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This paper presents a novel approach of M-ary baseband pulse amplitude modulated signal processing via a

parameter-optimized nonlinear dynamic system. This nonlinear system usually shows the phenomenon of stochastic

resonance by adding noise. To thoroughly discuss the signal processing performance of the nonlinear system, we tune

the system parameters to obtain a nonlinear detector with optimal performance. For characterizing the output of the

nonlinear system, the derivation of the probability of detection error is given by the system response speed and the

probability density function of the nonlinear system output. By varying the noise intensity with fixed system parameters,

the phenomenon of stochastic resonance is shown and by tuning the system parameters with fixed noise, the probability

of detection error is minimized and the nonlinear system is optimized. The detection performance of the two cases is

compared with the theoretical probability of detection error, which is validated by numerical simulation.
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1. Introduction

Nonlinear dynamical systems that originate from
physical fields present rich potentialities for signal and
information processing. One of the interesting phe-
nomena which attracts great attention of specialists
on nonlinear dynamics is stochastic resonance (SR)
(see Refs.[1] and [2] for overviews), where noise plays
One of
the earliest and most systems studied for SR, is the

a constructive role in a variety of systems.

nonlinear bistable system governed by a double-well
potential. Since it was originally put forward in 1981,
many researchers have further analysed the potential-
ities of such nonlinear systems in various fields.!"?
Particularly, in signal processing some interesting re-

[3=14] which are important for en-

sults were obtained,
gineers, especially in situations where the possibilities
of linear systems have been exhausted. Recently, the
system parameters have been viewed as an important
tunable element for the study of SR, and parameter-
induced SR was shown.['%16 To thoroughly discuss
the detection performance of the nonlinear system, in
this paper the system parameters are tuned to opti-
mize the detection performance, which is somehow the
classical way of optimizing a tunable filter according
to the criterion (such as minimum mean square error).

Detection of binary information via a nonlinear
detector was discussed in many papers, and some re-
searchers gave quite good theoretical and numerical
results in measuring the detection performance of the

(81117 However, for M-ary signal

nonlinear system.
detection, few work has been reported, because the
derivation of the quantity for measuring the detection
performance of the nonlinear system is more compli-
cated.

In this paper, we use the nonlinear dynamic sys-
The derivation of the

probability of detection error is given by using the sys-

tem as a nonlinear detector.

tem response speed and the probability density func-
tion (PDF) of the nonlinear system output, the latter
is used to characterize the output of the nonlinear sys-
tem with the input M-ary baseband pulse amplitude
modulated (PAM) signal and band-limited Gaussian
white noise. To discuss in detail the detection per-
formance of the nonlinear dynamic system, instead of
tuning the level of the noise with the system param-
eters fixed, we tune the system parameters to opti-
mize the detection performance at a fixed noise level.
Compared with tuning noise, tuning parameters may
be more realizable, especially when the input noise

intensity exceeds the resonance level, or when we do
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not know the characteristic of the noise (generally, it is
non-Gaussian). Moreover, the detection performance
of SR and the optimal detector are compared with
each other. Such a comparison is important for the
application of nonlinear systems to signal processing.
Finally, the theoretical results are validated by numer-
ical simulation.

2. Problem formulation

Consider the conventional system in which SR
was revealed, i.e. a nonlinear dynamic system gov-
erned by the quartic potential. With the presence of

input signal and noise, it can be described as

i=ar—bx>+s(t)+IT(t), ab>0, (1)

where a and b are usually given in terms of system
parameters, s(t) is the input pseudo-random M-ary
baseband PAM signal.
Gaussian white noise with correlation function

I'(t) denotes a zero mean

(L)1) = 2D5(b), (2)

in which D is the noise intensity. For an M-ary base-
band PAM signal, we introduce hypotheses

H,, :s(t) = Ap,
m=1,2,...,M, (3)

with prior probability P,,,

where s(t), for (n — )T, < t < nT, and n =
1,2,..., N, has the bit interval T and amplitude val-
ues A, = (2m — 1 — M)d. At each time multiple of
the pulse duration Ty, the output of the system z(t)
is read by making a decision

