t) = 207 (¢

~
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P(=Cux(t) + Ag(x(t)) + ATg (z(t — h(t))))
—PC — CTP)x(t) + 22T (t)PAg(x(t)) + 22T (t)PAT g (z(t — h(t))), (15)
Si(t) +g* ((1)Qg(x(t) — (1 — g™ (x(t — h(1)))Qg(x(t — h(1)))
—Cux(t) + Ag(z(t)) + ATg (z(t — h(t))))
g(x(t)) — (1 — p)g" (x(t — h(1)))Qg(x(t — h(t))), (16)

(1= (= 1)7() 2" (t = (i = D)7(t) Qiz (t — (i = 1)7(t)) — (1 —i7(8)) & (t —im(1)) Qi (t —i7(1))]
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[(1+(i—1)v) 2 (t— (i — 1)7(t) Qi (t — (i — 1)7(t)) (17)

— (1 =)z (t —ir(t)) Qiz (t —iT(t ))]
= 2T)Quz(t) + 2Tt — 7)) (=1 —)Q1 4+ (1 + )Q2) z(t — 7(t)) + ...
+2 (t—7(t) (—(1—= (N = D)Qn-1+ (1 + (N — 1)r)Qn) z(t — 7(1))

- (1= NV) F(t = h()Qna(t — h(t)), (18)
N

t—(i—1)7(t)
) < 7T sz Z/t i%(s)Zii(s)ds

i—1 Jt—iT(t)
N

N t—(-1)7(t)
ZZx +7(t ZgT )+2;§T(t)Mi/t_”(t) i(s)ds
: Z/ <i§3>T(MT y ><§E3>ds

< riT( sz +2ZgT — (i = V)7(t)) — z (t —ir(t))]

rrpeosa-3 [ W(EEZ)T(AZ& 2 )G ) )

where

T

E(t) = [aT (1), 2T (t = h(1)), g(2(t)), g(x(t — h(1))),...aT (t = 7(t)),... .2 (t = (N =1)7(t))] . (20)

From Eq.(6), for appropriately dimensioned diagonal matrices A; > 0 (j = 1,2), we have

—2¢" (2(t) A [g((t) — Ka(t)] 2 0, (21)
~2g" (x(t = h(t))) A2 [g(a(t — h(1)) — Ka(t — h(1))] > 0. (22)

In addition, choosing X; = M;Z;” 1MiT can guarantee

X; M;
>0
MT

Then combining Eqs.(15)-(22) with X; = M;Z; ' M, we can derive

V(1) < Vi(t) + Va(t) + V() + Va(t) — 29" (2(t) A1 [g(a(t)) — Kx(1)]
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— 29" (a(t — h(t)))Az2 [g(x(t — h(t))) — Kz (t — h(t))]
< 2T (t)(—=PC — CTP + Q1)x(t) + 22 (t)(PA — CTS + KT A1) g(2(t))
+ 22T () PATg(x(t — h(t))) + 29" (x(t — h(t))) (A K)z(t — h(t))
+ 29" (w())SATg(x(t = h(t))) + g" (x(t = h()))(=(1 = p)Q = 2A2)g(x(t — h(t)))
+g" (@()(SA+ ATS +Q — 241)g(x(1)) + 27 (t = h(t))(~(1 = Nv)Qn)a(t — h(t))
+a(t—7()(~1—v)Q1+ (1 +v)Q2) x(t — 7(t)) + ...
+al(t = (N =1)7(t) (—(1 —(N=1Dr)Qn-1+ (1 +( —Dy)Qn) x(t — (N = 1)7(1))
N
+ 72T (t) ZZ:C + TZg HMZ7 I MEE(t) + 225%)]\4 z(t—(i—1)7(t)) —z (t —ir(t))]
- N t—(i—1)7(t) f(t) X; M; g(t)
N
< €7(t) {@1 +Oy+ 05 +TTAI +7) MiZi_lMiT] £(t). (23)
\
Denote nique, ft Z:(tl)T R T (s)Z;#(s)ds can be written as
N N t—(i—1)7(t)
E=0,+60,+6; + Al + 7> Mz ' M. 2y MM, | o i(s)ds
i—1 i=1 v t—iT(t
() € X

If matrix inequality (9) is feasible, then by Schur
complement we can obtain = < 0. Next, let A =
Amin(—Z), from Eq.(23) it follows that V(t) < —\ ||
x(t) ||>. Therefore, according to Ref.[27], if there
exist symmetric positive-definite matrices P > 0,
Q >0, Q; >0, Z; > 0, diagonal matrices S > 0,
A; > 0 and appropriately dimensioned matrices M; =
(MY, ML, MAY, (i =1,2,...,N;j = 1,2) such
that the LMI (9) is satisfied, then system (1) with
time-varying delay (2) is asymptotically stable. This

completes the proof.