Dy, :s(t) = Ay, i z(t) € Ry,

m=12..., M, (4)
where R,, is the accepted region corresponding to A,,,
and is divided by decision levels. The performance of
the nonlinear system is measured by the probability

of detection error(8l
M M

P, = Z ZPL‘P(Dj\Hz‘)~ (5)

J=1 i=1
i#£j

3. Quantitative observations of
the nonlinear detector with
M-ary PAM signal

Assume the signal levels are statistically inde-
pendent and equiprobable (i.e., P, = 1/M,i =

5197
1,2,..., M), so equation (5) becomes
| MM
Per:MZZP<DJ‘H'L) (6)
=1

=l
i#]

In each bit interval Tj, system (1) is subjected to the
constant amplitude A,,, with an additive Gaussian
white noise (the band-limited noise can be approxi-
mated to white noise as the noise bandwidth is much
larger than the bit rate 1/T3). Under these condi-
tions, the statistically equivalent description for the
corresponding probability density p(z,t|A;,) is gov-
erned by the Fokker-Planck equation (FPE)!

Op(z,t|Am) 0 VA, (z)p(z,t]Ap)]

ot - Ox
D &p(z,t|A,,)
+ 2 Ox? ’
m=1,2,...,M, (7)

where V () is the derivative of V4, () with respect

to x, and

Va, (z) = g éw‘l + Az, (8)
2 4
In Eq.(7), the PDF p(z,t|Ay,) can be approximately
calculated from the FPE, which is discussed in the
Appendix.
Figure 1 shows the sketch of probability density
functions for A,,,m = 1,2,..., M. According to the

(18]

maximum likelihood ratio decision rule, the opti-

mal decision levels z,,,m = 1,2,...,M — 1 can be

evaluated by solving the equations

m=1,2,...,M—1.
(9)
Because of the symmetry, z,, = xp_m,» and
p(a, t|Am) = p(z,t|Apr—m) for m < M/2. Assume
P(D;|H;) with |i—j| > 2 (in this case, |4; —A;| > 4d)

is very small and can be neglected. Hence, the proba-

P(wv t‘AM) = p(z, t|Am+1)’

bility of detection error P, in Eq.(6) can be expressed
as
1

P, = M{PAl (l‘l — +OO)

M—1
+ Z [Pa,, (—00 = Tm—1)
m=2

+ P4, (X — +00)]

m

+ Py, (xpr—1 — +oo)}, (10)
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where
B
Py, (A— B) = plx,t|Ap,)dx,
A
m=1,2,..., M, (11)

in which A and B denote the lower limit and the up-
per limit, respectively.'8! For example, when M = 2,
P, is

+oo
Per = / p(I,i'Tb|A1)dI, (12)
0

where A1 = —As = —d. When M =4, P, is

P, = i{QPAl(xl — +00) + 2[P4,(—00 — x1)
+ Pa, (w2 — +00)]}
= %[PA1 (x1 = 400) + Pa,(—00 — 1)
+ Pa,(x2 = +00)], (13)

where x5 = 0 is easily obtained according to the like-
lihood ratio criterion.

1.5
p(z, 1| Ag) p(z, | Ap—1)

1o} P tlA) p(x,t|Anr)
0.5

0

-5 0 5

T

Fig.1. Sketch of probability density functions for

Am,m=1,2,..., M.

For a pseudo-random M-ary PAM signal, assume
the current symbol takes the amplitude A,,. If the
number of the successive amplitudes with the same
symbol is K (K =0,1,...), and the amplitude of the
(K + 1)-th symbol (after (K + 1)T} time interval) is
A,,m # n, the probability of detection error for the
i-th (here, 0 <7 < (K + 1)) amplitude is