Remark 1 Theorem 1 gives a delay-dependent
and rate-dependent asymptotical stability criterion
for system (1) by employing a delay-decomposition
approach as in Ref.[15]. in Ref.[15],
- ft ”Z R #T(s)Z;i(s)ds is often enlarged as

However,

which may lead to considerable conservativeness. In

this work, by employing an integral equality tech-

i€
L G

which have potential to yield less conservative re-
sults. Compared with those in Refs.[10], [13]-[15], the
method in this paper is more useful.

For N =1, Theorem 1 will reduce to the following
Corollary.

Corollary 1 For given scalars h and u, the origin
of system (1) with time-varying delay (2) is globally
asymptotically stable if there exist positive-definite
matrices P > 0, @ > 0, @Q; > 0, Z; > 0, diagonal
matrices S > 0, A; > 0 (j = 1,2) and appropriately
dimensioned matrices M, = [M}{, ML, ME, M{E]T,
such that the following symmetric linear matrix in-

equality holds

By P12 P13 D1y hMiy —hCTZy

* Bog —Mi5 Doy hMio 0

: « @y SAT hMis hATTTZ1 0.2
* x Py hMyis hAT 73

* ok * *  —hZ 0

* ok * * * —hZq
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where
K = diag{ky, k2, ..., kn},
®11 =—-PC—CT"P+ Qi+ My + M,
Py = —My1 + My,
$13 = PA—-CS+ KAy + M3,
$14 = PA™ + My,
By = KAy — M,
Doy = —(1 — p)Q1 — Mg — M7,
P33 = SA+ ATS +Q — 24y,
Oy = —(1 — p)Q — 245.

Remark 2 Obviously, Corollary 1 in this work
is equivalent to Corollary 1 in Ref.[10], then Corollary
1 in Ref.[10] is a special case of Theorem 1 in this pa-
per. In addition, as pointed out in Ref.[10], Corollary
1 in Ref.[10] is equivalent to Theorem 1 in Ref.[14],
so Theorem 1 in this work also includes Theorem 1 in
Ref.[14] as a special case.

a delay-dependent asymptotical stability criterion for
neural system Y with constant delay. We will show
the obtained stability criterion for this case in Corol-
lary 2.

Corollary 2 For given scalars 7(t) = 7, the
origin of system (1) is globally asymptotically sta-
ble if there exist positive-definite matrices P > 0,
Q >0, Q; >0, Z;, >0, diagonal matrices S > 0,
A; > 0 and appropriately dimensioned matrices M; =
[MiTl,MiTQ,...,MEN+3]T, i = 1,2,...,N;5 = 1,2,
such that the following symmetric linear matrix in-

equality holds

O I'"A tMy, 7™My ... TMx

AT —A 0 0O ... 0

MY 0 —7Z, 0 ... 0
T T4 <0, (25)
TMQT 0 0 —74... 0
TME 0 0 0 . —TIN

When h(t) = h (his a constant), we can easily get ~ where
|
é = él + 65 + @;F7
O 0 613 PA" 0 0 0

¥ _Qy 0 KAy 0 0 0
* * @33 SAT 0 0 0

~ ¥ ook ox —Q—-243 0 0 0

91 == )
* * * O 0 0
* * * x  Ogg 0
Toox £ % .. Oipaisa

~

Oitaita = —Qi + Qit1,

and other parameters are defined in Theorem 1.

i=1,2,...,N—1,

Remark 3 Note that Theorem 1 in Ref.[15] is a special case of Corollary 2 in this paper. We only consider
the case when N = 2. In fact, for N = 2, the LMI (25) can be reduced to

éll 7M21 +M1I‘2 613 PAT+MEL 7M11 +ME5 +M21 7CT/1 TM11 TM21

* Oos —Mgy KAy — Mg, —Mys — M3+ Moy 0 7Myg 7Moo

* * Os3 SAT — M3 + Mos ATA TMys TMays

* * «  —Q— 2/ —Mpi + My  ATYA TMyy Moy 0. (26)
* * * * Oss 0 7Mis TM>s

* * * * * A 0 0

* * * * * x  —1Z7 0

* * * * * * * =Ty
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where

611 = —PC — CTP + Q1 + My + M,

613 = PA—CS + KA, + M,

Oop = —Qo — Moo — M,

Oss = —Q1 + Q2 — My5 — M5 + Moz + M,

and O33 are defined in Theorem 1. If we denote My3 = M1y = Ma3z = Moy = 0, Mo = MlTQ,MH = —M5 —
Mlg, M22 = —M21 — M25 and Zl = —M11 — M{Fh ZQ = M22 + Még, then the LMI (26) can be reduced to

O11 0 613 PA" Zy —CTA 7Myy TMy
¥ —Qe—Zy O KAs Zs 0 7Miy TMss
* * B33 SAT 0 ATA 0 0
_ * * « —Q—24y 0 A™TA 0 0
== _ <0,
* * * * Oss 0  71Mys TM>y
* * * * o A 0 0
* * * * * x —1Z7 0
* * % * * * * =Ty

where

611 =-PC—-CT"P+Q, -7,
Os5 = —Q1 + Q2 — Z1 — Zs.

Obviously, & < 0 can result in

O11 0 ©13 PAT Z, —CTA
¥ Qe—Zo 0 KAs Zy 0
* * Os3  SAT 0 ATa
<0,
* * ¥ —Q—24, 0 A"TA
* * * * G55 0
* * * * * A

which is equivalent to Theorem 1 in Ref.[15]. For
N > 2, we can arrive at the same conclusion by fol-
lowing a similar line as the above.

Remark 4 A delay-decomposition approach
combined with an integral equality technique in this
paper can be extended to solve many problems, such
as robust stability, absolute stability, exponential sta-
bility and so on, for neural network with constant de-
lay or time-varying delay.

4. Illustrative example
In this Section, a numerical example is given to

demonstrate the utility of the proposed stability the-
ories.

Example Consider the following delayed neural
network as in Ref.[10] with

C = diag{1.2769,0.6231,0.9230, 0.4480},

—0.0373 0.4852
—1.6033 0.5988 —0.3224 1.2352
0.3394 —0.0860 —0.3824 —0.5785
—0.1311 0.3253 —0.9534 —0.5015

—0.3351 0.2336

0.8674 —1.2405 —0.5325 0.0220
0.0474 —0.9164 0.0360 0.9816
1.8495 2.6117 —0.3788 0.8428
—2.0413 0.5179 1.1734 -0.2775

K = diag{0.1137,0.1279, 0.7994, 0.2386}.

Case 1 We will consider the case that the delay
is time-varying. For different values of i, we use Theo-
rem 1 to calculate the maximal allowable value h that
guarantees the asymptotical stability of the system.
For example, when p = 0.1, by Theorem 1 we obtain
the maximum bound A = 5.7016 with the following

solutions

3.4388 —0.0728 —0.3299 0.1205
—0.0728 3.5646 —1.7025 0.2733
—0.3299 —1.7025 6.9937 —0.4737

0.1205 0.2733 —0.4737 2.1166
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412.9123  3.9929 —16.2635 —2.6661

Q= 3.9929  55.4610 —7.5810 —12.6088
—16.2635 —7.5810 5.1847  4.3443 7
—2.6661 —12.6088 4.3443 9.3775

0.3070 —0.1615 0.2337 0.0946
0, = —0.1615 1.2154 —0.5412 —0.4193
! 0.2337 —0.5412 3.6070 1.1366 ’
0.0946 —-0.4193 1.1366 0.4130
0.2736 —0.1347 0.1988 0.0941
0 —0.1347 1.3170 —0.5975 —0.2876
2 = )
0.1988 —0.5975 3.5624 0.7953
0.0941 —0.2876 0.7953 0.5569
S = diag{7.1863,0.0008, 0.0003, 0.0001},
Ay = diag{502.4479, 74.6305, 5.8397, 12.0829},
Ay = diag{0.1661,100.09, 5.0746, 8.4451}.
0.4935 —0.0895 0.0405 0.0981
7 —0.0895 1.1006 —0.7355 0.5728
' 0.0405 —0.7355 1.5647 —1.1982 |’
0.0981 0.5728 —1.1982 0.9596
0.2100 —0.0006 —0.0011 0.0569
7. — —0.0006 0.8744 —0.4779 0.3929
? —0.0011 —0.4779 1.0085 —0.7836 |’