B
P(AlAn) = / p(x,i- Tp|Ap)da,
A
l=m-—1or l=m+1 (14)
Since the input amplitudes are statistically indepen-

dent and equiprobable, the probability that the same
symbol continuously transmits i times is 1/M?*. For

example, with M = 2 equation (12) can be expressed
as

1 [ 1=
P, =- / p(m7 Tb|A1)d$ + - / p(l’a 2Tb|A1)dx
2 Jo 4 Jo

1 oo
+ g/ p(z,3Ty|Ay)dx + - - -
0

= Z ?/ p(z,i-Tp|Ap)dz. (15)
i=1 0

In the following calculation of P, we take : = 1,23
(i.e., consider the probability that the same symbol
continuously transmits ¢ < 3 times), is

1 [ 1 [
Pu=y | oo B+ [ oo 24
2 Jo 4 Jo

1 o0
+ 1/ p(m,3Tb|A1)dx, (16)
0

because the prior probability and the probability of
detection error with ¢ > 3 are small and the corre-
sponding terms could be neglected. For example, as
i = 4, the prior probability is 1/8 and the decaying
exponential in p(x,4T,|A1) is exp(—4A1Ty) (see Ap-
pendix A), which leads to very low contribution of
the term %fooo p(x,4Tp|A1)de to P.,. In the above
equation, the coefficient of the third term on the right
is taken as 1/4 so that the sum of all the coefficients
is 1. Similarly, P, for M = 4 derived from Eq.(13) is

P, :Zﬁ/ p(z,i-Tp|Ar)dx
i=1 1
o 1 z1 .
+2121+1/00p(z7lTb|A2)dx

oo 1 0o .
+ Z 21 / plx,i-Ty|As)d.
i=1 2 (17)

4. The optimal nonlinear detec-
tor with M-ary PAM signal

To discuss in detail the detection performance of
the nonlinear system, instead of tuning the level of the
noise with the system parameters fixed to produce SR,
we tune the system parameters in order to optimize
the detection performance at a fixed noise level. When
the input noise intensity exceeds the resonance level,
or when we do not know the statistical characteris-
tic of the noise (generally, it is non-Gaussian), tuning
system parameters a and b may be more realizable.

Assume that the signal is known and the noise
intensity can be measured, so M, d, Ty, and D are
fixed, and P, is only a function of system parameters
a and b. We can tune a and b to minimize P, and
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obtain the optimal system parameters. The probabil-
ity of detection error for this detector with optimal
parameters can be expressed as

min P, (M,d,a,b,Ty, D)
M,d, Ty ,aDh:const‘
= PO°(M,d, Ty, D). (18)

The method of tuning parameters a and b was
discussed in detail in Ref.[20]. Figure 2 presents the
quantitative influence of parameters a and b of the
nonlinear detector on the probability of detection er-
ror, theoretically evaluated with the help of Eq.(16).
P., is plotted as a function of a and b, and the surface
presents a valley shape. This shows that for a given a
or b there exists a unique optimal b or a in minimiz-
ing Pe,. By theoretical calculation, we find that in the
range of 0 < a < 1, P,; corresponding to optimal pairs
of a and b varies slightly and is almost minimal. So,
for simplifying calculation, generally we take a = 0.1
as one of the two optimal parameters of the nonlinear
detector and then optimize b as the other one.

109

10—2

Per

10~4
102

Fig.2. P as a function of @ and b with M =2,d =1 mV,
T, = 0.1 mV~2, and D = 0.005 mV?, theoretically evalu-
ated with the help of Eq.(16).

Figure 3 depicts PP as a function of the noise
intensity D with the input baseband quaternary PAM
signal (M =4, d =1 mV and T, = 1 s), where for
each D, the corresponding ng is optimized accord-
ing to Eq.(18) and the theoretical results (solid lines
with cross data points) are evaluated from Eq.(17).
For comparison, the results of SR is also shown (solid
lines with circle data points), where, to produce the
phenomenon of SR, we take a = 50 mV and b =
5000 mV 2.

ated from the following formula,

The theoretical results of SR is evalu-

min P, (M,d,a,b,Ty,D)

D
M,d, Ty ,a,b=const.

= PSR(M,d, Ty, a,b). (19)

As presented in the figure, the detection performance
of the nonlinear system with optimal parameters (a
and b, under the condition of fixed D) is apparently
better than that of the system for exhibiting SR with
a =50 mV and b = 5000 mV 2.

|

0.4

Per

Fig.3. The probability of detection error Per as a function
of the noise intensity D with the input baseband quater-
nary PAM signal given (M =4,d=1mV and T, =1 s).
Solid line with circles: theoretical Per with fixed parame-
ters and varying D. Dashed line with squares: simulated
P, with fixed parameters and varying D. Solid line with
crosses: theoretical Pe?p with optimal nonlinear detector
for each fixed D. Dashed line with diamonds: simulated

Pecr) P with optimal nonlinear detector for each fixed D.

From the previous discussion we find that P, de-
pends on three parameters, i.e., a, b and D. Then, it
is natural to tune the three parameters at the same
In this case, SR is

produced by varying D and the system parameters a

time to achieve a minimal P,,.

and b are optimal for the varying D. As is known the
condition that SR can be realized is signal amplitude
A < \/4a3/27b. Tn fact, the condition is not neces-
sary to be strictly satisfied. Some researchers reported
that system (1) could still produce residual SRI?!:2%
with the signal amplitude A being a little greater than
\/4a3/27b. Therefore, with the above condition (SR
is realized) it is possible to obtain the minimal P, by
tuning a, b and increasing D. Moreover, this P, may
be lower than the one obtained by tuning a and b with
fixed D and it is valuable to discuss this problem in
detail in the future work.

To validate the theoretical results, the numerical
simulation is carried out by using simulation software
MATLAB. The block scheme for simulating the pro-
cess of the signal processing is presented in Fig.4. In
the figure, the dashed-frame A simulates the nonlin-
ear system, which was described in Ref.[1]. The input

of the system is the pseudo-random PAM signal and
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the band-limited Gaussian white noise. The relation- number of Monte Carlo simulation is 10000.
ship between the noise intensity D and the noise rms The results are also shown in Fig.4. It is seen

amplitude o is['8]

2D = o? At, (20)

The band-
limited noise can be viewed as white noise on con-

where At is the noise sampling time.

dition that the noise sampling time satisfies At < Tp.
In the numerical simulation, At is taken to be 0.001 s,
which satisfies At < T}, (T, = 1 s), so that the theo-
retical results based on the additive white noise input
are effectively checked. The values of a, b and d are
the same as those in the theoretical examples. The

from the figure that the theoretical results are almost
in accordance with the numerical results. However,
at small values of D, theoretical P, with varying D
(solid line with circles) is slightly greater, because at
these values, the system response speeds are too low
(less than three multiples of 1/T}. According to cal-
culation, the system response speed increases with in-
creasing D). In Eq.(15) we take the coefficient of the
third term as 1 (i.e., Eq.(16)). With very low system
response speeds, this approximation will lead to large
error, so more terms should be included.

pseudorandom s(t) I, da/dt '
PAM signal ™ X integrator
‘ &
z(t)
band-limited azx

A 4
Jo[dures

probability of
detection error

|
|
I
|
|
Gaussian noise :
I
|
|
|
|

sampler decision

recovered signal

Fig.4. The block scheme for simulating the process of the baseband M-ary PAM signal processing.

5. Conclusions

We have investigated the optimal detection performance of a nonlinear dynamic system with the input M-
ary PAM signal in the presence of Gaussian band-limited white noise. The theoretical quantity (the probability
of detection error) used to evaluate the detection performance of the nonlinear system was given, which was
deduced via the system response speed and the PDF of the nonlinear system output. Besides, to demonstrate
the theoretical results, the numerical simulation was put forward. The figures show a good match between the
theoretical and numerical simulation results.