0.0569 0.3929 —0.7836 0.6249

For other u, we can also obtain the maximum bound
Table 1
demonstrates the numerical results for different pu,

h with the solutions which we omit here.

from which it can be seen that the maximum allow-
able delay h decreases as p increases. Moveover, it is
obvious that the bound obtained with our approach is
better than those in Ref.[10] and [13].

Table 1. Maximum upper bound of h for different
values of .

method Huall3]  HellO Theorem 1 (N = 2)
h (p=0.1) 3.2775 3.2793 5.7016
h (p=0.5) 2.1502 2.2245 3.8560
h (p=0.38) 13164 1.7463 1.9568

Case 2 Next we will consider this case that the
delay is a constant. Applying the methods in Refs.[14]
and [13], the stability of this system is guaranteed for
h = 1.4224 and h = 3.5841, respectively. In Ref.[10],

by employing free weighting matrices technique, the
stability is guaranteed for h = 3.5841. In Ref.[15],
by dividing the delay interval into multiple segments,
for N = 2 and N = 3, the maximal allowable value
of h ensuring asymptotic stability of this system is
4.0204 and 4.1032, respectively. In this work, based
on delay-decomposition approach combined with an
integral equality technique, the stability is guaranteed
for h = 6.2278 even with N = 2.

Then, as shown in Table 2, our proposed stabil-
ity criterion gives a much less conservative result than
those in Refs.[10], [13]-[15]. And when hyax = 6.2278,
the solutions given by the LMI control tool-box are

0.0258 —0.0024 0.0013 0.0021
—0.0024 0.0294 —0.0150 0.0019
0.0013 —0.0150 0.0570 —0.0026
0.0021 0.0019 —0.0026 0.0174

3.3039 —0.0117 —0.1322 —0.0447
—0.0117 0.3709 —0.0608 —0.1002
—0.1322 —0.0608 0.0357 0.0295
—0.0447 —0.1002 0.0295 0.0594

0.0149 —0.0032 0.0034 0.0019

_ | —0.0032 0.0116 —0.0056 —0.0036
9= 0.0034 —0.0056 0.0314 0.0092 |
0.0019 —0.0036 0.0092 0.0036
0.0145 —0.0030 0.0032 0.0020
_ | —0.0030 0.0135 —0.0066 —0.0028
Q2= 0.0032 —0.0066 0.0336 0.0073 |
0.0020 —0.0028 0.0073 0.0052
0.0032 —0.0005 0.0004 0.0007
7, - —0.0005 0.0082 —0.0056 0.0043 7
0.0004 —0.0056 0.0107 —0.0086
0.0007 0.0043 —0.0086 0.0073
0.0014 —0.0001 0.0000 0.0004
7y — —0.0001 0.0065 —0.0034 0.0026 7
0.0000 —0.0034 0.0065 —0.0054

0.0004 0.0026 —0.0054 0.0045
S = diag{0.1629,0,0,0},

Ay = diag{3.6048,0.5341, 0.0447,0.0891},

Ay = diag{0.5924, 1.0469, 0.0475,0.0722}.
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Table 2. Maximum upper bound of h.

method Xull4] Hual13l Hel10]

Shaoll3l(N = 2)

Shaol!®/(N = 3) Corollary 2 (N = 2)

h 1.4224 3.5841 3.5841

4.0204

4.1032 6.2278

5. Conclusion

This paper has discussed stability criteria for the neural system with a time-varying delay. With the delay

divided into multiple segments, a novel Lyapunov functional is introduced and the less conservative delay-

dependent stability conditions are derived. It is shown that the proposed criteria are both delay-dependent and

rate-dependent, and the stability criteria are less conservative than some existing ones. A numerical example

has shown the effectiveness of the proposed methods.
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