By tuning system parameters a and b with fixed noise intensity D, the optimal detection performance of
the nonlinear dynamic system POP could be evaluated. By adjusting the noise intensity D with fixed system
parameters a and b, the system shows the phenomenon of SR, where PS® can be obtained. Comparing POP
with PSR under the simulation condition, we found that the former was much lower than the latter. In fact, if
more parameters are adjustable, with a parameter transformation, SR with adding noise and fixed parameters
can be viewed as a special case of tuning parameters with fixed noise.['>16] Moreover, tuning parameters may
be more realizable, especially when the input noise intensity exceeds the resonance level, or when we do not
know the statistical characteristic of the noise (generally, it is non-Gaussian).
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Appendix: Derivation of the PDF in FPE

Assume that a solution of Eq.(7) is

plat1An) = o) exp | 5V (0)] (A1)

Substituting Eq.(Al) into Eq.(7) gives

8 B 82 ) " !
5ot = TR0 L HVAL @) + Vi @) vl (A2)
Define ¢(z,t) as
P(x,t) = u(z) exp(—At). (A3)
Putting ¢ (z,t) into Eq.(A2) yields
—)\% =" (x) — {ZZVX( )+ TZIDQV’QHL (x)} u(x). (A4)

This is an eigenvalue problem of the differential operator (A2). Obviously, the right-hand side of Eq.(A2) may
be viewed as a self-conjugate differential operator acting on v (z,t), so the eigenvalues of Eq.(A4) are real and
the eigenfunctions are orthogonal with each other. Multiplying both sides of Eq.(A4) by u(x) and integrating
it from minus infinity to infinity with respect to lim, ioou(z) = lim, 1w’ () = 0, the equation can be
transformed into a Rayleigh quotient form, i.e.,

/:O{u)w () + ﬁVAm( )}U2($)+Ul2($)}dx

A =st. — , A5
#0 / oo u?(x) (A5)
—dx
e D
\
where st. denotes the stationary value in variational Assume a bit symbol takes the level A; and after

problems. The evaluation of A was introduced in ¢ = T}, the level 4,, (m # 1) is transmitted. Using
Ref.[20]. The minimum eigenvalue A\g = 0 and the cor-  Eq.(A7) we have
responding eigenfunction ug(z) = exp[Vya,, (z)/2D], so

n

po(.x,t|Am) = e.X[.)[VAm (x)/D] is t.he steady sta.te so- (e, t|Ar) ~ ch@;h(x) exp(—A;t)

lution. The minimum nonzero eigenvalue \; is the =0

system response speed. The solution corresponding + Q(x) exp(—Apy1t)

to eigenvalue A; for j =1,2,...is T O(efx,ﬂrzt)’ (A8)

Py 14) = ya)exp | S5 (0)] expl—Age)

£ 80}4” (z) exp(—Ajt). (A6) we assume A\; < Ay < -+ < Apt2. The above equation

where Q(z) exp(—M\,+1t) is the truncated term. Here,

fulfills the initial condition
Therefore, the complete solution of Eq.(7) can be ex-

pressed as p(x,0]A1) = po(x|Am), (A9)

Pz, U Am) Z € <,0] ) exp(=A;t), (A7) Where Ay, (n # 1) is the level before Ay, and po(z|An)
is the steady state solution with the input level A,,.
where @i\ (z) = exp[Va,, (z)/D], o can be obtained  Hence, omitting the trace quantity O(e=*+2!). from
by the normalization condition of the steady state  Eqs.(A8) and (A9), Q(z) can be obtained
probability density and constant coefficients ¢;’s (j =
1,2,...) can be de.termmed b'y the 1n1.t1a1 condition Q(z) = po(z|Am) chgo (A10)
and the orthogonality of the eigenfunctions.
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Substituting Eq.(A10) into Eq.(A8) gives
(z,t|Aq) Zc]go x) exp(—A;t) + {po z|Am) chtp ] exp(—Apt1t). (A11)

As is assumed in Section 3, the input levels are statistically independent and equiprobable, so the input proba-
bility of the level A,, is 1/M. Consequently, the approximate form of the PDF p(x,t|A;) is

p(x,t|Ay) Zc]go x)exp(—A;t) + Z [po (z|Am) Zc]go } exp(—Apt1t). (A12)

Obviously, with the system approaching the steady state (i.e., t — 400), the above equation is still satisfied.
Similarly, the approximate expression of p(x,t|A;) with i =2,3,..., M is

n
plx, t|A;) chgoj x)exp(—A;t) + Z {po (x|Am) — chcp;‘"(x)] exp(—An41t). (A13)
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